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 Some Conventional Ways 
of Computing   

 The preceding chapter introduced some of the methods children invent for carrying out 
arithmetic operations. The procedures you yourself use are probably the ones you learned 
in elementary school. We call the methods predominantly used in the United States today 
the “standard algorithms,” but other algorithms are equally valuable and conventional in 
other countries and cultures. Each has limitations and benefits to be understood. The algo-
rithms, or procedures, we discuss here took centuries to evolve. The U.S. standard sub-
traction algorithm, in which one “borrows” a group in the minuend and exchanges it for 
subunits, dates back to Italy in the Middle Ages and even earlier to India. 1  

   Goals for Reconceptualizing Mathematics  
 In this chapter we will look at those procedures for carrying out arithmetic operations 
more carefully, and will come to understand how and why they work. We begin with addi-
tion and subtraction, linking mathematical models with numerical computations. Then we 
will link algorithms for multiplication and division with mathematical models. After delving 
into the methods for carrying out operations, we consider the role of the standard algo-
rithms and calculators. Our specific goals can be summarized as follows: 

• Explain the computational methods:  As a teacher, you should be able to explain 
the standard algorithms to someone who does not understand the processes. You 
should be able to explain each step of the addition and subtraction algorithms and 
show how renaming is used. Be able to use partial products to explain multiplication 
of whole and decimal numbers, as well as to unpack the division algorithm for whole 
and decimal numbers.  

•    Understand the role of standard algorithms:  Sometimes children in your classes 
will use correct algorithms that, while different from the conventional procedures used 
in the United States, were standard in their past schooling. It’s important for you to be 
able to explain why the procedures lead to correct answers, and that you understand 
the role of “standard” algorithms. More importantly, you should be able to provide 
a convincing argument defending your view of what is important for children to learn 
about procedures for carrying out arithmetic procedures.  

•    Model the operations:  When we are finished, you should be able to model the 
operations using base- ten blocks or the rectangular array model.    

    4.1      Addition and Subtraction on Whole 
and Decimal Numbers  

 The arithmetic operations on whole numbers or on decimal numbers are similar because 
the same base- ten structure underlies both of these forms. The computations are highly 
dependent on a place- value structure. Developing sensible step- by- step procedures, or 
 algorithms,  to carry out the arithmetic operations of addition, subtraction, multiplication, 
and division demands understanding our base- ten system. When students have difficulty 
with computational algorithms, many errors they make can be traced back to a lack of 
understanding of our base- ten system. 

    Think About …   
 Are the algorithms you use for the four arithmetic operations based on right- to- left or 
left- to- right procedures? Can all be undertaken working from left to right?  

      Chapter 

 4 

      See INSTRUCTOR NOTE 4 for an 
overview and introduction to this 
section.   

   Think About . . .  
 The addition, subtraction, and 
multiplication algorithms are 
right-to-left procedures, but 
need not be, and the division 
algorithm is left to right. Mental 
computation and estimation are 
often undertaken left to right. 
Some of the student-developed 
procedures discussed in 
 Chapter 3  illustrate left-to-right 
and right-to-left procedures.    

05_SowderReconMath4e_47860_ch04_068_079.indd   68 19/10/22   8:21 AM



4.1 Addition and Subtraction on Whole and Decimal Numbers 69

NotesSome children understand algorithms better when they are illustrated using concrete 
materials, such as base- ten blocks or drawings. As a reminder, base- ten blocks consist of 
small 1-cm cubes; a group of ten cubes make up a strip called a long; a group of small cubes 
arranged in a 10 × 10 array is called a flat; and a large cube consists of ten 10 × 10 layers of 
flats. Note that the illustrations in this chapter depict the small cubes as small squares; the 
longs as lines; the flats as large squares; and the large cubes as 3D shapes.

EXAMPLE 1

Use base- ten drawings to illustrate +174 36.

Solution

Step 1: Present the problem representing the value of the small cube as “1.”

   
+
174
36

Step 2:  Place all the cubes together; replace the 10 small cubes so that they are 
 represented by a single block called a “long.”

   +
174
36
0

1

Step 3:  Place all the longs together; replace 10 longs so that they are represented by a 
single block called a “flat.”

   +
174

36
10

1 1

Step 4: Put like blocks together to represent the sum.

   +
174

36
210

1 1

 

EXAMPLE 2

Use base- ten drawings to illustrate 312 214−  using a take- from conception.

Step 1: Represent the minuend, using the small cube as 1.

    −
312
214

Step 2: Replace one long with ten small cubes.

   

312
214

0 1

−

Step 3: Remove four small cubes.

   
312
214

8

0 1

−
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Step 4: Replace one flat with ten longs.

   −
312
214

8

2101

Step 5: Remove one long and two flats.

   −
312
214
98

2101

 

  ACTIVITY 1 Modeling It, Writing It Out

Model the following calculations using base- ten blocks or drawings, whichever is  appropriate. 
You may use electronic manipulatives as found here: https://apps.mathlearningcenter.org 
/number- pieces/.

As you do each calculation, record it numerically at each step. It is important to write 
down the steps as the procedures are undertaken, linking the numerical work to the work 
with the blocks, software, or drawings. When you use base- ten blocks or drawings, be 
sure to specify which block or drawing is being used to represent one whole. For the sub-
traction problems, illustrate as (a) take- from and (b) comparison. To model a comparison 
subtraction problem, build both the subtrahend and minuend, and, after determining what 
is the same, you can ascertain the difference.
1. 424 265− 2. 42.4 26.5− 3. 123 88+
4. +12.3 88 5. +12.3 8.8 6. +12.3 0.88
7. Describe what new blocks would be needed to compute +235.42 6.345. j

DISCUSSION 1 What’s the Little 1?

In each of these situations, what does the little 1 represent?

a. 
+
456
193
649

1
b. 445

173
272

3 1

−
 

Focus on SMP MP3 and MP6

Mathematically proficient students attend to precision by trying to communicate pre-
cisely to others. They know the meaning of the symbols they use. They can construct 
arguments, using a logical sequence of statements. How does the language you used 
or the models you created to explain the “little 1” support the meaning of the symbols 
we use?

  ACTIVITY 2 How’s My Explanation?

Students in a fourth- grade class were asked to explain the notation they learned for the 
standard algorithm with the following task.

c Here’s a classmate’s work:

−
456
193
263

3 1

What does the little 1 represent? b

ACTIVITY 1
First, model a problem as 
indicated in the introduction to 
this chapter. Point out that the old 
term “carry” does correspond to 
work with the blocks, but the term 
“borrow” for subtraction does not 
work as well. Terms like “rename” 
or “regroup” are commonly 
used nowadays rather than the 
older terms. See INSTRUCTOR 
NOTE 2.4A for an example of how 
to model a subtraction problem 
with drawings.

Your students will need to have 
had experience representing 
decimal numbers with base-ten 
blocks (Chapter 2). Here they 
will see that #4, 5, and 6 are all 
modeled similarly by shifting the 
block that serves as the unit one.

ACTIVITY 2
Make sure students discuss how 
Lim’s and Emma’s explanations 
would be helped with a focus 
on place value (e.g., 5 tens or 
15 tens).
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Notes What do the following explanations tell you about each student’s understanding of the 
subtraction algorithm, place value, and other important mathematics? 
a. Paige:  The little one represents the hundred that was taken away from the four and 

was added to the 56, because if you look closely, it looks like   156 93 63− =   , which is 
true. So that is what the little one represents.  

b. Lim:  The little one represents the one taken away from the four because you can’t do 
5 9−    because it would equal   4−    so you take away the one from the four making it 
three and the five is fifteen so that you can do the subtraction   15 9−   .  

  c. Emma:  The little one represents the ten that the classmate took from the four 100 
so he could subtract   15 9−    instead of   5 9−    because you can’t do   5 9−    and I didn’t 
explain how you get 15. You get fifteen from adding the ten you took from the 400 
so you can subtract   15 9−   .  

  d.    Rafaela:  The 1 represents the 50 being given a hundred to become 150 so that 90 is 
able to be subtracted from the number. j    

   Learning Exercises for Section 4.1  

   1.   Work through the following problems, thinking about each step you perform and why 
you are performing the step in that way. You can use base- ten blocks or drawings of 
base- ten blocks, to help you work with these problems.  In each case, specify what you 
decide to use as your unit.  For example, if the flat is used to represent 1, then 34.52 
can be represented as follows:

 

   a.     +56.2 34.52    
  b.     23.7 14.8−     
  c.     45.6 21.21−        

  2.  Consider the following subtraction problem. Do the two little 1’s mean the same 
thing? What value do the two little 1’s have?

   
245
173
72

1 1

−     

  3.  Here is a common error that students make: 

   
724
341
423

−    

   a.   Explain the error. Use modeling with base- ten blocks to explain how to obtain the 
correct answer.  

  b.   Modify the child’s work numerically using a nonstandard algorithm to obtain the 
correct answer.    

  4.   There are many different algorithms developed for carrying out computations. In 
particular, in many countries the conventional algorithm for subtraction is the equal- 
additions method. (A child used this method in  Chapter 3 , Activity 5.) This algorithm 
also depends upon knowing place value. Consider a subtraction problem such as 
  165 28−   . In this case, the ones digit of the subtrahend (8) is larger than the ones 
digit of the minuend (5). Ten would be added to the minuend in the ones position 
and 1 would be added to the subtrahend in the tens position. This gives us   15 8−    in 
the ones position and   6 3−    in the tens position— or, because those values are in the 
tens position,   60 30−   . The hundreds position remains unchanged, correctly yielding 
a value of 137.

   Learning Exercises for Section 4.1     Learning Exercises 4.1  
 Students do not have answers for 
Learning Exercises 1(b–c), 2–5. 
You may want to assign them all.   
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a. Use the equal- additions method numerically to solve 165 78− .
b. Model the equal- additions method for the problem in part (a) using base- ten 

blocks. Explain why this procedure gives the correct answer.
5. What base- ten block work would be involved in modeling 127 59− , using:

a. the take- away view and working to support the usual algorithm?
b. the comparison view?

4.2  Multiplication and Division on Whole  
and Decimal Numbers

Multiplication and division algorithms can be more difficult to understand than addition and 
subtraction algorithms. In Section 3.5 you saw some multiplication algorithms that could  easily 
lead to the standard algorithm that you use. If children understand place value and use that 
to multiply, they will understand the process. Mathematical models can scaffold the process.

DISCUSSION 2 Minds at Ease

Mentally compute ×23 22 and share your answer with someone sitting next to you. Then 
do the computation ×23 22. Did anyone get two different answers? How does the rectan-
gular array model help you determine the product of ×23 22? 

How are partial products related to the standard algorithm? The first example that 
 follows, on the left, shows all six partial products. The second example, shown on the 
right, is a shortened way to find the product using just two partial products. If children 
first learn to write all partial products, they will understand where the partial products 
come from in the condensed algorithm. Note the use of decomposing 348 as + +8 40 300 
and then using the distributive property.

The illustration that follows shows how each of the six partial products corresponds 
to the area of a piece of the rectangular array. Note that the multiplier and multiplicand are 
labeled in blue, and partial products are labeled in red.

300

6000 800

160
840

482401800

6
20

We can also use all partial products to make sense of multiplying by decimal numbers.

348
3 26

48
240

1800
160
800

6000
9048

5 6 3 8
5 6 3 40
5 6 3 300
5 20 3 8
5 20 3 40
5 20 3 300

348 
3 26
2088 
6960 
9048

5 6 3 348 
5 20 3 348 

3.48
3 2.5

0.04 
0.20
1.50
0.16
0.80
6.00
8.70

 

5 0.5 3 0.08
5 0.5 3 0.4
5 0.5 3 3
5 2 3 0.08
5 2 3 0.4
5 2 3 3

3.48
3 2.5
1.740 
6.96         
8.700

5 0.5 3 3.48
5 2 3 3.48

Students may need practice 
in part-of-a-quantity thinking 
for products involving 0.5. 
Multiplication of decimal numbers 
will be explored more deeply in 
Chapter 7. The numbers in the 
examples are chosen so that they 
can be modeled with what has 
been already discussed.
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Notes  ACTIVITY 3 Your Turn

Multiply ×1.3 2.4, showing all partial products. Illustrate with a rectangular array model 
showing the partial products. j

Here is an example of a series of division algorithms for 472 37÷  that lead to the stan-
dard algorithm that you probably use. In the first example, 37s are subtracted 10 at a time 
or 1 at a time. In the second, we subtract other multiples of 37 (in this case 2). In the third, 
we simply move the 10 and 2 to the top. In the last, we do not write 10, but only the first 
digit of 10, aligned with the tens place in the dividend, and thus leaving room for a digit in 
the ones place so that the 2 can be filled in. Notice that the standard algorithm you learned 
is just a condensed version of subtracting 37s.

37 
____

 472  
   370

102
37
65
37
28

10

1

1
12

37 
____

 472  
   370

102
74
28

10

2
12

12
2

10
37 

____
 472  

   370
102

    74
    28

12
37 

____
 472  

 37
    102
    74
    28

Thus, 472 divided by 37 is 12 with a remainder of 28. Notice that each successive time 
the division problem is worked, it becomes a little more condensed, so the final illustration 
matches the way most of us learned to divide. However, the preceding three illustrations 
show that the problem can be thought of as how many 37s are in 472 and subtracting 
multiples of 37 until no more can be subtracted. While this is happening, we keep count at 
the side of or above the number of 37s that have been subtracted. Studying this series of 
algorithms will help you understand the last one, which is the one most widely used in the 
United States but often not understood.

How would we illustrate ÷472 37 using base- ten blocks? Which conception of 
 division, repeated subtraction or sharing equally, is more practical in this case? Do you 
agree that creating groups of 37 is easier here than illustrating sharing among 37 groups?

12 ×

Pull aside two
additional groups of 37.

Twelve groups of 37 and 28 remain.

and

102 remains. Exchange 100 for
10 tens.

In order to regroup
into groups of 37,
exchange 10 for 10
ones, twice.

Begin with 472. Start by grouping 10
groups of 37 (370)
and pull them aside.

EXAMPLE 3

ACTIVITY 3
Students should be encouraged 
to draw the rectangular area 
models so that the partial 
products are the correct size 
in relation to each other. Graph 
paper makes this much easier.

When prospective teachers learn 
how easy the division algorithm 
is to understand, and also realize 
that they could use any one of the 
algorithms given here to do long 
division, they sometimes react 
in anger, saying that they should 
have been taught this algorithm 
in elementary school rather than 
being made to suffer over years 
of learning how to divide.

See INSTRUCTOR NOTE 4.2A 
for another example of moving 
from a nonstandard to a standard 
algorithm for division.
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Think About …
How might you explain the partial quotients (or “scaffolding”) method for an example like 

÷426 25? How does the method scaffold an understanding of the standard algorithm for 
long division?

12 ×

Pull aside two
additional groups of 37.

Twelve groups of 37 and 28 remain.

and

102 remains. Exchange 100 for
10 tens.

In order to regroup
into groups of 37,
exchange 10 for 10
ones, twice.

Begin with 472. Start by grouping 10
groups of 37 (370)
and pull them aside.

  ACTIVITY 4 Find the Missing Part

Illustrate ÷574 7 using missing- factor conception (see Section 3.4) and the model of rect-
angular area. Division in this case involves finding the missing side length, given the area 
of the rectangle and the length of one side. (Hint: Partial quotients would be a useful way 
to think about the solution to this problem.) j

  ACTIVITY 5 Why Move the Decimal Point?

As you know, the first step in using the usual algorithm for calculating, say, ÷56.98 3.7, 
is to move the decimal point in the divisor to make a whole number (37) and to move the 
decimal point in the dividend that number of places (giving 569.8).

15.4
3.7 56.98 37 569.8

555
14.8
14.8

0

yielding

Let’s unpack why a renaming like this gives the correct quotient by reflecting on 
a series of quotients.
1. For each quotient, compute each number string one at a time, then make a statement 

about relationships within and among the equations. For example, “3 5 15× = ,  
6 5 30× = . When one factor doubled and the other factor remained the same, the 
product doubled.”

 a. ÷ =56 7  b. ÷ =56 0.7
 c. ÷ =5.6 0.7  d. ÷ =144 12
 e. ÷ =14.4 1.2  f. 1440 120÷ =
2. What insights into the “move the decimal point in the divisor” rule does this activity 

suggest? j

ACTIVITY 4
The answer of 82 can be illustrated 
as several different combinations 
of partial products.

ACTIVITY 5
1. For example:
56 ÷ 7 = 8 so 56 ÷ 0.7 = 80. When 
the divisor is ten times smaller 
(0.7 rather than 7), the quotient is 
ten times larger: 

5.6 ÷ 0.7 = 8.

When the dividend is ten times 
smaller (5.6 rather than 56), the 
quotient is ten times smaller.

2. When the dividend and the 
divisor change by the same factor, 
the quotient remains the same.
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Notes  Focus on SMP MP7  

 Mathematically proficient students look for and make use of structure. They discern 
 patterns, as in noticing that when one factor is doubled and the other remains the same, 
the product is doubled. They can use this structure to get insight into powerful strategies, 
such as moving the decimal point when dividing decimal numbers. 

  ACTIVITY 6 Now I Know How to Divide Decimal Numbers  

 Try dividing 1.8 by 0.15 using two different techniques. Use knowledge gained from 
Activity 5 to account for “moving the decimal point.” j  

   TAKE- AWAY MESSAGE . . .  Undertaking the fundamental arithmetic operations 
using the standard procedures is easier when you can first see them “unpacked,” with 
each step clarified by using properties and thinking about the meaning of the operation 
involved. This can lead to an understanding of where all the numbers come from and how 
the algorithm can then be condensed into the procedures we all know and use.  

   TAKE- AWAY MESSAGE . . .  Undertaking

   Learning Exercises for Section 4.2  

   1.   Work through the following problems, thinking about each step that you perform 
and why you are performing the step in that way. If you have used base- ten blocks 
or sketches of base- ten blocks, you can use them to help you with these problems. 
In each case, specify what you decide to use as your unit. 
   a. 4 0.39× b.     ÷2912 8   (Think of this as a sharing problem.)     

  2.   Use partial quotient division to solve the following. Illustrate using base- ten blocks 
linked to numerical symbols.
   a. ÷330 13   b. ÷609 21
  c. ÷426 25

  3.  There have in the past been many different algorithms developed for carrying out 
computation. Here are two such algorithms for computing   36 342×   . The first is called 

the  lattice   method for multiplication,  used by 
the Arabs in the 1600s and carried to Europe. The 
method depends on knowing the multiplication 
facts, but not much on place value. The factors are 
written across the top and right, and the answer, 
12,312, is read off going down on the left and 
around the bottom. Compare this method with 
showing all partial products.  

 The second algorithm is called the  Russian peasant algorithm.  One number is 
successively halved until 1 is reached (if it is odd, 1 is subtracted before halving), and 
the other number is doubled the same number of times the first is halved. Numbers 
in the second column are crossed out when the corresponding number in the first 
 column is even, and the remaining numbers are added. Reread the preceding steps 
as you study the following calculation of   36 342×   :  

   Learning Exercises for Section 4.2  

2

1
0

9
1

2
0

6 3

2
1

8
2

4
1

2 6

3 4

3 1 2

  MathClips  

 Lattice Method 

36
 18

9
4
2
1

342
684

 1368
2736
5472

 10,944
12,312

 Try these algorithms on   57 623×   . They are not magic! Each can be justified 
mathematically.  

   ACTIVITY 6  
 To find the answer 12, students 
may use base-ten blocks and 
repeated subtraction or another 
model and partial quotients. 
Share a variety of approaches.    

   Learning Exercises 4.2  
 Students do not have answers for 
Learning Exercises 1–4, 5(b, f, h), 
6, 7, 8(c, d), and 9–12.   

Learning Exercise 3 : Some 
currently used textbooks 
teach the lattice method for 
multiplication. Check out 
students’ understanding of the 
steps in this algorithm; they often 
have difficulty divorcing their 
thinking from the algorithm they 
know. The right-to-left slants in 
the lattice give entries with the 
same place value.   

 Note that the numbers in the right 
column are   342 20×   ,   342 21×   , 

× ×342 2 . . . 342 22 5  . 36 is 100100 
in base 2, i.e.,   36 1 2 0 25 4= × + × +

× + × + × + ×0 2 1 2 0 2 0 23 2 1 0. So, 
36 342 (2 2 ) 3425 2× = + ×   . But this 
is   1368 10,944 12,312+ =   .   
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4. Show how you could use a series of algorithms, such as those in this section, to teach 
someone how to understand the standard algorithms for multiplication and division 
for 35 426× ; ÷14,910 426.

5. Use your understanding of division to complete each equation.
If 4000 16 250÷ = , then
a. ÷ =8000 16  ____________ b. ÷ =16,000 16  ____________
c. ÷ =2000 16  ____________ d. ÷ =4000 32  ____________
e. ÷ =4000 64  ____________ f. ÷ =4000 8  ____________
g. ÷ =4000 4  ____________ h. ÷ =4000 0.4  ____________

6. In calculating with decimals, why do you “line up” the decimal points for addition and 
subtraction, but not necessarily for multiplication, such as with 1.92 0.3× ?

7. Mark the array below to show the four partial products in calculating 12 23× .

23 columns

12 rows

8. Make sketches of work with base- ten materials to support the usual algorithm for 
calculating each of the following. (Hint: Is repeated subtraction or sharing equally 
more practical in each case?)
a. ÷396 3 b. ÷252 4 c. ÷187 4 d. ÷224 56

9. As in Learning Exercise 8, make sketches of work with base- ten materials to support 
the usual algorithm for calculating each of the following. (Hint: Is repeated subtraction 
or sharing equally more practical for these three?)
a. ÷284 142 b. ÷960 320 c. ÷1000 275

10. Show the lattice method (Learning Exercise 4) for  
calculating 127 25× .

11. Use a rectangular array model to solve the following multiplication problems. Be sure 
to show the partial products.
a. 23 54× b. 112 43×

12. Use a rectangular array model to solve a missing- factor division problem: 2508 22÷ .  
Recall that the quotient is obtained by finding the missing side length of a rectangle 
whose area and one side length are known.

4.3 Issues for Learning: The Role of Algorithms
In Sections 4.1 and 4.2 we focused on the methods used in carrying out the arithmetic 
operations on whole numbers and decimal numbers, methods that are likely to be already 
familiar to you. By learning an efficient algorithm for each operation (e.g., traditional long 
division), that skill becomes automatized and enables more thinking about other things, 
such as the problem at hand that led to the division.

A version of Learning Exercise 6 
appears in Learning Exercise 9 of 
Section 3.6.

The discussion in Section 4.3 is 
extremely important. As stated 
earlier, many prospective teachers 
(and some practicing teachers) 
believe that learning the standard 
algorithms in the same way 
they did is the most important 
component of elementary school 
mathematics, and that calculators 
in elementary school are harmful 
and if used will lead to inability 
to calculate in other ways. This 
section will help them reflect on 
these issues.
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NotesDISCUSSION 3 What Do You Remember?

What do you remember about learning algorithmic procedures in school? Did you under-
stand these procedures? Were they easy or painful to learn? Were they easy or difficult 
to remember? Do you use them often now? How important is it to be able to carry out 
operations rapidly with paper and pencil? 

Perhaps you feel the algorithmic procedures were easy to learn and understand. 
 Perhaps you were taught to do them efficiently but were not asked to consider why the pro-
cedure could be trusted to yield a correct answer. Standard algorithms can be problematic 
when they are memorized without understanding.

  ACTIVITY 7 Mayan Addition

The Mayans used a base-20 place-value system. Recall from Chapter 2 that Mayans used 
dots and bars to represent numbers, and that a shell is used for the digit 0. The figure that 
follows shows representations for the numbers 0 through 20. Notice that place values lie 
vertically rather than horizontally, and that the ones place can hold 19 items total. Notice also 
that for 20, the shell positioned in the ones place signifies 0 and distinguishes the dot in the 
twenties place as representing 20 to the first power. How do you think the  number 21 would 
be represented in the Mayan system? (Hint: How do you write b and then +b 1 in base b?)

18 19

1413

98

43

5

0

10

17

12

7

2

6

1

11

1615 20

Twenties place

Ones place

The figure that follows shows a procedure for adding two Mayan numbers, where five dots 
 (circled in red) are exchanged for a bar, and four bars (in the red box) become a dot, which 
is then recorded in the twenties place.

1
Twenties place
Ones place

What is the sum of the following two Mayan numbers?

Twenties place

Ones place
1

Can you operate without thinking about the value of the two numbers or the sum? Can you 
devise a procedure for subtraction? What did you need to understand to use this procedure? j

Did Mayan arithmetic in base-20 seem routine as you followed the rules or did you find 
it challenging? If students learn standard algorithms with an understanding of why the proce-
dures lead to correct answers, they are more likely to remember them and use them correctly.

Many state standards, such as those aligned with CCSS for Mathematics (CCSS-M), 
suggest we instruct students with emphasis on big ideas of place value, decomposition of 
numbers into base- ten units, and properties of operations. Students make better sense of 
standard algorithms when they have had opportunities to explore arithmetic operations and 

See INSTRUCTOR NOTE 4.3A for 
more on this activity.

Represent “21” with a dot 
positioned above a dot. The top 
dot is in the twenties place and the 
bottom dot is in the ones place.

The example shows 13 17+
(base ten) 30 (base ten)= .

The sum of the two Mayan 
numbers should be represented 
by three bars and two dots in the 
twenties place, and two bars and 
one dot in the ones place.
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find their own ways of operating on numbers, exemplified by the children whose work 
you studied in the last chapter. Students can then learn standard algorithms as required, 
because in most states and school districts they are required.

The authors of the CCSS-M created a document that describes how learning might 
progress within a particular domain, “Number and Operations in Base Ten, K–5” 
(http://commoncoretools.me/wp- content/uploads/2015/03/ccss_progression_nbp_
k5_2015_03_16.pdf). Here, we provide one example of how the ideas may develop.

First-graders learn that the two digits of a two- digit number represent amounts of 
tens and ones. They use place-value understanding and properties of operations to add 
and  subtract. Concrete objects, such as base- ten blocks and drawings, help them make 
 connections. In Grade 2, they extend the base- ten system to the hundreds unit.  Students 
may begin by adding like units (all the hundreds, all the tens, all the ones) before 
 regrouping. They begin to decompose and recompose numbers as they take sums and dif-
ferences within 1000.

In the CCSS-M, multiplication is the focus in third grade. Fourth- graders generalize 
place-value understanding for multi digit whole numbers, extending the notion that each 
place has a value ten times the value of the place to the immediate right. The approach of 
the standard algorithm is developed and supported with partial products and visual models 
like the array model. They begin working with fractions having denominators of 10 and 
100. Thus, teachers leverage methods for the standard algorithm that are generalizable to 
larger numbers and decimals.

These authors suggest three years to develop fluency with multidigit division.  Students 
first develop the approach of the standard algorithm, subtracting groups of the divisor with 
physical or visual models. Area models, which are familiar from multiplication activities, 
can support understanding of division. By Grade 6, students should be fluent with the 
standard algorithm. In all grades, students are encouraged to develop and discuss standard 
and nonstandard generalizable methods and the big mathematical ideas upon which they 
depend.

What, then, is the role of calculators in elementary school? Calculators are ubiquitous 
and are much faster than any human can calculate.

DISCUSSION 4 What Is the Role of Calculators?

What is the role of calculators in school mathematics? A newspaper cartoon showed 
 parents and grandparents sitting at desks using calculators for computing, while the 
12-year- old son was sitting at his desk doing worksheets of long- division practice. What 
do you think was the message? 

Focus on SMP MP5

Mathematically proficient students use appropriate tools strategically. Students must be 
able to choose when it is appropriate to use a calculator or a software program, or when 
to compute with pencil and paper or estimate. There are many powerful software tools 
available to students. Part of what they will be learning, and perhaps you are, too, is when 
to reach for them.

Think About …
Do you have a better understanding of the multiplication and division algorithms after 
seeing, in the preceding section, how longer algorithms can be used to show why 
standard algorithms work?

Remember, the standard algorithms are called “standard” because children are 
taught to do them the same way. The algorithms came into existence as people attempted 
to become as efficient and speedy as possible in their calculations. Even so, as we have 
seen, the algorithms we use here are not standard in other parts of the world. For example, 
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the equal- additions method of subtraction is taught in many other  countries. Those who 
learned the equal- additions algorithm find the algorithm used in the United States to be 
strange.

Review
Check Yourself

In order to review the ideas from this chapter and check your understanding, we recom-
mend that you revisit the Goals for Reconceptualizing Mathematics at the beginning of 
the chapter. “To help their students learn about numbers and algorithms, teachers need 
more than ability to perform algorithms. They need to be able to explain the mathematics 
underlying the algorithms in a way that will help children understand”.2 At this point, you 
should be able to use mathematical models and explain the standard algorithms to those 
who do not understand the process. Make sure you are able to defend your view of what 
is important for children to learn about these procedures.

In the next chapter you will be given opportunities to consider another option to using 
standard algorithms. In many cases an exact answer is not needed. What should be done 
then?
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