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Case Study: How do we determine the energy
of a roller coaster?
A flume ride at Universal Studios Hollywood carries a boat filled with thrill-seekers
through scenes of life-like dinosaurs from the movie Jurassic Park. Near the end of the
ride the boat gently dips over the edge of a 33-m-long downhill track filled with rushing water, and accelerates down the 518 slope before entering a pond of still water. The
boat glides about 15 m before coming to a near stop due to drag forces.
Kinetic energy is associated with motion. Conservative interactions within a system
give rise to potential energy; for example, the gravitational interaction between Earth and
the boat and riders can be described as gravitational potential energy of the Earth–boat/
rider system. Energy can be converted from one kind into the other, but total energy is
always conserved.
That is certainly the case for our intrepid riders and their boat: Energy is neither created nor destroyed; once the boat starts its descent, we can use the resulting relationship
to determine the properties of its motion. After you learn the physics of the conservation
of energy and the relationship between work and energy, you’ll be able to answer many
questions about the science that underlies the Jurassic Park ride. For example…
The speed of the boat at the top of the final drop is close to zero. Estimate the speed
of the boat at the bottom of the final drop. Ignore any nonconservative forces, which
are relatively small. Does the mass of the boat or the riders affect your answer?
Estimate the average drag force that the water in the pond exerts on the boat. Do
you think you yourself could apply a force of that magnitude?
By the end of these chapters, you should be able to apply conservation
principles and the work energy theorem to real world problems. For instance,
another amusement park wants to build a replica of this ride, but in order to
slow down the boats—and to save space!—it needs to replace the pond at the
end of the ride and consider whether they can use a horizontal spring. You will
be able to help them decide.
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7

Energy and Conservation I:
Foundations
Ted Kinsman/Science Source

YOU WILL LEARN TO:
• Explain what it means for a quantity
to be conserved.
• Describe what conditions must
be met for work to be done on
an object, for both positive and
negative work.
• Explain the relationship between
work and kinetic energy for an
object.
• Explain why something modeled
as an object can have only kinetic
energy, and why a system can have
other types of energy.

7-1

NEED TO REVIEW?
Turn to the Glossary in the
back of the book for definitions
of bolded Key Terms.
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• Describe how the work-energy

theorem relates to conservation of
energy for an object or a system.
• Explain the meaning of potential
energy and how conservative
interactions, such as those described
by the gravitational and spring
forces, give rise to gravitational and
spring potential energy.
• Recognize why the work-energy
theorem applies even for curved
paths and varying forces such as the
spring force.

The ideas of work and energy are intimately related,
and this relationship is based on a conservation
principle

In Chapter 1 we introduced “system” and “object”; the distinction between these will
be foundational to our understanding of energy. In Chapters 2 and 3, we learned to
describe the motion of an object, with some guidance on how that description is a
simplification for the motion of a system. In Chapters 4 and 5, we explored how to
use the concept of force to describe the interactions between objects and systems. In
this chapter, we will begin applying one of the most fundamental ideas (and one of the
most useful tools) in physics: The changes that occur as a result of interactions between
objects and systems are constrained by conservation laws.
What does this mean? Conservation is often a poorly understood concept
because of the use of the word in everyday life. We all try to conserve energy, switching off the lights when we leave a room, or turning down the thermostat in the winter. When we use the word “conservation” in science, however, we mean something
much more profound than “using less.” In science, a conserved quantity is a quantity
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that can be transferred between objects or systems, or converted from one type to
another, but is neither created nor destroyed. When quantities are not created or
destroyed, the amount of that quantity does not change, and this gives rise to some
of the most powerful, fundamental laws in physics: conservation laws. Conservation
laws constrain the possible motions of the objects in a system, or the outcome of an
interaction or process. A conservation law is a statement that a measurable physical
quantity of a system does not change as the system evolves over time. This physical
quantity can be used to characterize a system.
We use the word “energy” almost every day, but most people would still find it
hard to define. In science, energy is defined as a scalar quantity used to measure the
state or motion of an object or system (we will see some examples to help make this
clearer). Energy is always conserved, but not all energy is equally useful. We will continue to explore this idea throughout this chapter and the next. So when we say we
want to “conserve energy” in our everyday lives, we really mean that we want to not
waste the energy that is most useful to us.
Since conservation also considers transfer of a quantity, we need to define a system to know how to apply a conservation law. This is a little tricky, as different sciences, and even different fields within a single science, define the types of systems
differently. In chemistry, a closed system is a system where no matter can escape, but
energy can be exchanged freely through heating. A closed system can be used when
conducting chemical experiments where temperature is not a factor. In nonrelativistic classical mechanics, a closed system is a physical system that doesn’t exchange
any matter with its surroundings and isn’t subject to any external forces (in quantum
mechanics you have to add information to the list of things that cannot be exchanged).
A closed system in classical mechanics would be considered an isolated system in
thermodynamics. Closed systems are often used to limit the factors that can affect
the results of a specific problem or experiment. In thermodynamics, a closed system
can exchange energy (as heating or work), but not matter, with its surroundings. An
isolated system cannot exchange energy or matter with the surroundings, while an
open system can exchange both energy and matter. So just to make sure we don’t miss
anything because of a previous definition you know, we will define closed, isolated
systems as those where no energy or matter is transferred to, or from, the system and
there are no interactions between objects in the system and objects outside of the system. The definition for this combination is consistent, if a bit repetitive in cases, with
all of the other definitions that exist.
We saw in Chapter 4 that a force was one way to describe the interaction
between two objects, so another way to define an isolated system is a system for
which no forces are exerted on objects inside the system by objects outside the system. We will see in this chapter how to use interactions that can be described by
forces to transfer energy, but there are other processes (such as heating) to transfer energy that are beyond the scope of this book. The total amount of energy in
a closed, isolated system cannot change, and all interactions and processes in the
system are constrained by that fact. In contrast, in a system that is open, energy can
cross the boundary of the system, in which case conservation no longer means the
energy in the system is constant! It means that the changes in energy in the system
are equal to the transfer of energy into or out of the system by interactions with
other systems or processes.
We begin our study of conservation laws with the law of conservation of energy,
the most pervasive conservation law across all areas of physics, and all sciences in
general. Energy is used in nearly every living process—moving, breathing, circulating
blood, digesting food, and absorbing nutrients. Within these processes, there are different types of energy, including kinetic, potential, and internal. The law of conservation
of energy states that energy can be converted from one type into another but never
destroyed. We defined energy as a scalar quantity used to measure the state or motion
of an object or system; but what exactly does that mean? It may be easiest to begin to
develop our definition of energy by considering one of the ways to transfer it.
To delve into how energy is transferred, we must first explore the concept of work.
“Work” is another word with many different meanings in everyday life. In the language
of physics, however, work has a very specific definition: Work is the transfer of energy
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AP®

EXAM TIP

On the AP® Physics 1 exam,
when you are asked to justify
a result, you often need to
relate your argument to a
fundamental principle such
as this conservation law. For
example: If asked to compare
two projectiles on the exam, it
would not be enough to say that
if they each move through the
same height and start with the
same speed, that they would
therefore have the same final
speed. For a complete answer,
you would need to relate your
response to the fundamental
principle of energy conservation.

!

WATCH OUT
“Closed system” means
something different in
mechanics and chemistry.
Chemists don’t worry about
interactions that can be
described by forces in their
experiments (they have a lot
more heating), so their definition of closed does not exclude
such interactions. For mechanics this is a very important
thing to exclude, so we will
add the word “isolated” to our
description of systems, emphasizing that for such systems no
interactions or mass cross the
system boundaries.

AP®

Exam Tip

While thermodynamics is
not part of AP® Physics 1, it is
important to understand that
mechanical energy can be
converted to thermal energy.
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from one object or system to another through a mechanical process that happens when
a force is exerted on an object or system along its direction of motion as the object or
system moves. Remember mechanics means having to do with motion. One example of
doing work is lifting a book from your desk to a high bookshelf; another is a football
player pushing a blocking sled across the field (Figure 7-1a). In each of these cases, the
point of contact of where the force is exerted on the object moves. The definitions of
work and energy reference each other, but things will improve as we move through this
chapter and the next. We will see that if an object or system has energy, then that object
or system may be able to do work.
One type of energy is kinetic energy, which is the energy that an object has due to
its motion (Figure 7-1b). An object with kinetic energy has the ability to do work; for
example, a moving ball has the ability to displace objects in its path (Figure 7-1c). It’s
important to remember that for anything for which we use the object model, the only
type of energy that it can have is kinetic energy. This is due to the fact that by the definition of an object, we cannot change its shape, or the way its internal components are
moving, since an object has no internal structure. Conversely, systems, since they have
internal structure, can have internal and potential energy, which we will define shortly.
Kinetic energy can be converted to other types of energy that can’t be used to
do work—such as when an egg thrown at high speed splatters against a wall. Before
the egg hits the wall, it can be modeled as an object since every point on the egg is
moving in the same trajectory. However, once the egg hits the wall, the points on the
now-broken egg no longer travel together as the egg changes shape. The egg can no
longer, therefore, be modeled as an object to describe it as it breaks. Breaking apart on
the wall is an irreversible change in shape, a change that disrupts the arrangement of
the system in such a way that it cannot simply return to its initial shape. For example,
you could not easily reassemble the egg, putting the yolk back in its sack, and the white
back into a smooth shield and the shell all into one piece. Such disordered changes dissipate energy into a type that is no longer useful: The egg no longer has kinetic energy
after it breaks. All the bits come to rest. The kinetic energy went into breaking the
egg. Conversely, if that egg is replaced with a rubber ball, the ball bounces off the wall
with nearly the same speed at which it hit the wall and so we recover most of the ball’s
kinetic energy. We say that as the ball compresses against the wall, its kinetic energy
is converted into potential energy—energy associated not with the ball’s motion but
with a reversible change in its shape, a change that will allow the relative position, the
structural arrangement, of its parts to return to their original condition. This potential
energy is again converted into kinetic energy as the ball bounces back to its original shape (Figure 7-1c or the photographs opening this chapter). Potential energy is

The football player exerts a force F on the sled in its
direction of motion while it moves a distance d. Hence
he does an amount of work on the sled equal to Fd.

The girl does work on the basketball: She exerts a force
on the ball as she pushes it away from her. As a result
the ball acquires kinetic energy (energy of motion).
(b)

BrunoWeltmann/Shutterstock

d

KEVIN WOLF/AP Images

F

(c)

Jens Karlsson/Getty Images

(a)

As the cue ball strikes a second pool ball, it stops and the second pool ball
moves off at nearly identical speed to that of the cue ball before the collision.
The cue ball exerts a force on the second ball as it comes to a stop.

Figure 7-1 Work and energy In this chapter we’ll explore the ideas of work and energy.

07_STE_10097_ch07_272_321_PP6.indd 276

23/08/18 9:30 AM

Copyright © BFW Publishers. Uncorrected Proofs have been used in this sample chapter. Distributed by BFW Publishers. Strictly for use with its products. Not for redistribution.
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associated with a reversible change in shape. (We cannot use the object model for the
ball striking the wall during this process, because the various points on the ball do not
all move together at the same speed, as the point in contact with the wall has stopped,
but the other side of the ball is moving away from the wall as the ball expands.)
In this chapter we’ll look at the ways in which kinetic energy, potential energy,
and other types of internal energy—energy stored within a system, sometimes in a
way that can’t easily be extracted—can be converted from one type of energy into
another or transferred into or out of a system. As an example, the energy you need
to make it through today is extracted from energy stored in food that you consumed
earlier. This sort of internal energy is stored in chemical bonds, related to the structural arrangement of atoms and molecules. Internal energy can also be due to motion:
When the molecules in water start moving faster, the water warms up. Temperature is
directly related to this sort of internal energy. Although it sounds like kinetic energy
since it involves motion, the motions are of microscopic objects inside the system and
are random and internal, not causing the system to move. In this course, we will focus
on work as the method of energy transfer through mechanical processes, but when you
continue your studies you will also learn how to calculate energy transfer due to heating, which is transferring energy by thermal processes (and does not require motion
of the system, but just causes these random internal motions). In this course, you just
need to know this can happen, like when you boil water!

THE TAKEAWAY for Section 7-1
✔✔ Conservation laws constrain the possible behaviors of
objects or systems.
✔✔ Conservation of a quantity does not mean that the quantity in a system cannot change, but that any change in that
quantity in a system must equal transfers into or out of the
system. Conservation means the quantity is neither created nor
destroyed.
✔✔ An object’s or system’s energy is related to its ability to do
work.
✔✔ There are different types of energy, including kinetic,
potential, and internal. Energy can be converted from one of
these types into another.

The Takeaway Practice
1. Describe how you know winds blowing across a field of tall
grass have a property that we call energy and that work is
being done by the wind on the grass.
2. In everyday language, energy is consumed for transportation. In this language if you say that energy should be
conserved, you might mean that you should drive a smaller
car or drive less. In physics, we look more deeply and see
that the internal energy of the molecules of fuel is converted
to the motion of a car (the car’s kinetic energy) and into

7-2

heating of the molecules of exhaust and of the engine. How
does this conversion satisfy energy conservation? In your
own words compare these two energy conservation statements. For example, can they be violated?

Reasoning Skill Builder
3. Open, closed, and isolated systems are defined in
Section 7-1. Missing from these definitions is a system
that cannot exchange energy with its surroundings but
can exchange matter. Explain why this category is not
possible in terms of possible exchange processes.

AP® Skills in Action
4. An open system can exchange both energy and matter with
its surroundings. A closed system cannot exchange matter
with its surroundings. An isolated system cannot exchange
energy or matter with its surroundings. Categorize each of
the following systems (a, b, c) as open, closed, or isolated,
and describe evidence from your own experience to support
your categorization.
a. Earth
b. You
c. A very good ice chest while the lid is shut

The work done by a constant force exerted on a moving
object depends on the magnitude of the force and the
distance the object moves in the direction of the force

The man depicted in Figure 7-2 is doing work as he pushes a crate up a ramp. The
amount of work that he does depends not only on how hard he pushes on the crate
(that is, on the magnitude of the force that he exerts) but also on the distance over
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F
d

As he exerts the force, the crate moves
through a displacement d up the ramp.

Figure 7-2 Work is force times
displacement If the force FY the man

exerts on the crate is in the same
direction as the displacement dY of
the crate, the work W that he does on
the crate is the product of force and
displacement: W 5 Fd.

stevecoleimages/E+/Getty Images

The man exerts a constant force F
on the crate. The direction of the
force is parallel to the ramp.

which he moves the crate (that is, the displacement of the crate). In a similar way, the
football players shown in Figure 7-1a will be more exhausted if the coach asks them to
push the blocking sled all the way down the field rather than a short distance, if they
exert the same force on it over the longer distance. In Figure 7-1c, kinetic energy gets
transferred from one pool ball to the next as the two balls collide without friction or
breaking. The kinetic energy of the blocking sled in Figure 7-1a does not continue to
increase as the football player pushes on it because of the large resistance to motion
provided by friction between the ground and the sled.
These examples suggest how we should define the work done on an object or system by a force exerted on an object or system. Let us start by thinking about an object.
Suppose a constant force FY is exerted on an object as it moves through a straight-line
displacement dY, and the force FY is in the same direction as dY. Then the work done by
the force equals the product of the magnitude of the force F and the magnitude of
the displacement, d, over which the point of contact where the force is exerted on the
object moves:

Work done on an object by a constant force F exerted
on the object in the same direction as the object's
displacement d

W = Fd

EQUATION IN WORDS

Work done by a constant
force exerted on an object
in the same direction as
the object’s straight-line
displacement (7-1)

AP®

Exam Tip

You always need to put units on
a numerical answer, but Nm
or J are both acceptable SI units
for energy.

AP®

Exam Tip

There is not a symbol called
weight on the AP® equation
sheet, but the force of gravity
between two objects with
mass is given, and then is
used in the definition of the
gravitational field. The force
of gravity near the surface of
Earth is weight. While weight
is not defined on the equation
sheet, a symbol representing
weight may be defined for
you in AP® problems. Always
carefully note the definition
of all symbols introduced in a
problem statement, and be sure
to carefully define any symbols
you introduce.
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Magnitude of the constant force F

Magnitude of the displacement d

Note that Equation 7-1 refers only to situations in which the force is exerted on
the object in the same direction as the object’s displacement. You’ve already seen two
situations of this sort: The football players in Figure 7-1a push the sled backward as
it moves backward, and the man in Figure 7-2 pushes the crate uphill as it moves
uphill. Later we’ll consider the case in which force and displacement are not in the
same direction.
We saw in Chapters 4 and 5 that it’s important to keep track of what object exerts
a given force and on what object that force is exerted. It’s equally important to keep
track of both the object that exerts a force and the object on which the force does work
(and they are the same observations!). For example, in Figure 7-3, the object exerting
a force is the man, and the object on which the force is exerted and on which work is
done is the crate. Just like a force must be exerted by something external to the object
or the system, work is done on an object or system by an external force. Work is the
first way we will explore how to transfer energy.
We know that the unit of force is the newton and the unit of distance is the
meter. Therefore, the unit of work is the newton · meter, or Nm. This unit is also
called the joule (J), named after the nineteenth-century English physicist James Joule,
who did fundamental research on the relationship between motion and work. From
Equation 7-1,
1 J 5 11 N2 11 m2

You do 1 J of work when you exert a 1-N push on an object in the direction it is
moving as it moves through a distance of 1 m.

!

WATCH OUT
Don’t use w as a symbol for weight.
Since “work” and “weight” begin with the same letter, it’s important to use different
symbols to represent them in equations. We’ll use an uppercase W for work and Fg or
mg for weight (the magnitude of the gravitational force on an object near the surface
of Earth), and we recommend that you do the same to prevent confusion.
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EXAMPLE 7-1

Lifting a Book

How much work must you do to lift a textbook with a mass of 2.00 kg by a vertical distance of 5.00 cm? (You lift the
book at a constant speed.)

Set Up
Newton’s first law tells us that the net force on the book
must be zero if it is to move upward at a constant speed.
Hence the upward force you exert must be constant
and equal in magnitude to the gravitational force on the
book. Since the force you exert is constant and in the
direction in which the book moves, we can use Equation
7-1 to calculate the work done on the book by that
force.

Fexerted by you

Work done on an object, force in
the same direction as displacement:

d = 5.00 cm

W 5 Fd(7-1)
book, m = 2.00 kg

Fg = mg

Solve
Calculate the magnitude F of the force that you exert on the
book, then substitute this and the displacement d 5 5.00 cm
into Equation 7-1 to determine the work that you do on
the book.

F 5 mg 5 12.00 kg2 19.80 m/s2 2
5 19.6 N

W 5 Fd 5 119.6 N2 15.00 cm2

5 119.6 N2 10.0500 m2
5 0.980 Nm
5 0.980 J

Reflect
The work that you do in lifting the book is almost exactly 1 joule. We don’t yet have much practice with units of energy
and work, but consider the basic definition of a joule. You exerted nearly 20 N of force on the book, but only for 5 cm
of motion, 1/20th of a meter. The product then should be about 1 Nm, a little low because the force you exerted wasn’t
quite 20 N. That is what we got! You may be worried because you did work on the book and did not change its kinetic
energy and we said that work was a way to transfer energy. We will find that this was because you were not providing
the only force exerted on the book. The force of gravity was pulling exactly opposite you. We will learn how to calculate
the work done by a force in the direction opposite to displacement after the next example.
Extend: The actual amount of energy that you would need to expend is several times more than 0.980 J. That’s because
your body isn’t 100% efficient at converting energy into work. Some of the energy goes into lifting your arm, and some
into heating your muscles. In fact, your muscles can consume energy even when they do no work, as we describe below.
The value of 0.980 J that we calculated is just the amount of work that you do on the book.
NOW WORK Problem 1 from The Takeaway 7-2.

Muscles and Doing Work
Pick up a heavy object and hold it in your hand at arm’s length (Figure 7-3). After
a while you’ll notice your arm getting tired: It feels like you’re doing work to hold
the object in midair. But Equation 7-1 says that you’re doing no work on the object
because it isn’t moving (its displacement d is zero). So why does your arm feel tired?
The reason your arm tires while holding a heavy object is that whether you are
moving the object or not, you still have to exert a force to balance that of gravity (it
is the same size force, and in the opposite direction) to hold the object at a constant
height. Your body has to convert energy stored in the chemical bonds of fat and sugar
(chemical energy) to a type that your muscle cells can use to exert this force, but these
reactions generate waste products that change the conditions in the muscle, including
warming it up. This process of changing energy from one type into another leads to the
feeling that you’ve been doing work—even though you’re doing no work on the object
you’re holding.
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Figure 7-3 Getting tired while
doing zero work Weights that you

hold stationary in your outstretched
arms undergo no displacement, so you
do zero work on them. Why, then, do
your arms get tired?
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AP®

Exam Tip

Chemical energy is not a topic
on the AP® Physics 1 exam.

If you again hold the object in one hand, but now rest your elbow on a table,
you’ll be able to hold the object for a longer time with far less fatigue. That’s because
in this case you’re using only the muscles of your hand and forearm, not those of your
upper arm. Fewer muscles are involved, so you need to convert less energy. The table
does not have to use chemical energy to support you or the book.

Work by Forces Not Parallel to Displacement,
and Negative Work
How can we calculate the work done by a constant force that is not exerted in the direction of the object’s motion? As an example, in Figure 7-4a a groundskeeper is using a rope
to pull a screen across a baseball diamond to smooth out the dirt. The force FY that the
man exerts on the screen is at an angle u with respect to the displacement dY of the screen,
so only the component of the force along the displacement does work on the screen
( Figure 7-4b). This component is F cos u, so the amount of work done by the force is
Work done on an object by a constant force F that
points at an angle q to the object's displacement d

EQUATION IN WORDS

Calculating the work done
by a constant force exerted at
an angle u to the straight-line
displacement (7-2)

AP®

Magnitude of the constant force F

W = Fd cos q
Magnitude of the displacement d

Exam Tip

F cos u is the component of
the force that is parallel to the
displacement, so is also called
F} on the equation sheet.

Angle between the directions of F and d

To understand Equation 7-2, let’s look at some special cases.
•• If FY is in the same direction as the motion, u 5 0 and cos u 5 cos 0 5 1. This is
the same situation as shown in Figure 7-2, and in this case Equation 7-2 gives
the same result as Equation 7-1: W 5 Fd.
•• If the angle u between the force and displacement is more than 0 but less than
908, as in Figure 7-4b, then cos u is less than 1 but still positive. The work W
done by the force FY is positive but less than Fd.
•• If FY is perpendicular to the direction of motion, u 5 908 and cos u 5 cos 908 5 0.
In this case Equation 7-2 tells us that force FY does zero work. An example is
the force exerted by a lazy dog lying on top of the screen from Figure 7-4a
(Figure 7-5). The dog exerts a downward force on the screen as the screen
moves horizontally, so u 5 908 and the lazy dog does no work at all.

(a)

(b)
F

The man exerts a force F on the
screen. The direction of the force
is not parallel to the ground.

q

Screen
d

F cos q

Only the component of force parallel to the
displacement contributes to the work that
the man does on the screen.

F
d

As he exerts the force, the
screen undergoes a displacement
d along the ground.

Figure 7-4 When force is not aligned with displacement (a) A man exerts a force on a screen

to pull it across a baseball field. (b) Finding the work that the man does on the screen (seen from the
side). If a constant force FY is exerted on an object at an angle u to the object’s displacement dY, the
work done by the force equals the force component F cos u parallel to the displacement multiplied
by the displacement d: W 5 Fd cos u.
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•• If the angle u in Equation 7-2 is greater than 908, the value of cos u is negative.
In this case the work done by force FY is negative: W , 0. As an example, Figure
7-6 shows a cart rolling along the floor as a person tries to slow it down. The
force FY that the person exerts on the cart is directed opposite to the cart’s displacement dY, so the angle u in Equation 7-2 is 1808. Since cos 1808 5 21, this
means that the work that the person does on the cart is Wperson on cart 5 2Fd,
which is negative.
What does it mean to do negative work on an object? Remember that when the force
exerted on an object (and hence the object’s acceleration) points in the opposite direction
of the object’s velocity and displacement, the object slows down (see Figure 3-10). So
doing negative work on an object slows it down. Conversely, if you do positive work on
an object, you can speed it up. This makes sense: Since work is a way to transfer energy,
if you make a positive energy transfer, you increase the energy of the system receiving it.
If you make a negative energy transfer, you decrease the system’s energy.
What else happens when you do negative work on an object? Newton’s third law
provides the answer when two objects in contact exert forces on each other: If the
person in Figure 7-6 exerts a force FY on the cart, the cart exerts a force 2FY on her
(the same magnitude of force but in the opposite direction). The hands of the person
have the same displacement dY as the cart, and the force the cart exerts on her hands is
in the same direction as her hands’ displacement (u 5 0 and cos u 5 11 in Equation
7-2), so the work that the cart does on the person is Wcart on person 5 1Fd. For objects
in contact, if object A does negative work on object B, then object B does an equal
amount of positive work on object A. For example, as in Figure 7-1c, when a moving
cue ball hits a stationary pool ball on a pool table, the cue ball does positive work on
the pool ball: It pushes the pool ball forward (in the direction that the pool ball moves)
and makes the pool ball speed up. The pool ball does negative work on the cue ball:
It pushes back on the cue ball (in the direction opposite to the cue ball’s motion) and
makes the cue ball slow down. With the pool balls, the energy transfer is almost all
kinetic. They are modeled very well as objects. For the person pushing the box, her
hands actually don’t necessarily move the same distance as the rest of her body, and her
muscles warm up, so the object model would not be a great one to use for the person.
In this case, her kinetic energy doesn’t change much because of internal motion but primarily because she is also pushing against the floor so (more Newton’s third law) the
floor is pushing against her, helping her stay put.

A lazy dog exerts a downward
force on the screen.

q = 90°

F

d

The angle between the force and
the displacement d of the screen is
90° (the force and displacement are
perpendicular). Hence the force has
zero component in the direction of
d and does zero work.

Figure 7-5 Doing zero work A dog

resting atop the screen exerts a force
on the screen as it slides but does zero
work on the screen.

!

WATCH OUT
Not all objects exert contact
forces on each other!
While Newton’s third law
is always true, when objects
interact by forces that do not
require contact, sometimes the
objects do not move through
the same displacement. That
is why opposite work is only
necessarily true for objects
exerting contact forces on
each other.

1 As the person tries to make the cart slow down, the cart and the person’s
hands move together to the right (they have the same displacement since
her hands and the cart are in contact).
d
Fcart on person = –Fperson on cart
Fperson on cart

2 The force of the person on the cart is
opposite to the cart’s displacement.
Hence θ = 180°, cos θ = –1, and the
person does negative work on the cart.

For objects in contact, if
one object (such as the
person) does negative
work on a second object
(such as the cart), the second
object does an equal amount of
positive work on the first object.
3 By Newton’s third law, the cart exerts an equally
strong force on the person, but in the opposite
direction—that is, in the same direction of the
displacement of the person’s hands. So the cart
does positive work on the person.

Figure 7-6 Doing negative work As the cart rolls to the right, the person pushes on the cart to
the left in order to make it slow down. As a result, she does negative work on the cart.
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AP®

Table 7-1 summarizes the relationship between the angle at which a force is
exerted on an object and the work that force does on the object.

Exam Tip

It is important to be able
to distinguish conceptually
between when a particular force
is doing positive or negative
work. Note that a body can
still be speeding up while a
particular force might be doing
negative work; in which case,
there must be another force
doing positive work as well.

Fn
Fk

FT
qT

Work Done by a Constant Force

TABLE 7-1

If the angle between a force FY exerted on an object
and the displacement dY of the object is…

…then the work done by the force is…

less than 908

positive

908

zero

more than 908

negative

Calculating Work Done by Multiple Forces
x

d
Fg

Always draw the displacement
vector d to one side so you don’t
confuse it with the force vectors.

Figure 7-7 Calculating the work
done by multiple forces The free-

body diagram for the screen shown
in Figure 7-4a. To find the work done
by each force exerted on the object,
draw the displacement vector dY on the
diagram, and label angles to match
forces.

What if more than one force is exerted on an object as it moves? Then the total work
done on the object is the sum of the work done on the object by each force individually. For example, four forces are exerted on the screen in Figure 7-4a: the tension
in the rope, the gravitational force, the normal force, and the force of friction. The
free-body diagram in Figure 7-7 shows all of these forces, as well as the displacement
vector dY. Note that we draw dY to one side in the diagram to avoid confusing it with the
forces, and that the direction of motion is in the positive x direction as indicated by the
dashed arrow. Since there are several forces to consider, add subscripts to your angles
so you can tell which angle goes with which force.
We use Equation 7-2 to determine the work that each force does on the screen:
Tension force: This force FYT (which we labeled FY in Figure 7-4a) is exerted at an angle
uT with respect to the direction of motion, so Wtension 5 FT d cos uT.
Gravitational force: The gravitational force FYg is perpendicular to the direction of
motion, so the angle u in Equation 7-2 is 908 for this force. Since cos 908 5 0, the
work done by the gravitational force is Wgravity 5 0.
Normal force: The normal force FYn is also perpendicular to the direction of motion.
So like the gravitational force, the normal force does no work: Wnormal 5 0.
Kinetic friction force: Because friction opposes sliding, the kinetic friction force vector
FYk points in the direction opposite to the motion. The angle to use in Equation
7-2 is therefore 1808, and Wfriction 5 Fk d cos 1808 5 2Fk d. When a force is
exerted to oppose the motion of the object, the value of the work done by that
force is negative.
The total work done on the screen by all four forces is the sum of the work done
by each force exerted on the object:
Wtotal 5 Wtension1Wgravity1Wnormal1Wfriction

!

WATCH OUT
Don't let the signs fool you!
Work is a scalar quantity, it
has no direction. Work is the
change in energy of an object
or a system due to a force
exerted on it while it moves.
The sign of work determines
if it is increasing (1) or
decreasing (2) the energy of
the object or system. Simply
add work up to find the total
change in energy.
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5 FT d cos uT 1 Fg cos 19082 1 Fn cos 19082 1 12Fk d2
5 FT d cos uT 2 Fk d 5 1FT cos uT 2 Fk 2d

If the horizontal component FT cos uT of the tension force (which does positive work)
is greater in magnitude than the kinetic friction force Fk (which does negative work), the
total work done on the screen is positive and the screen speeds up. But if the magnitude
of FT cos uT is less than Fk, the total work done on the screen is negative and the screen
slows down. Note that the kinetic friction force cannot do any work on an object unless
that object is already in motion, or the surface is in motion, or some other force is causing
the surface or object to move. This makes sense: Since the ground doesn’t move, you can
stand on the ground all day and if you don’t try to move, it isn’t going to make you.
While the dog lying on the screen in Figure 7-5 would not do any work itself, the
presence of the dog would increase the normal force and therefore the friction force
(and the negative work done by it). So the tension force needed to drag the screen
increases, making the person do more work to pull the screen the same distance.
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Example 7-2

Up the Hill

You need to push a box of supplies (weight 225 N) from your car to your campsite, a distance of 6.00 m up a 5.008 incline.
You exert a force of 85.0 N parallel to the incline, and a 56.0-N kinetic friction force is exerted on the box by the ground.
Calculate (a) how much work you do on the box, (b) how much work the force of gravity does on the box, (c) how much work
the friction force does on the box, and (d) the net work done on the box by all forces exerted on it as it moves up the incline.

Set Up
Since this problem involves forces, we draw a free-body
diagram for the box. The forces do not all point along
the direction of the box’s displacement dY, so we’ll have
to use Equation 7-2 to calculate the work done by
each force.

y

Work done by a constant force,
straight-line displacement:

Fn

W 5 Fd cos u  (7-2)

Fyou
Fk

x

d

5.00°
Fg

Solve
(a) The force you exert on the box is in the same
direction as the box’s displacement, so u 5 08 in
Equation 7-2.

Wyou 5 Fyou d cos 08
5 185.0 N2 16.00 m2 112
5 5.10 3 102 Nm
5 5.10 3 102 J

(b) The angle between the gravitational force and the
displacement is u 5 90.08 1 5.008 5 95.08. Since this is
more than 908, cos u is negative and the gravitational
force does negative work on the box.

Wgrav 5 Fg d cos 95.08

(c) The friction force points opposite to the
displacement, so for this force u 5 1808 and
cos u 5 21.

Wfriction 5 Fkd cos 1808

(d) The net work done on the box is the sum of the
work done by all four forces that are exerted on the
box. The normal force points perpendicular to the
displacement, so it does zero work (for this force,
u 5 908 and cos u 5 08).

Wtotal 5 Wyou 1 Wgrav 1 Wfriction 1 Wn

5 1225 N2 16.00 m2 120.08722
5 21.18 3 102 J

5 156.0 N2 16.00 m2 1212
5 23.36 3 102 J

5 15.10 3 102 J2 1 121.18 3 102 J2
1 123.36 3 102 J2 1 0

5 0.56 3 102 J 5 56 J

Reflect
To check our result, let’s calculate how much work is
done by the net force that is exerted on the box. Our
discussion of Equation 7-2 tells us that we need only
the component of the net force in the direction of the
displacement, which in our figure is the x component.
So the work done by the net force is just gFx multiplied
by d.
There are two observations we can use to ensure this
makes sense. First, the work done by the net force has the
same value as the sum of the work done by the individual
forces. It has to, since this is just another way to describe
the exact same situation! Second, the net force is in the
direction of the displacement, so the box picks up speed as
it moves and the net work done on the box is positive.

Net force up the incline:

a Fx 5 Fyou 2 Fk 2 Fg sin 5.008
5 85.0 N 2 56.0 N 2 1225 N2 10.08722
5 9.4 N

(positive, so the net force is uphill)
Work done by net force:
Wnet 5 1 a Fx 2 d
5 19.4 N2 16.00 m2
5 56 J

This equals the sum of the work done by the four forces
individually.

Extend: We’ll use both of these observations in the next section to relate the net work done on an object to the change in
its speed.
NOW WORK Problem 3 from The Takeaway 7-2.
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THE TAKEAWAY for section 7-2
✔✔ If a force is exerted on an object that undergoes a displacement, the force can do work on that object.
✔✔ For a constant force and straight-line displacement,
the amount of work done equals the displacement multiplied by the component of the force exerted parallel to that
d
 isplacement.
✔✔ Whether the work done is positive, negative, or zero
depends on the angle between the direction in which the force
is exerted and the direction of the displacement.
✔✔ For objects in contact, if one object does negative work on
a second object, the second object must do an equal amount of
positive work on the first object.

The Takeaway Practice
1. You lift a 100-g apple upward from the ground at a
constant speed for a distance of 1 m. (Since no system is
defined for you, assume the system of interest is the apple.)
a. Describe how it is that you know the size of the force
that you exert on the apple.
b. Describe how you can determine the quantity of work
done by you on the apple.
c. Describe how you can determine the sign of the work
done by you on the apple.
d. You release the apple from rest and it falls 1 m. Describe
how you know that work is done on the apple as it falls.
e. Identify the force that does the work on the apple as it
falls and describe how you would determine the quantity of work done by that force on the apple.
f. Compare the quantities of work done on the apple for
the processes in parts (a) and (d) and any assumptions
that are useful in making this comparison.
g. Compare accelerations and net forces for the processes
in parts (a) and (d). Describe how your answer to part
(b) would change if work done by the net force exerted
on the apple was considered, instead of only considering
the force exerted by you.
h. When the apple fell, energy was transferred. Describe
how the energy of the apple changed during the process
from when the apple started falling to when it came to
rest on the ground. Also describe the sizes and directions
of the forces exerted by the apple on the ground and
the ground on the apple, and justify your description in
terms of the change in the apple’s energy.
2. A crane lifts a 2.00 3 102-kg crate a vertical distance of
15.0 m at a slow, constant speed. How much work in joules
does the crane do on the crate?
Ex 3. A box is dragged a
F
7-2
distance d across a
floor by a pulling
θ
force exerted on the
box, FY, which makes
an angle u with the
horizontal as shown in the figure. This is repeated several
times; each time the angle u is increased by a few degrees,
but the force FY remains unchanged. Describe how the work
done by the force FY in dragging the box changes.

4. The figure shows four situations in which a box slides to the
right a distance d across a floor as a result of forces exerted
on the box, one of which is shown. Friction between the
box and the floor is negligible. The magnitudes of the forces
shown in each situation are identical. Rank the four situations in order of increasing work done on the box by the
force shown as the box goes through the displacement, d.

d
Case (a)

d
Case (b)

Ex

7-1
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d
Case (c)

d
Case (d)

Reasoning Skill Builders
5. The 2010 Americans with Disabilities Act established a
standard for wheelchair ramp inclinations; the base of the
ramp must have a length twelve times greater than the
height. Justify the selection of data that guided engineers in
the creation of this standard by describing the forces exerted
on the wheelchair and the data they must have sought.
6. The work done on an object is W 5 Fd cos u where the
magnitude of the displacement of the object is d, the magnitude of the force exerted on the object is F, and the angle
between the direction of displacement and the direction of
the force is u. Evaluate this relationship to identify conditions where the work done by this force is equal to zero.
7. You (i) lift a 10-N box to a height of 1 m from the floor
at a constant vertical speed, (ii) carry it horizontally 3 m
across the room at constant speed, and (iii) set it back
down on the floor, also at constant speed. (In this question,
neglect the brief changes in speed as you first pick it up
and then bring it to rest vertically at the end of the lift and
start moving it horizontally, and similarly as you change its
direction to put it back down.)
a. Construct a free-body diagram on the box for each
straight-line segment of the path (i–iii) clearly labeling
each force exerted on the box.
b. Construct representations of the displacement vectors for
each straight-line segment of the overall path of the box.
c. Predict the work done by you on the box along each
straight-line segment of the overall path of the box and the
total work done by you on the box during the overall path.
d. On the horizontal segment (ii) you exert a force on the box
as you walk but the energy of the box does not change.
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On this path the box exerts an equal and opposite force on
you but there is no work done by that force on you. If you
walked 3 km rather than 3 m you would probably notice
that you had used a lot more of your internal energy. Many
students claim that the extra energy you used is transferred
to the box. Evaluate this claim and justify your answer.
e. How would your answer to part (c) change if you did not
neglect when you were changing the velocity of the box?

AP® Skills in Action
8. Some technologies are ancient. One example
is the pulley. To lift a burden above the floor
a pulley is attached to the ceiling and a rope
runs over the pulley and is attached to the
F
burden (as shown in the figure). A force F is
exerted on the rope and the burden is then
displaced upward by Dx at a constant speed.
a. Express the work done on the burden by the external
force in terms of F and Dx.
Hero of Alexandria wrote about what we now call
simple machines in the first century c.e.

7-3

“Whenever we want to move some weight, if we tie a rope to
this weight we pull with as much force as is equal to the burden. But if we untie the rope from the weight, and tie one of its
ends to a stationary point and pass its other end over a pulley
fastened to the burden and draw on the rope, we will more easily move the weight.”

In Hero’s machine a rope runs over a pulley connected to a
stationary beam (A), then runs through a second pulley (B)
that is attached to the “burden,” then
runs back to the beam where it is tied as A
shown in the diagram.
b. This machine is used to lift the burden to the same height, Dx. Predict
B
the work done on the burden, the
external force that must be exerted
m
F
to do this work, and the displacement of the free end of the rope as
the burden is raised. Assume that pulley B has a negligible mass.
c. Justify the claim that this technology reduces the effort
required to achieve the same outcome required to lift the
burden to the same height.

Newton’s second law applied to an object lets us
determine a formula for kinetic energy and state the
work-energy theorem for an object

In Example 7-2 we considered a box being pushed uphill that gained speed as it moved.
We found that the total amount of work being done on this box was positive. Let’s
now show that there’s a general relationship between the total amount of work done
on an object and the change in that object’s speed. To find this important relationship,
which defines kinetic energy, we’ll combine our definition of work from Section 7-2
with what we learned about one-dimensional motion in Chapter 2 and our knowledge
of Newton’s laws from Chapter 4. Remember that for something that can be modeled
as an object, all points on that object must move the same distance in any motion, so,
the point of contact of a force exerted on an object and the center of mass of the object
always have the same displacement.
Let’s begin by considering an object that moves along a straight line that we’ll call
the x axis, traveling from initial position xi to final position xf with a constant acceleration ax (Figure 7-8).
Equation 2-11, reintroduced here as Equation 7-3, gives us a relation between the
object’s velocity vix at xi and its velocity vfx at xf:
v2fx 5 v2ix 1 2ax 1xf 2 xi 2

(7-3)

In Equation 7-3 v2fx is the square of the velocity at xf, but it also equals the square
of the object’s speed vf at xf. That’s because vfx is equal to 1vf if the object is moving
in the positive x direction and equal to 2vf if the object is moving in the negative x
direction. In either case, v2fx 5 v2f. For the same reason v2ix 5 v2i, where vi is the object’s
speed at xi. So we can rewrite Equation 7-3 as
Speed at position xf of an object in linear
motion with constant acceleration

d
F

xi

xf

x

2 The cart slides from initial
position xi to final position xf.
3 As the cart moves, a constant
net force in the x direction is
exerted on the cart.

Figure 7-8 Deriving the workenergy theorem for an object

A cart moves along a straight line,
traveling from initial position xi to final
position xf. The net force is constant, so
the cart has a constant acceleration ax.

Speed at position xi of the object
EQUATION IN WORDS

vf2 vi2 2ax (xf <xi)
Constant acceleration of the object
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1 A cart of mass m slides
without friction along a
straight line that we’ll
call the x axis.

Two positions of the object

Relating speed, acceleration, and
position for straight-line motion
with constant acceleration
(7-4)
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In Equation 7-4 xf 2 xi is the displacement of the object along the x axis. Using
Equation 7-2, we multiply this by the x component of the net force exerted on the
object, gFx—that is, by the net force component in the direction of the displacement
and get a slightly different expression for Wnet, the work done by the net force on the
object. (This assumes that the net force on the object is constant, which is consistent
with our assumption that the object’s acceleration is constant.) That is,
(7-5)

Wnet 5 1 a Fx 2 1 xf 2 xi 2

Newton’s second law tells us that gFx 5 max, where m is the mass of the object.
So we can rewrite Equation 7-5 as
Work done on an object by the
net force exerted on that object

Mass of the object

EQUATION IN WORDS

Calculating the work done by a
constant net force, straight-line
motion (7-6)

Wnet = max(xf − xi)
Constant acceleration of the object

Displacement of the object

We can get another expression for the quantity max 1xf 2 xi 2 by multiplying both
sides of Equation 7-4 by m>2 and rearranging:
1
1
mv2f 5 mv2i 1 max 1xf 2 xi 2
2
2
1
1
max 1xf 2 xi 2 5 mv2f 2 mv2i
2
2

The left-hand side of this equation is the work done on the object by the net force (see
Equation 7-6). So
(7-7)

Wnet 5

1
1
mv2f 2 mv2i
2
2

The right-hand side of Equation 7-7 is the change in the quantity 12 mv2 over the course
of the displacement (the value at the end of the displacement, where the speed is vf,
minus the value at the beginning where the speed is vi). We call this quantity, 12 mv2, the
kinetic energy K of the object:
Kinetic energy of an object
EQUATION IN WORDS

K

Kinetic energy of an object
(7-8)

Mass of the object

1
mv2
2
Speed of the object

The units of kinetic energy are kg # m2/s2. Since 1 J 5 1 Nm and 1 N 5 1 kg # m/s2,
you can see that kinetic energy is measured in joules, the same as work. Using the definition of kinetic energy given in Equation 7-8, we can rewrite Equation 7-7 as
Work done on an object by the net force exerted on that object
EQUATION IN WORDS

The work-energy theorem for
an object (7-9)

Wnet = Kf − Ki
Kinetic energy of the object
after the work is done on it

Kinetic energy of the object
before the work is done on it

When an object undergoes a displacement, the work done on it by the net force
equals the change in the object’s kinetic energy (its kinetic energy at the end of the
displacement minus its kinetic energy at the beginning of the displacement). This statement is called the work-energy theorem for an object. It is valid as long as the object
model is appropriate, such as when a system is rigid—that is, it doesn’t deform like
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a rubber ball might. Although we have derived this theorem for the special case of
straight-line motion with constant forces, it turns out to be valid even if the object
follows a curved path and the forces exerted on it vary. (We’ll justify this claim later in
Section 7-5.) The “net” in “net force” is essential to this definition. Remember, the net
force exerted on an object is the sum of all of the forces exerted on the object. If there
is more than one force exerted on an object, the work done by each individual force
does not tell you the change in kinetic energy of the object. You have to add them all.

The Meaning of the Work-Energy
Theorem for an Object
What is kinetic energy, and how does the work-energy theorem for an object help us
solve physics problems? To answer these questions let’s first return to the cart from
Figure 7-6 and imagine that it starts at rest on a horizontal floor and that the bottom
of the cart is made from a material such that friction with the floor can be neglected. If
you give the cart a push as in Figure 7-9a, the net force on the cart equals the force that
you exert (the upward normal force on the cart cancels the downward gravitational
force), so the work that you do is the work Wnet done by the net force. The cart starts
at rest, so vi 5 0 and so the cart’s initial kinetic energy Ki 5 12 mv2i is zero. After you’ve
finished the push, the cart has final speed vf 5 v and kinetic energy Kf 5 12 mv2. So the
work-energy theorem for an object states that
Wyou on cart 5 Kf 2 Ki 5

1
1
mv2 2 0 5 mv2
2
2

In words, this special case gives us our first interpretation of kinetic energy: An object’s
kinetic energy equals the work that was done to accelerate it from rest to its present
speed.
Now suppose your friend stands in front of the moving cart and brings it to a halt
(Figure 7-9b). The cart’s initial kinetic energy is Ki 5 12 mv2, and its final kinetic energy is
Kf 5 0 (the cart ends up at rest). The net force on the cart is the force exerted by your

(a) Making the cart speed up

(b) Making the cart slow down

1 The cart slides without friction
and the normal force balances
the gravitational force.

1 The cart slides without friction
and the normal force balances
the gravitational force.

Fn

Fn
d

d

Fcart on friend
= –Ffriend on cart

Fyou on cart

Fg

2 The force you exert therefore equals
the net force on the cart. You do
positive work on the cart, and the
cart gains speed and kinetic energy.
An object’s kinetic energy
equals the work that would
need to be done on the object
to accelerate it from rest to its
current speed.

Ffriend on cart

Fg

2 The force your friend
exerts therefore equals the
net force on the cart. She
does negative work on the
cart, and the cart loses
speed and kinetic energy.

3 As the cart loses
kinetic energy, it
pushes on your
friend and does
positive work on
her.

An object’s kinetic energy equals the
work it could do on another object in
coming to rest from its current speed.

Figure 7-9 The meaning of kinetic energy We can interpret kinetic energy in terms of the
amount of energy (a) that must be transferred to an object to accelerate it from rest to a given speed
or (b) the amount of energy that can be transferred by the object as it slows to a halt.
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!

WATCH OUT
Kinetic energy is a scalar.
Although you have become
comfortable breaking an
object’s motion into components, remember that kinetic
energy depends on speed, not
velocity. Because speed is not a
vector, kinetic energy is a scalar quantity and not a vector.
It wouldn’t be meaningful to
set up components of kinetic
energy in different directions.
Note also that we’ve only
discussed the kinetic energy
associated with the motion of
an object where every point on
the object has exactly the same
speed, in the same direction,
which we call translational
kinetic energy. Kinetic energy
is also associated with the
rotation of a system around
its own axis where different
points in the system have different speeds and directions.
We’ll return to this rotational
kinetic energy in Chapter 11.

AP®

Exam Tip

The table of equations given
with the exam does not
differentiate between the total
work and the work done by a
single force. It is important to
understand in which situations
you would use either one, and
that just the total work—or work
done by the net force—is equal
to the change in kinetic energy.

TABLE 7-2

friend, so the work she does on the cart equals the net work on the cart. If we apply the
work-energy theorem for an object to the part of the motion where she exerts a force
on the cart,
Wfriend on cart 5 Kf 2 Ki 5 0 2

1
1
mv2 5 2 mv2
2
2

Our discussion in Section 7-2 tells us that the cart does an amount of work on
your friend that’s just the negative of the work that your friend does on the cart. So we
can write
Wcart on friend 5 2Wfriend on cart 5

1
mv2
2

This gives us a second interpretation of kinetic energy: An object’s kinetic energy equals
the amount of work it can do in the process of coming to a halt from its present speed.
Your friend is interacting with the floor through friction, (and her hands can move a
different distance than her center of mass so she really isn’t an object) so she does not
end up with this kinetic energy!
This should remind you of the general description of energy as the ability to do
work, which we introduced in Section 7-1.
You already have a good understanding of this interpretation of kinetic energy. If
you see a thrown basketball coming toward your head, you know intuitively that due
to its mass and speed it has a pretty good amount of kinetic energy K 5 12 mv2, so it
can do a pretty good amount of work on you (it can exert a force on your nose that
pushes it inward a painful distance). You don’t want this to happen, which is why
you duck!

Net Work and Net Force
In Equation 7-9 we interpret Wnet as the work done by the net force exerted on an
object. But we saw in Example 7-2 that the work done by the net force equals the sum
of the amount of work done by each individual force exerted on the object. So we can
also think of Wnet in Equation 7-9 as the net work done by all of the individual forces.
It turns out that this statement is true not just for the situation in Example 7-2; it
applies to all situations.
This gives us a simplified statement of the work-energy theorem for an object: The
net work done by all forces exerted on an object, Wnet, equals the difference between
its final kinetic energy Kf and its initial kinetic energy Ki. If the net work done is positive, then Kf 2 Ki is positive, the final kinetic energy is greater than the initial kinetic
energy, and the object gains speed. If the net work done is negative, then Kf 2 Ki is
negative, the final kinetic energy is less than the initial kinetic energy, and the object
loses speed. If zero net work is done, the kinetic energy does not change, and the object
maintains the same speed (Table 7-2). This agrees with the observations we made in
Section 7-1.
Example 7-3 shows how to use the work-energy theorem for an object.

The Work-Energy Theorem for an Object

If the net work done on an object is…

…then the change in the object’s kinetic
energy Kf 2 Ki is…

…and the speed of the object…

Wnet . 0 (positive net work)

Kf 2 Ki . 0 (kinetic energy increases)

increases (object speeds up)

Wnet , 0 (negative net work)

Kf 2 Ki , 0 (kinetic energy decreases)

decreases (object slows down)

Wnet 5 0 (zero net work)

Kf 2 Ki 5 0 (kinetic energy stays the
same)

is unchanged (object maintains the
same speed)
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Example 7-3

Up the Hill Revisited

Consider again the box of supplies that you pushed up the incline in Example 7-2. Use the work-energy theorem for an
object to find how fast the box is moving when it reaches your campsite, assuming it is moving uphill at 0.75 m>s at the
bottom of the incline.

Set Up
Our goal is to find the final speed vf of the box. In
Example 7-2 we were given the weight (and hence the
mass m) of the box, and we found that the net work
done on the box is Wnet 5 56 J. Since we’re given
vi 5 0.75 m/s, we can use Equations 7-8 and 7-9 to solve
for vf.

Work-energy theorem for an object:
Wnet 5 Kf 2 Ki
(7-9)
Kinetic energy:
1
K 5 mv2
2

vf = ?

vi = 0.75 m/s

(7-8)

Wnet = 56 J

Solve
Use the work-energy theorem to solve for vf in terms
of the initial speed vi, the net work done Wnet, and the
mass m.
Isolate the 12 mv2f term on one side of the equation,
then solve for vf by multiplying through
by 2/m and taking the square root.

Combine Equations 7-8 and 7-9:
1
1
Wnet 5 mv2f 2 mv2i
2
2
1
1
2
2
mvf 5 mvi 1 Wnet
2
2
2Wnet
v2f 5 v2i 1
m
2Wnet
m
Å
Fg
225 N
m5 5
5 23.0 kg
g
9.80 m/s2
vf 5

From Example 7-2 we know that Wnet 5 56 J. We
find the mass m of the box from its known weight
Fg 5 225 N and the relationship Fg 5 mg. Use these to
find the value of vf.

v2i 1

2156 J2
10.75 m/s2 2 1
Å
23.0 kg
5 2.3 m/s

vf 5

Reflect
We could have solved this problem by first finding the net force on the box, then calculating its acceleration from Newton’s
second law, and finally solving for vf by using one of the kinematic equations from Chapter 2. This would result in the
correct answer, but using the work-energy theorem for an object is easier and gives fewer opportunities to make a mistake.
As a check on our result, note that we found in Example 7-2 that the net force on the box is 9.4 N uphill. We can
use Equation 2-11 to find the final velocity after moving 6.00 m up the incline and it agrees, as it must if you did not
make a math mistake.
NOW WORK Problems 2, 3, and 6 from The Takeaway 7-3.

Example 7-3 illustrates how using the work-energy theorem can simplify problem-solving. In the following section we’ll see more examples of how to apply this
powerful theorem to various cases of straight-line motion. In Section 7-5 we’ll see how
the work-energy theorem can be applied to problems in which the motion is along a
curved path and in which the forces are not constant.

THE TAKEAWAY for section 7-3
✔✔ The net work done on an object (the sum of the work
done on it by all forces exerted on it) as it undergoes a displacement is equal to the change in the object’s kinetic energy
during that displacement.
✔✔ The formula for the kinetic energy of an object of mass
m and speed v is K 5 12 mv2. The kinetic energy of an object is
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The Takeaway Practice
1. A bumblebee has a mass of about 0.250 g. If its speed is
10.0 m/s, calculate its kinetic energy.
Ex 2. A man rides a scooter on a level road. The interaction
7-3
between the scooter and the road causes the road to exert
a constant net force, F1, on the scooter in the forward
direction over a distance, d. The combined mass of the man
and his scooter is m. Suddenly the wind picks up and air
resistance pushes against him in the direction opposite his
motion with a constant force F2.
a. If he is initially moving at a speed v on a level road, how
will you determine the man’s speed after the scooter has
moved a distance d?
b. How will you determine whether the speed of the man
will increase or decrease?
c. Use your methods to predict the speed of the
man after moving a distance d given these values:
F1 5 1200 N, F2 5 800 N, m 5 90 kg, v 5 5m/s,
and d 5 20 m.
Ex 3. A small truck has a mass of 2100 kg. What is the work
7-3
required to decrease the speed of the vehicle from 22.0 to
12.0 m/s on a level road?

Reasoning Skill Builders
4. A 1000-kg car moves along a straight, level road. Initially
the car’s velocity is 60 mph due east and later the car’s
velocity is 60 mph due west.
a. Create a mathematical model of the change in kinetic
energy as a function of time, DK1t2, of the car as time
passes. Assume that the acceleration is constant so that
the change in velocity is a linear function of time.
b. Construct a diagram of the function DK1t2 you have
created for the time interval over which the velocity
changes from 60 mph due east to 60 mph due west.
5. Explain how the kinematic equation,

v2f 5 v2i 1 2a1xf 2 xi 2;

Newton’s second law, F 5 ma; and the definition of work
lead to the work-energy theorem for an object.
Ex 6. A statue is crated and moved slowly down a ramp for
7-3
cleaning. In the figure, when the crate is on the ramp the
curator pushes up, parallel to the ramp’s surface, so
that the crate moves at a constant velocity down the
ramp.
m k = 0.540

a. Construct a free-body diagram of the crate in which
the magnitudes of the forces are consistent with the
crate having a constant velocity as it moves down the
ramp.
b. Use the free-body diagram representation, by identifying
the forces that do work on the crate as it slides down the
ramp, to predict the sign of the work done on the crate
by those forces.
c. Construct mathematical representations of each contribution to the total work done on the crate using
variables defined in your free-body diagram, and needed
given quantities and constants.
d. Calculate each contribution to the total work if
the statue slides 3.00 m down the ramp with no
acceleration and the coefficient of kinetic friction
between the crate and the ramp is 0.540. The mass of
the statue and the crate are each 150 kg. The ramp is
inclined at 40.08.
e. Explain why the sum of work done by the forces exerted
on the crate is zero.

AP® Skills in Action
7. A horizontal snow surface with a length Dx at the base
of a slope allows a sled and rider to come to a stop after
descending the slope. Beyond the length Dx is a sheer cliff.
As the sun sets and the temperature falls the coefficient of
kinetic friction is reduced.
a. Explain why a reduction in the coefficient of kinetic
friction is a cause for concern.
b. Express the minimum coefficient of kinetic friction in
terms of the velocity of the sled and rider at the base of
the slope and the length Dx.
8. A worker exerts a force, F, on a box with mass m initially
at rest on a level floor. The force exerted by the worker
is directed downward at angle u with the floor. The floor
exerts a friction force, Fk, on the box.
a. The box does not move. Explain why changing the angle
that the external force makes with the floor might get
the box moving.
b. The strategy works and the box starts moving. Express
the kinetic energy of the box in terms of the force
exerted by the worker, F; the mass, m; the coefficient of
kinetic friction, mk; and the displacement of the box, Dx.
c. The worker’s goal is to displace the box with the
least effort. If the worker continues to push on the box
in the direction that caused it to initially move, describe
how the force should be reduced, relative to the initial
force, F>Finitial, to displace the box with the least work.

3m
40.0°
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7-4

The work-energy theorem can simplify
many physics problems

In this section we’ll explore the relationships among work, force, and speed by applying the definitions of work and kinetic energy (Equations 7-2 and 7-8) and the work-
energy theorem for an object (Equation 7-9) to a variety of physical situations. Even
if the problem could be solved using Newton’s second law, the work-energy theorem
often makes the solution easier as well as gives additional insight.

Strategy: Solving Problems with the Work-Energy
Theorem for an Object
The work-energy theorem is a useful tool for problems that involve an object that moves
a distance along a straight line while constant forces are being exerted on it. You can use
this theorem to relate the forces exerted on the object, the displacement of the object,
and the speed of the object at the beginning and end of the displacement. Shortly, we will
find out there are many more ways to use it, but we will start with this simplest case.
Note that the work-energy theorem for an object makes no reference to the time it
takes the object to move through this displacement. If the problem requires you to use
or find this time, you should use a different approach, such as using Newton’s laws in
conjunction with kinematics.

Set Up
Always draw a picture of the situation that shows the object’s displacement. Include a
diagram that shows all of the forces exerted on the object. Draw the direction of each
force carefully, since the direction is crucial for determining how much work each force
exerted on the object does on the object. Decide what unknown quantity the problem
is asking you to determine (for example, the object’s final speed or the magnitude of
one of the forces).

AP®

Exam Tip

Practice drawing free-body
diagrams and sketches of
setups; they are often required
on the AP® Exam.

Solve
Use Equation 7-2 to find expressions for the work done by each force exerted on the
object. The sum of the work done by each force is the net work done on the object,
Wnet. Then use Equations 7-8 and 7-9 to relate this to the object’s initial and final
kinetic energies. Solve the resulting equations for the desired unknown.

Reflect
Always check whether the numbers have reasonable values and that each quantity has
the correct units.

Work and Kinetic Energy: Force at an Angle

At the start of a race, a four-man bobsleigh crew pushes their sleigh as fast as they
can down the 50.0-m straight, relatively horizontal starting stretch (Figure 7-10). The
net force that the four men together exert on the 325-kg sleigh has magnitude 285
N and is directed at an angle of 20.08 below the horizontal. As they push, a 60.0-N
net kinetic friction and air drag force is also exerted on the sleigh. What is the speed
of the sleigh right before the crew jumps in at the end of the starting stretch?

Figure 7-10 Bobsleigh start The success of a bobsleigh team depends on the team members
giving the sleigh a competitive starting speed.
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Set Up
Again we’ll use the work-energy theorem for an object,
this time to determine the final speed vf of the bobsleigh
(which starts at rest, so its initial speed is vi 5 0). The
normal force and gravitational force do no work on the
sleigh since they are exerted on the sleigh perpendicular
to its displacement. The four men of the crew do positive
work, while the friction force does negative work. The
new wrinkle is that the force exerted by the crew points
at an angle to the sleigh’s displacement. We’ll deal with
this using Equation 7-2.

Work done by a constant
force, straight-line
displacement:
W 5 Fd cos u

(7-2)

Fn
Fk

Kinetic energy:
1
K 5 mv2
2

d
20.0°
Fcrew

mg

(7-8)

Work-energy theorem for an object:
Wnet 5 Kf 2 Ki

(7-9)

Solve
The sleigh starts at rest, so its initial kinetic energy is
zero. From Equation 7-9 the net work done on the sleigh
is therefore equal to its final kinetic energy, which is
related to the final speed vf.

The force of the crew is at u 5 20.08 to the
displacement, and the friction force is at u 5 1808. Use
these in Equation 7-2 to find the net work done on the
sleigh.

d = 50.0 m
Work-energy theorem
for an object with
initial kinetic energy
vi = 0
vf
equal to zero:
1
Wnet 5 Kf 2 0 5 mv2f
2
net work 5 work done by the crew plus work done by friction

Wnet 5 Wcrew 1 Wfriction
5 Fcrew d cos 20.08 1 Fkd cos 1808
5 1285 N2 150.0 m2 10.9402

1 160.0 N2 150.0 m2 1212

5 1.04 3 104 J
Substitute Wnet into the work-energy theorem for
an object and solve for the final speed vf.

Work-energy theorem for an object says Wnet 5

1
mv2f
2

211.04 3 104J2
2Wnet
5
Å m
Å
325 kg
5 8.00 m/s

Solve for vf: vf 5

Reflect
The sleigh gains speed and kinetic energy during the motion, so the net work done on the sleigh by the crew and friction
must be positive (even though individually one was negative), which is what we got! The answer for vf is relatively close
to the speed of world-class sprinters, so it seems reasonable. In reality, the start of an Olympic four-man bobsleigh race
is slightly downhill, so the sleigh’s speed at the end of the starting stretch is typically even faster (11 or 12 m/s) since
a component of the force of gravity exerted on the sleigh by Earth is in the direction of motion, adding to the work done.
NOW WORK Problems 2 and 3 from The Takeaway 7-4.

Find the Work Done by an Unknown Force

An adventurous parachutist of mass 70.0 kg drops from the top of
Angel Falls in Venezuela, the world’s highest waterfall (Figure 7-11). The
waterfall is 979 m (3212 ft) tall and the parachutist deploys her chute
after falling 295 m, at which point her speed is 54.0 m/s. During the
295-m drop, (a) what was the net work done on her and (b) what was
the work done on her by the force of air resistance?
Figure 7-11 Falling with air resistance As the parachutist falls, air resistance
does negative work on her.
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Set Up
We are given the parachutist’s mass and the distance
that she falls, so we can find the gravitational force that
Earth exerts on her and the work done by that force
using Equation 7-2. Air resistance also exerts a force
on the parachutist. We don’t know its magnitude, so
we can’t directly calculate the work done by this force.
Instead, we’ll use the work-energy theorem for an object.
We’ll assume that the parachutist starts at rest, so her
initial kinetic energy is zero.

Work done by a constant force, straight-line
displacement:
W 5 Fd cos u

Fair

(7-2)

Work-energy theorem for an object:
Wnet 5 Kf 2 Ki

(7-9)

d

Kinetic energy:
1
K 5 mv2
2

mg

(7-8)

Solve
(a) We can model the parachutist as an object well, since
the relative motion of her limbs does not affect what
we are trying to find, which is just how much work is
done by the various forces in this situation. (How the
parachutist holds herself does slightly impact the effects
of air resistance, but we aren’t trying to change the size
of that.) Since Ki 5 0, Equation 7-9 says that the net
work done on the parachutist is just equal to her final
kinetic energy.

Wnet 5 Kf 5

1
mv2f
2

1
5 170.0 kg2 154.0 m>s2 2
2

vi = 0

5 1.02 3 105 J

d = 295 m

vf = 54.0 m/s

(b) We know that total energy must be conserved. This
means not that total energy is constant (that is only true
for a closed, isolated system, which our parachutist is
not), but that any change in the energy of the system
must be equal to transfers of energy into or out of
the system by external interactions. Any time we use
work to determine changes in energy, we are building
from this conservation principle. The net work on the
parachutist is the sum of the work done by the forces
exerted on her; the work done by the gravitational force,
Wgrav; and the work done by the force of air resistance,
Wair. Hence Wair is the difference between Wnet and
Wgrav.

Work done by the gravitational force: Displacement
is in the same direction (downward) as the force, so
Wgrav 5 mgd
5 170.0 kg2 19.80 m/s2 2 1295 m2
5 2.02 3 105 J

Substitute and solve: the work done by the force of air
resistance is
Wair 5 Wnet 2 Wgrav
5 1.02 3 105 J 2 2.02 3 105 J
5 21.00 3 105 J

Reflect
The work done by the force of air resistance is negative
because the force of air resistance is directed upward,
opposite to the downward displacement of the
parachutist. We can use the calculated value of Wair
to find the average value of the force of air resistance.
This is only an average value because this force is not
constant: The faster the parachutist falls, the greater the
force of air resistance. This is less than the gravitational
force on the parachutist, as it needs to be, in order for
the parachutist to fall and gain speed.

Average upward force of air resistance:
Wair 5 Fair d cos 1808 5 2Faird
Solving:
Fair 5 2

121.00 3 105 J2
Wair
52
d
295 m

5 339 J/m 5 339 N

NOW WORK Problem 4 from The Takeaway 7-4.
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THE TAKEAWAY for Section 7-4
✔✔ The work-energy theorem for an object allows us to
explore the relationship between the force exerted on an
object, the displacement through which the object travels, and
its speed in a variety of physical situations.

c. Using the same initial velocity and forces, use Newton’s
second law to predict the speed of the boat as a function
of time.
d. Compare your results from parts (b) and (c). Evaluate
the second law and work-energy theorem for an object
✔✔ To solve problems using the work-energy theorem for an
as alternative scientific explanations in terms of the role
object, begin by drawing a diagram that shows all the forces
of time.
that are exerted on the object in question, and indicates the
object’s displacement. Then write expressions for the kinetic
Ex 4. In a baseball game assume the ball is thrown from the
energies at the beginning and end of the displacement and for 7-5
pitcher to the catcher at a constant velocity, v. (We can
the net work done on the object (the sum of the work done by
make this assumption, that the ball travels in a horizontal,
each force). Relate these using the work-energy theorem for an
straight line from the pitcher to the catcher, if we neglect
object and solve for the unknown quantity.
gravity, which over the time of flight is reasonable, given
the speed delivered by a professional pitcher.) After contacting the glove, the ball travels only a small distance, d,
The Takeaway Practice
before coming to a complete stop.
a. If the mass of the ball is m, construct a symbolic repre1. Two model racing cars are propelled by identical launchsentation of the average horizontal force that the glove
ers. One car is twice as heavy as the other. Qualitatively
exerts on the ball during the catch in terms of v, d, and
describe the relative maximum speeds of the two cars.
m using the work-energy theorem for an object.
Ex 2. Calculate the final speed of a 2.00-kg object that is pushed
7-4
b.
Calculate
the value of the average force for the glove on
for 22.0 m by a 40.0-N force directed 20.08 below the horthe ball found in part (a) using v 5 50 m/s, d 5 10 cm,
izontal on a level, frictionless floor. Assume the object starts
and m 5 0.145 kg.
from rest.
c. The catcher remains in position crouching behind the
at rest
v=?
batter. The catcher’s mitt is held vertically and the ball
2.00 kg
2.00 kg
20°
is caught in a padded pocket in the mitt. Explain why
40.0 N
the baseball gloves used by other players have much less
22.0 m
padding than the catcher’s mitt.

AP® Skills in Action

Reasoning Skill Builders
Ex

7-4

3. A 325-g model boat is facing east and is floating on a pond.
Because it is floating there is no net force exerted on the
boat perpendicular to the water’s surface. However, there are
forces exerted on the boat in the plane of the water’s surface.
The wind in its sail provides a force of 1.85 N that points
25.08 north of east. The force on its keel (a part of the boat’s
hull that lies beneath the water and helps prevent the boat
from slipping sideways) is 0.782 N pointing south. The drag
force of the water on the boat is 0.750 N toward the west.
a. Construct a free-body diagram of the forces exerted on
the model boat in the plane of the water’s surface.
b. The boat starts from rest and heads east. Using the
work-energy theorem, predict the speed of the boat after
it has moved through a displacement of 3.55 m.

7-5

5. A 65.0-kg woman steps off a 10.0-m diving platform and
drops straight down into the water. After entering the water
she continues falling through the water until she reaches a
certain depth.
a. Calculate the work done on the woman by gravity and
by the water to stop her fall. Ignore air resistance.
b. If she reaches a depth of 4.00 m, what is the average net
force exerted on her over this 4.00-m displacement in
the water?
c. How does the average net force exerted on the woman
while she is moving downward in the water compare
to the force exerted on her by the water during this displacement?

The work-energy theorem is also valid for curved paths
and varying forces, and, with a little more information,
systems as well as objects

We’ve derived the work-energy theorem only for the special case of an object in
straight-line motion with constant forces. Since we already know how to solve problems for that kind of motion, you may wonder what good this theorem is. Here’s the
answer: The work-energy theorem also works for motion along a curved path and in
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A weight lifter doing bicep
curls makes the dumbbell
move through a curved
path. The force that he
exerts on the dumbbell
varies during its travel.
(b)

(a)

An object’s curved path from an
initial point i to a final point f. We
mark a large number N of equally
spaced intermediate points 1, 2, 3,
..., N along the path and imagine
breaking the path into short
segments (from i to 1, from 1 to 2,
from 2 to 3, ...).

f
N–1

N

4
3
2
i

1

Figure 7-12 Motion along a curved path (a) The dumbbell travels in a curved path during the
bicep curl. (b) Analyzing motion along a general curved path.

cases where the forces are not constant (Figure 7-12a) and can be extended to describe
systems as well as objects.
To see that the work-energy theorem is valid for curved paths and varying forces,
consider Figure 7-12b, which shows an object’s curved path from an initial point i
to a final point f. We mark a large number N of equally spaced intermediate points
1, 2, 3, . . . , N along the path and imagine breaking the path into short segments
(from i to 1, from 1 to 2, from 2 to 3, and so on). If each segment is sufficiently short,
we can treat it as a straight line. Furthermore, the forces exerted on the object don’t
change very much during the brief time the object traverses one of these segments, so
we can treat the forces as constant over that segment. If we really want to be sure, we
could make the segments even shorter. It would not change this analysis, it would just
get very tedious! The forces exerted on the object may be different from one segment
to the next, all that matters for this analysis is that the segments are small enough that
the forces exerted on the object are relatively constant over each segment. Since each
segment is a straight line with constant forces, we can safely apply the work-energy
theorem for an object in Equation 7-9 to every segment:
Wnet, i to 1 5 K1 2 Ki
Wnet, 1 to 2 5 K2 2 K1
Wnet, 2 to 3 5 K3 2 K2
g
Wnet, N to f 5 Kf 2 KN
Now add all of these equations together:
Wnet, i to 1 1 Wnet, 1 to 2 1 Wnet, 2 to 3 1 c1 Wnet, N to f 

(7-10)

5 1K1 2 Ki 2 1 1K2 2 K1 2 1 1K3 2 K2 2 1 c1 1Kf 2 KN 2

The left-hand side of Equation 7-10 is the sum of the amounts of work done by the net
force on the object as it moves through each segment. This sum equals the net work
done by the net force along the entire path from i to f, which we call simply Wnet.
Remember that although force is a vector, work is a scalar so these quantities simply
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add algebraically! On the right-hand side of the equation, 2K1 in the second term cancels K1 in the first term, 2K2 in the third term cancels K2 in the second term, and so
on. The only quantities that survive on the right-hand side are 2Ki and Kf, so we are
left with
Wnet 5 Kf 2 Ki
This is exactly the same statement of the work-energy theorem for an object as shown
in Equation 7-9. So the work-energy theorem is valid for any path and for any forces,
whether constant or not. This is one of the reasons why the work-energy theorem is so
important: You can apply it to situations where using forces and Newton’s laws would
be difficult or impossible.
Example 7-6

A Swinging Spider
Emil von Malt itz/Getty Images

Figure 7-13 shows a South African kite spider (Gasteracantha) swinging on a

strand of spider silk. Suppose a momentary gust of wind blows on a spider of
mass 1.00 3 1024 kg hanging on such a strand. As a result, the spider acquires a
horizontal velocity of 1.3 m/s when it is hanging straight down. How high will the
spider swing? Ignore air resistance.
Figure 7-13 A spider swinging on silk If we know the spider’s speed at the low point of its arc,

how do we determine how high it swings?

Set Up
Because the spider follows a curved path, this would be
a very difficult problem to solve using Newton’s laws
directly. Instead, we can use the work-energy theorem for
an object. We are given the spider’s mass and initial speed
vi 5 1.3 m/s (so we can calculate its initial kinetic energy).
We want to find its maximum height h at the point where
the spider comes momentarily to rest (so its speed and
kinetic energy are zero) before it begins swinging back
downward.
The diagram shows that only two forces are exerted
on the swinging spider: the gravitational force and the
tension force exerted by the silk. All we have to do is
calculate the work done on the spider by these forces
along this curved path. We’ll do this by breaking the path
into a large number of segments as in Figure 7-12. We
need to be able to determine the displacement (change in
position) for each segment, so let’s choose the horizontal

position to be x and the vertical position to be y. Since
the path is a circle, we need the segments to be very tiny
to be approximated by straight lines. This also lets us
approximate the tension force as a constant over each
segment.
Work-energy theorem for an
object:
Wnet 5 Kf 2 Ki

(7-9)
FT

Kinetic energy:
K5

1
mv2
2

(7-8)

Work done by a constant force,
straight-line displacement:
W 5 Fd cos u

mg

(7-2)

Solve
Rewrite the work-energy theorem for an object in terms of
the initial and final speeds of the spider and the work done
by each force.

Combine Equations 7-9 and 7-8:
1
1
Wnet 5 mv2f 2 mv2i
2
2
Net work is the sum of the
work done by the tension force
FT and the work done by the
gravitational force:
Wnet 5 Wgrav 1 WT

xf
yf = h

xi = 0
yi = 0

The final speed of the spider at
the high point of its motion is vf 5 0, so the work-energy
theorem for an object becomes
1
Wgrav 1 WT 5 2 mv2i
2
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y

f

To calculate the work done by each force along the spider’s
curved path, break the path up into segments so short that each
one can be considered as a straight line tangent to the path. On
each segment the spider has a displacement dY with horizontal
component Dx and vertical component Dy. These are different
for each individual segment. In the figure, we exaggerated the
length of the segment to make it easier to draw.

x
d

∆y

i
∆x

On each segment of the path the tension force FYT
points radially inward, perpendicular to the path, and
because of our very short segment approximation,
perpendicular to the displacement dY. Hence u 5 908 in
Equation 7-2, so the tension force does no work during
this displacement.

Work done by the tension force as the spider moves
through a short segment of its path:

The gravitational force FYg always points straight
downward and has constant magnitude Fg 5 mg.
We apply Equation 7-2 to the displacement and
gravitational force drawn as shown. We are also going
to use the identity cos 1908 1 f2 5 2sin f. Don’t be
scared by this, even if you haven’t seen it before. (If you
look at graphs of the cosine and sine of an angle versus
the angle you can see that if you add 908 to any angle
the cosine of the sum is the same as the negative of the
sine of the angle!)

Work done by the gravitational force as the spider moves
through a short segment of its path:

Because the angle between the displacement and the
gravitational force is greater than 908, the gravitational
force does negative work. Our trig identity gave us this
sign, so the equation we came up with looks correct.

The angle between the gravitational force and the
displacement is u 5 908 1 f so F

WT,segment 5 FT d cos 908 5 0

Wgrav,segment 5 Fg d cos u

T

∆d

Wgrav,segment 5 Fg d cos 1908 1 f2

f

5 2Fg d sin f

The figure shows
d sin f 5 Dy, so

∆y = ∆d sin f

u590° 1 f
Fg

Wgrav,segment 5 2Fg Dy 5 2mg Dy
Now we can calculate the net work done on the spider
by each force as it moves along its curved path. This is
just the sum of the individual bits of work done on it
along the short segments.

The tension force does zero work on each short segment,
so when you add them all up
WT 5 0
Work done by the gravitational force over the entire path:
Wgrav 5 12mg Dy1 2 1 12mg Dy2 2 1 12mg Dy3 2 1 c
5 2mg1 Dy1 1 Dy2 1 Dy3 1 c 2

The sum of all the Dy terms is the net vertical
displacement yf 2 yi 5 h 2 0 5 h. So Wgrav 5 2mgh.
Substitute the expressions for WT and Wgrav into the
work-energy theorem for an object and solve for h.
Note that we didn’t need the length of the silk for this
problem.

Work-energy theorem for an object:
1
Wgrav 1 WT 5 2mgh 1 0 5 2 mv2i
2
h5

07_STE_10097_ch07_272_321_PP6.indd 297

11.3 m/s2 2
v2i
5 0.086 m
5
2g 219.80 m/s2 2

23/08/18 9:31 AM

Copyright © BFW Publishers. Uncorrected Proofs have been used in this sample chapter. Distributed by BFW Publishers. Strictly for use with its products. Not for redistribution.

298   Chapter 7 Energy and Conservation I: Foundations

Reflect
The height seems pretty reasonable, 8.6 cm.
Thinking about conservation of energy,
since the tension force does no work, the
maximum height reached should be the
same as if the spider had initially been
moving straight up at 1.3 m/s without being
attached to the silk, and we can check that.
In both cases the gravitational force does the
same amount of (negative) work to reduce
the spider’s kinetic energy to zero, since the
tension does no work. Since the tension is
always perpendicular to the motion, we
know it can cause only the direction of
motion to change, not the speed.
The tension force in this problem is
complicated because its magnitude and
direction change as the spider moves

through its swing. But in the workenergy approach we don’t have to
worry about the tension force at all
because it does no work on the spider.
If the spider was initially moving
straight up:

vi = 1.3 m/s
h = 8.6 cm

1
1
Wnet 5 mv2f 2 mv2i
2
2

vi = 1.3 m/s

Wgrav 5 Fg h cos 1808 5 2mgh
Wnet 5 Wgrav 5 2mgh 5 0 2

h = 8.6 cm

1
mv2i
2

v2i
(1.3 m/s)2
5
2g 2 3 9.8 m/s2
h 5 0.086 m
h5

NOW WORK Problems 3 and 7 from The Takeaway 7-5.

Example 7-6 illustrates an important point: If a force is always exerted perpendicular to an object’s path, it does zero work on the object. This enabled us to ignore
the effects of the tension force in this problem. We’ll use this same idea in many
contexts!

The Work-Energy Theorem Is Not Just for Objects
When you look at the chapter-opening sequence of photographs, you will see, given our
discussion in Section 1-3, that we cannot treat the ball as an object during this time;
we must use a system description. Additionally, in Section 1-1 we discussed the need to
describe the motion of one point in a system to represent the whole system if we want
to use the object model. For the object model, we normally choose this point to be the
center of mass. In Section 3-5 we discussed how to qualitatively locate the center of
mass, which will be sufficient for what we are doing now. (In Section 9-7 we will learn
how to calculate the location of the center of mass, when it becomes clearer in the
context we will be studying.) Examining the chapter-opening sequence of photographs,
you see the ball expand as it moves away from the wall. Since it was at rest when it was
completely against the wall, it is speeding up in this process. You can imagine what this
sequence of photographs would look like if it was longer and involved the ball initially
striking the wall. The ball would compress as it slowed to a stop.
Given what we have been discussing so far in this chapter, our first reaction might
be to think the wall has done work on the ball. After all, the ball’s kinetic energy has to
go to zero at the instant it is fully compressed against the wall, as it changes direction.
The wall does no work on the ball, however. Our definition of work says that the force
must be exerted on the object as the point of contact of the force on the object moves
for there to be work done on the object. In this example, the point of contact of the
ball and the wall does not move, so the force exerted by the wall does not do work.
Actually, this makes a lot of sense if you think about it: You can lean against a wall all
day, and it is not going to make you start moving!
The shortcut we took in deriving the work-energy theorem for an object (Equation 7-9) is clear in its name: We used the object model. By definition, for the object
model to be valid, the center of mass and any point on the object must move the same
distance. That is not true for a system such as a ball. In the chapter-opening photographs, we see that the point of contact for the force does not move, but using our
qualitative understanding of the center of mass, we see the center of mass clearly does
get further from the wall as the ball expands. Work is determined by the displacement
of the point of contact while the force doing the work is being exerted, but Equation
7-9 is derived from an equation that describes the motion of the center of mass. This
means the displacement of the center of mass while the force is being exerted describes
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change in the kinetic energy of the system. For a system, the displacement of the center
of mass and the point of contact where a force is being exerted can be different, so
types of energy other than kinetic can change.
Work is the amount of energy transferred to the
system by a force exerted on a point on the system
Equation in words

W = Fdcontact
The force exerted on
a point on the system

Work for a system (7-11)

The displacement of the point
of contact where the force is
exerted on the system

For instance, in the series of chapter-opening photos, the wall is exerting a normal
force on the ball, but the point of contact does not move, so the total work done by the
wall on the ball is zero. The wall transfers no energy to the ball. However, the center of
mass of the ball does move while the wall is exerting a force on the ball, so the ball’s
kinetic energy does change.
When we discuss energy, we will be most focused on the changes in energy. In
Equation 7-9 we wrote out Kf and Ki. It is easier to use the notation for changes we
introduced in Chapter 2, DK 5 Kf 2 Ki. Using this notation, we can now write the full
work-energy theorem:
Work is the amount of energy
transferred to the system by
external forces

The change in energy of the
system (assuming work is the
only source of energy transfer)

W = ∆E = ∆K + ∆U + ∆Einternal
The change in kinetic energy of the system,
equal to the product of the force F exerted
on the system and the displacement of the
center of mass of the system

AP®

A stationary object, such as a
wall, exerting a normal force,
cannot do work: It cannot add
or remove energy. However,
the normal force exerted by the
stationary object on a system
allows the system to convert
energy from one type to another
without changing the system’s
total energy.

The change in all other
types of energy inside
the system due to its
configuration or the
internal motion of its
constituent parts

Equation in words

Work-Energy Theorem
(7-12)

The change in potential
energy of the system due
to reversible changes in
its configuration

AP®
Both Equations 7-11 and 7-12 simplify our earlier equations if the displacement
of the point of contact of the force on the system is the same as the displacement of the
center of mass, which is a requirement for the object model to be valid. This is true even
if the center of mass is not in the same place as the point of contact, it just requires the
system to be rigid so that all points in the system move the same distance and direction.
When things are rotating, we will need additional tools to solve such problems. Those
tools will be provided in Chapter 11. These equations also do not consider other ways
of adding energy to a system, such as heating. You will get to the full expression if you
take the next course. For now, just remember this equation doesn’t completely work if
you are also heating or cooling the system!

Up until now, we have always assumed a constant force when calculating work done.
In Example 7-6 we saw how we might cope with a varying force, but since the tension
force exerted on the spider did no work, it might not have seemed very important. In
many situations, however, a force of variable magnitude does do work on an object or
system. As an example, you must do work to stretch a spring. The force you exert on
the spring to stretch it is not constant: The farther you stretch the spring, the greater
the magnitude of the force you must exert on the spring. How can we calculate the
amount of work that you do while stretching the spring?
To see the answer let’s first consider a constant force F that is exerted on an object
in the direction of its straight-line motion. Since we are working in one dimension, we
are just using one component, so positive and negative are enough to determine direction
and we don’t need arrows to denote vectors. Figure 7-14 shows a graph of this force versus position as the object undergoes a displacement d. The area under the graph of force

Exam Tip

You are likely to need the area
rule on an AP® exam: Be ready to
estimate the area under a force
versus displacement graph,
but also be sure to distinguish
that from a force versus time
graph (the area of which gives
impulse), which you will learn
about in Chapter 9.

Work Done by a Varying Force
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Exam Tip

Work done by a constant force along
direction of motion = Fd = area
under graph of force versus position
Fx
F

x

x+d

x

Figure 7-14 The “area rule” for work
Finding the work done by a constant
force exerted on an object or system
using a graph of force versus position.
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versus position equals the area of the colored rectangle in Figure 7-14; that is, the height
Y ) multiplied by its width (the displacement d). But the area
of the rectangle (the force F
Fd is just equal to the work done by the constant force (notice that the units for the area
are correct for work, Nm). So on a graph of force versus position, the work done by the
force equals the area under the graph. If the area extends below the x axis, the product is
negative. This “area rule” is a mathematical fact we used in Section 2-4 to find displacement from a graph of velocity versus time. It works for any product, when you plot the
multiplicand and multiplier on the axes of a graph; work is just the newest example.
Let’s apply this area rule to the work that you do in stretching a spring. Experiment shows that if you stretch a spring by a relatively small amount, the force that the
spring exerts on you is directly proportional to the amount of stretch (Figure 7-15).
For an ideal spring, we can write this relationship, known as Hooke’s law, as
Force exerted by an ideal spring

Spring constant of the spring (a measure of its stiffness)

EQUATION IN WORDS

Hooke’s law for the force
exerted by an ideal
spring (7-13)

Fs = −kd
Displacement of the end of the spring from its equilibrium (unstretched) position

AP®

Relaxed spring

d

F

Exam Tip

The equation sheet for the AP® exam lists the force of a spring as 0 FYs 0 5 k 0 x 0 . It is important
for you to remember that this x is not measured from an arbitrary origin, but is the
displacement of the end of the spring measured from the relaxed equilibrium position
of the spring. This equation also just calculates the size of the force, and requires you
to remember that the direction of the spring force is always opposite the displacement
of the end of the spring from the equilibrium. So remember the specific definition of x
for this equation on the exam. We will continue to stress in this textbook that this is the
displacement from the relaxed equilibrium position of the end of the spring to help you.

If you stretch the
spring a displacement
d, it exerts a force F
on you.

2d

2F

If you double the
distance that you
stretch the spring,
the force doubles.

Figure 7-15 Hooke’s law If you
stretch an ideal spring, the force that it
exerts on you is directly proportional
to its extension.
Area under curve = work you do
to stretch spring from x1 to x2

(7-14)

F
kx2
kx1

x1

x2

x

Figure 7-16 Applying the “area rule”
to an ideal spring We can use the

same technique as in Figure 7-14 to find
the work required to stretch a spring.
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The minus sign in Equation 7-13 means that the force that the spring exerts
on you is in the direction opposite to the stretch. If you pull one end of the spring
in the positive x direction, xf 2 xi . 0 so d . 0, the spring pulls back on you in the
negative x direction. (As we will see below, Hooke’s law also describes situations
in which the spring is compressed rather than stretched.) The quantity k, called the
spring constant, depends on the stiffness of the spring: The greater the value of k, the
stiffer the spring. If the force is measured in newtons and the extension in meters, the
spring constant has units of Nm. We will learn about the origin of Hooke’s Law in
Chapter 12.
Equation 7-13 gives the force that the spring exerts on you as you stretch it. By
Newton’s third law, the force that you exert on the spring has the same magnitude
but the opposite direction. So the force you exert has the opposite sign of the force in
Equation 7-13:
Fyou on spring, x 5 1kd 1force that you exert on the spring2

Stretching the spring in the positive x direction means d . 0, and to do this you must
exert a force in the same direction. So Fyou on spring, x . 0 if d . 0, which is just what
Equation 7-14 tells us. If you double the amount you stretch the spring from its equilibrium length, the size of the force you must exert also doubles, as Equation 7-14 tells
us, and we can see in Figure 7-15.
Figure 7-16 graphs the force that you exert as a function of the distance that the
spring has been stretched. Each position can be thought of as an incredibly tiny displacement, over which the force is a constant, just like we did for the forces on the
spider in Example 7-6. If the spring is initially stretched to x1 from its equilibrium
position, which we are going to call x 5 0, and you stretch it further to x2, the work W
that you do is equal to the area of the colored trapezoid in Figure 7-16.
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From geometry, this area is equal to the average height of the graph multiplied by
the width x2 2 x1. Using Equation 7-14, we find
W5 c
5

1force you exert at x1 2 1 1force you exert at x2 2
2

1kx1 1 kx2 2
2

We can simplify this to

1x2 2 x1 2 5

1
k1x1 1 x2 2 1x2 2 x1 2
2

Spring constant of the spring
(a measure of its stiffness)

Work that must be done on a spring
to stretch it from x = x1 to x = x2

W"

d 1x2 2 x1 2

EQUATION IN WORDS

1 2 1 2
kx  kx
2 2 2 1

Work done to stretch a spring
(7-15)

x1 = initial stretch of the spring
x2 = final stretch of the spring
x1 and x2 are measured from
x = 0, the location of the end
of the spring when it is relaxed

!

WATCH OUT
Who’s doing the work?
Note that Equation 7-15 tells us the work that you do on the spring. Since this is a contact force, the work that the spring does on you is equal to the negative of Equation 7-15.

Example 7-7 shows how to use Equation 7-15 to attack a problem that would
have been impossible to solve with the force techniques from Chapters 4 and 5.
Example 7-7

Work Those Muscles!

An athlete stretches a set of exercise cords 47 cm from their unstretched length. The cords behave like a spring with
spring constant 86 N/m. (a) How much force does the athlete exert to hold the cords in this stretched position? (b) How
much work did he do to stretch them? (c) The athlete loses his grip on the cords. If the mass of the handle is 0.25 kg,
how fast is it moving when it hits the wall to which the other end of the cords is attached? (You can ignore gravity and
assume that the cords themselves have a negligible mass.)

Set Up
In part (a) we’ll use Equation 7-14 to find
the force that the athlete exerts, and in part
(b) Equation 7-15 will tell us the work that
he does on the cords. In part (c) we’ll see
how much work the cords do on the handle
as they go from being stretched to relaxed.
This work goes into the kinetic energy of the
handle. We’re ignoring the mass of the cords
and therefore assuming that they have no
kinetic energy of their own.

Fathlete on cords, x 5 1kd
W5

1 2 1 2
kx2 2 kx1
2
2

(7-14)

47 cm

(7-15)

Wnet 5 Kf 2 Ki

(7-9)

1
mv2
2

(7-8)

K5

relaxed

stretched

released
vf = ?

Solve
(a) The force that the athlete exerts is
proportional to the distance x 5 47 cm that
the cords are stretched (assuming the end of
the cords when they are not stretched is at
x 5 0).

Force exerted by the athlete to
hold the cords stretched:

Fathlete on cords

Fathlete on cords, x 5 1kd
5 186 N/m2 147 cm2 a
5 4.0 3 101 N
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(b) The cords are not stretched at all to
start 1so x1 5 02 and end up stretched by
47 cm 1so x2 5 47 cm 5 0.47 m2.

Work done by the athlete to stretch the cords:
Wathlete on cords 5
5

1 2 1 2
kx 2 kx1
2 2 2
1
1
186 N/m2 10.47 m2 2 2 186 N/m2 10 m2 2
2
2

5 9.5 Nm 5 9.5 J
(c) When the athlete releases the handle, the
cords relax from their new starting position
1x1 5 0.47 m2 to their final, unstretched
position 1x2 5 02. Unlike an actual spring,
the cords don’t push back as the handle
passes through the equilibrium position. So,
the work that the cords do on the handle is
given by the negative of Equation 7-15.

Work done by the cords on the handle as they relax:

We’ll ignore the force of gravity (that is, we
assume the handle flies back horizontally and
doesn’t fall). Then the net work done on the
handle equals the work done by the cords.
This is equal to the change in the handle’s
kinetic energy. Use this to find the handle’s
speed when the cords are fully relaxed.

Net work done on handle:

1
1
Wcords on handle 5 2 a kx22 2 kx21 b
2
2

1
1
5 2 a 186 N/m2 10 m2 2 2 186 N/m2 10.47 m2 2 b
2
2
5 2129.5 Nm2 5 9.5 J

Wnet 5 Wcords on handle 5 9.5 J
Work-energy theorem applied to handle:
Wnet 5 Kf 2 Ki 5

1
1
mv2f 2 mv2i
2
2

Handle is initially at rest, so vi 5 0. Solve for final speed of the handle:
1
mv2f 5 Wnet 5 9.5 J
2
v2f 5
vf 5

Reflect

2Wnet
m
219.5 J2
2Wnet
5
5 8.7 m/s
Å m
Å 0.25 kg

The spring force is not a constant force, so the work done must be less than you would calculate if you multiplied the
force needed to hold the cords fully stretched by the cords’ displacement, since the force exerted is smaller than that except
at the maximum stretch. So we expect our answer to be less than Fs d 5 14.0 3 101 N2 10.47 m2 5 19.0 J, which it is.

Extend: Notice that the amount of work that the athlete does to stretch the cords (9.5 J) is the same as the amount
of work that the cords do on the handle when they relax. This suggests that the athlete stores energy in the cords by
stretching them. We’ll explore this idea of storing energy in Section 7-6 as we explore potential energy.

NOW WORK Problem 5 from The Takeaway 7-5.

More on Hooke’s Law and Its Limits
The spring in Figure 7-15 exerts a force when it is stretched. A spring also exerts a force
when it is compressed (Figure 7-17a). One example is a car’s suspension, whose springs
compress as you load passengers and luggage into the car. The force that an ideal spring
exerts when compressed is given by Equation 7-13, Fs 5 2kd, the same equation that
describes the force exerted by a stretched spring (Figure 7-17b). The only difference is that
d is negative if the spring is compressed. Hence if you compress the spring (push its end
in the negative x direction), the spring pushes back on you in the positive x direction.
Like Equation 7-13, Equation 7-15 is also valid when a spring is compressed. If
a spring with spring constant k 5 1000 N/m is initially relaxed 1so x1 5 02 and you
stretch it by 20 cm 1so x2 5 120 cm 5 10.20 m2, the work that you do is
W5
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kx2 2 k102 2 5 11000 N/m2 10.20 m2 2 5 20 J
2
2
2
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(a) A compressed spring (x < 0)
pushes in the +x direction.

(b) A stretched spring (x > 0)
pulls in the –x direction.

x<0

x>0
Fby spring

x

Fby spring
Fx

x

Force exerted
by a spring:
Fx = Fs = –kx
x

0

Figure 7-17 Compressing and stretching an ideal spring Hooke’s law, Fs 5 2kd, can be
written as Fs 5 2kx when x 5 0 is defined as the position of the end of the spring when it
is at relaxed equilibrium. This equation applies equally well to an ideal spring whether it is
(a) compressed or (b) stretched.

The work that you do to compress the same spring by 20 cm 1so x2 5 220 cm 5
20.20 m2 is
W5

1 2 1
1
kx2 2 k102 2 5 11000 N/m2 120.20 m2 2 5 20 J
2
2
2

So you have to do positive work to compress a spring as well as to stretch it.
Hooke’s law and Equations 7-13, 7-14, and 7-15 are only approximate descriptions
of how real springs, elastic cords, and tendons behave. As an example, Figure 7-18 is a
graph of the force needed to stretch a human patellar tendon (which connects the kneecap to the shin). The curve isn’t a straight line, which means that the force isn’t directly
proportional to the amount of stretch. The force you have to apply to the tendon is also
greater when you stretch than when you let it relax. What’s more, the tendon can change
its properties: The two sets of curves in Figure 7-18 are for males in their 70s before and
after a 14-week course of physical training, which caused the patellar tendon to become
much stronger and stiffer. Even when something is not an ideal spring, there may be
ranges over which the ideal spring equations are good approximations. For instance, as
shown in Figure 7-18, the post-training tendons show an approximately linear relationship between force and stretch from about 1.5 to 3 mm. So since this linear relationship
exists for this range, it would be safe to use Hooke’s law, although you would have
different values of k for stretching and compressing. Even regular springs have ranges
over which you can’t use Hooke’s law. If you compress a spring too much, the coils pack
together and it cannot compress like a spring any more. It turns out a solid tube of metal
4000

Exam Tip

The AP® Exam does not refer to
Hooke’s Law, but only refers to it
as “the spring force.”

Pretraining stretching
Pretraining relaxing

3500

Post-training stretching

3000
Tendon force (N)

AP®

Post-training relaxing
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Figure 7-18 Tendons are not ideal
springs This graph of force versus
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extension for a human patellar tendon
is very different from that for an ideal
spring (compare to Figure 7-17). The
graph is not a straight line; there is a
different graph for relaxing than for
stretching the tendon; and the graph
for tendons that have undergone
exercise (square, red data points) is
different from that for tendons that
have not (circular, green data points).
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also has a spring constant, but it is much different than wound wire, so the behavior is
much different. Stretch a spring too far, and the coils come out of shape, again changing
its behavior. These are things you need to consider when using springs in the lab.
Nonetheless, Hooke’s law is a very useful approximation for the behavior of many
materials, which exert an almost linear force as a function of stretch when the amount
of stretch or compression is small. This type of force relationship is very important in
nature. We’ll use Hooke’s law repeatedly in our study of physics.

THE TAKEAWAY for Section 7-5
✔✔ The work-energy theorem for an object applies even when
the object follows a curved path or the forces that are exerted
on the object are not constant.

a. Use the graph and the values given to find the value of
the work done on the sled as it moves from x 5 0 to
x 5 30 m and use the work to calculate the value of the
maximum
force exerted on the sled, Fmax.
✔✔ A force that is always exerted perpendicular to an object’s
b. Does the speed of the sled increase or decrease as it
path does zero work on the object.
travels from x 5 30 m to x 5 50 m? Your prediction
✔✔ The work-energy theorem for something that cannot
must be based on scientific theories.
be modeled as an object gives the total energy change of the
Calculate the velocity of the sled at x 5 100 m.
c.
system on which the force is exerted, including internal and
Ex 3. A boy swings a ball with a 6 N weight on a string at conpotential energies. Objects can only have kinetic energy.
7-6
stant speed in a horizontal circle that has a diameter equal
✔✔ If the point of contact where a force is exerted on an
to 1 m. What is the work done on the ball by the 10-N tenobject or system does not move, there is no work done by that
sion force in the string as the ball travels through one-half
force on that object or system.
of the circular path?
✔✔ An ideal spring exerts a force proportional to the distance that
A. 31.4 J   B. 10 J   C. 6 J   D. 0 J
it is stretched or compressed (Hooke’s law). The work required to
4. An ideal spring with a constant k 5 1 N/m is attached to
stretch or compress a spring by a given distance from its equiliba stationary beam so that it hangs vertically. At the lower
rium length is proportional to the square of that distance.
end of the spring a 100-g object is attached. The object is
supported by a hand so that the spring force exerted on
The Takeaway Practice
the object is initially zero (the spring is at its equilibrium
length). The object is then released and as it falls it passes
1. A gravitational force exerted on an object of mass m
through a position where the extension of the spring is
attached to a vertical spring will cause the spring to stretch.
0.5 m from its initial equilibrium length. Take the value of
When the object is in equilibrium, the gravitational force
the gravitational field strength to be 10 N/kg.
exerted on the object is equal in magnitude to the spring
a. What is the work done on the object by the gravitational
force exerted on the object: mg 5 kDx. This table provides
force as it travels through this 0.5-m displacement?
data for a spring for eight different values of mass.
A. 1 J   B. 0.5 J   C. 20.5 J  D. 21 J
b. What is the work done on the object by the spring force
Mass, m (g)
1
2
3
4
5
6
7
8
as it travels through this 0.5-m displacement?
Stretch, Dx (cm) 0.5 1.1 1.7 2.3 2.6 3.1 3.6 4.2
A. 1>8 J  B. 1>10 J  C. 21>8 J  D. 21>10 J
5.
An
object
resting on a smooth table is attached to the free
Ex
a. Make a graph of mg versus Dx
7-7
end
of
a
horizontal
spring that has a spring constant equal to
b. Use your graph to calculate the value of the spring con450 N/m. The object is initially held at rest 12 cm beyond the
stant, k, using all of the data values.
equilibrium length of the spring, and is then pulled to a posic. Shade the area in the graph that shows the work done
tion 18 cm beyond equilibrium, where it is again held at rest.
to stretch the spring by 2.5 cm and calculate the work
Calculate the work the spring does on the object between
done by the object on the spring resulting in that stretch.
these two positions, both algebraically and graphically.
Justify your use of the graph to calculate the work.
2. A sled of mass m 5 22.0 kg is accelerated from rest on a
Reasoning Skill Builders
frictionless, horizontal surface to a velocity of v 5 12.5 m/s,
as it travels from x 5 0 to x 5 30 m. The graph displays a
6. Two forces are simultaneously exerted on an object over the
graph of force versus distance for the sled in terms of Fmax.
range of positions, x, 0 # x # 2 m. The forces are represented
F(x) N
by F1 11 2 x2 and F2 1x 2 12, where F1 and F2 are constants.
Fmax
a. On a single graph construct a representation of both
forces as a function of position.
b. Refine the representation by shading the area that represents the work done on the object by these forces from
x (m)
x 5 0 to x 5 2 m.
10 20 30 40 50 60 70 80 90
0 100
0
c. Apply mathematical reasoning to support the claim that
the net work done on the object as the object moves from
x 5 0 to x 5 2 m is zero for any values of F1 and F2.
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Ex

7-6

7. Before giving a slick ice cube at the bottom of a large smooth
ceramic bowl a flick with your finger, you want to calculate
the height to which the flick will cause the ice cube to rise.
You estimate the mass of the ice cube to be between 25 and
50 g and the initial velocity of the ice cube after it leaves your
finger at the bottom of the bowl to be between 1 and 2 m/s.
a. Justify the selection of the use of the energy conservation
principle rather than Newton’s second law to make this
prediction.
b. Construct a free-body diagram of the ice cube at some
point as it rises along the inner surface of the bowl and
annotate the diagram with a displacement vector showing the path of the ice cube at that instant.
c. Using the diagram constructed in part (b), explain why
the normal force exerted by the wall of the bowl on the
ice cube does not do work on the ice cube.
d. Let a vector along a short segment of the path of the ice
cube as it rises in the bowl be dY . Construct a diagram in
which the displacement dY is the hypotenuse of a triangle
with one component that is antiparallel to the gravitational force. In the diagram label the angle between
the displacement and this component as u. Using this
diagram explain why the sum of displacements along the
field is equal to the height the ice cube goes up the bowl.
e. Using the diagram constructed in part (d) explain how
the height to which the ice cube rises can be predicted.
f. Explain why the predicted height is insensitive to your
uncertainty in the mass of the ice cube but very sensitive
to your uncertainty in the initial velocity.

a. Analyze the data in the table to express F>m as a function of x.
x (m)

0

F>m 210
(N>kg)

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

29

28

27

26

25

24

23

22

21

b. Calculate the initial kinetic energy of the object.
c. Predict the point, xs, where the object momentarily
comes to a stop and begins to move in the negative x
direction. Hint: Apply the work-energy theorem to find
the point where the object stops (the kinetic energy of
the object is zero).
d. Justify the claim that the kinetic energy of the object will
have the value calculated in part (b) when, after stopping, it returns to the position x 5 0.
9. An ideal spring is used to stop blocks as they slide along a
track with negligible friction as shown in the figure. Measurements are made of the maximum displacement of the spring
when struck by a 0.20-kg block for different velocities. Use
these data to determine the spring constant graphically.

AP® Skills in Action

Velocity
(m>s)

Displacement
(cm)

0.8

3.5

1.8

7.2

2.8

11

3.7

14.5

4.3

17.5

5.3

22

8. An object with a mass of 0.5 kg and a velocity of
!10 m/s enters a region in which a changing force F is
exerted on the object. The object moves from an initial
position x 5 0.

7-6

v

Potential energy is energy related to reversible
changes in a system’s configuration

When we do work on a spring as in Figure 7-17 to compress it, we don’t give it kinetic
energy, but we could use that compressed spring to give kinetic energy to a ball, for
instance, by using the spring as a launcher. Let’s go back to our photographs at the
beginning of the chapter. When the ball comes to rest compressed against the wall
some of its kinetic energy gets stored in the compression of the ball, just like the energy
stored in springs as we saw in the last section. The more elastic the ball is, the greater
the proportion of the kinetic energy that gets converted into energy stored in the compression of the ball. Some of the energy goes into warming up the ball, and some into
making noise. The energy that goes into these types is said to be dissipated. Dissipated
energy is energy that has been converted into a type other than kinetic or potential
energy, that cannot ever be fully converted back into kinetic or potential energy. In
many cases the amount of dissipated energy will be small enough that we will choose
to ignore it. If all of the kinetic energy got stored in the compression of the ball, then
the ball would have the potential to come flying off the wall with the same speed and
exactly the same shape it had when it first struck the wall. We call this energy stored in
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the reversible changes in a configuration of the system (in this case the compression of
the ball) potential energy.

Conservative and Nonconservative Forces

!

WATCH OUT
Conservative forces have two
defining properties
For a force to be conservative,
it must (1) depend on a reversible change in configuration,
such as a change in length of a
spring or a change in separation between Earth and an
object, and (2) no energy must
be dissipated to exert it.

Figure 7-19 Nonconservative
forces Because the amount of energy

dissipated by kinetic friction depends
on the path, it is a nonconservative
force. Any force that does nonzero
net work on a round trip or requires
internal energy is nonconservative.

To use potential energy instead of force to describe and predict motion for a system, the
force must be like that exerted by an ideal spring or the gravitational force: The work
done by the force does not depend on the path taken (the total distance), just the displacement of the point of contact of the force. Such a force is called a conservative force.
Another way this is often stated is that if a force exerted on an object does no net work
during any closed loop (zero displacement but not zero distance), then the force is said
to be conservative. If the net work is not zero, the force is said to be nonconservative. (In
Chapter 8 we’ll more fully develop this term.) By contrast, the kinetic friction force is
an example of a nonconservative force for which we cannot use the concept of potential
energy. The reason is that unlike the force exerted by an ideal spring, the “work” (the
quotation marks are intentional and will be explained soon!) done by the kinetic friction force does depend on the path taken from the initial point to the final point.
In Figure 7-19a we slide a book across a tabletop from an initial point to a final
point along two different paths. Along either path the kinetic friction force has the
same magnitude and points opposite to the direction of motion. Hence the kinetic friction force does more (negative) “work” along the curved path than along the straight
path. Since the “work” done by kinetic friction depends on more than just the initial
and final positions, we can’t write it in terms of a change in potential energy. That’s
why there’s no such thing as “friction potential energy.”
Remember, potential energy is associated with reversible changes in a system’s
configuration, so there is an equivalent way to decide whether a certain kind of force
is conservative: If the work done by the force on a round trip (that is, one where the
initial and final positions are the same) is zero, the force is conservative and we can use
the idea of potential energy instead of using the force to describe or predict motion.
This is the case for the gravitational force. If you toss a ball straight up, the gravitational force does negative work on the ball as it rises and positive work on the ball as it
falls. If yf 5 yi, then Wgrav 5 2mgyf 1 mgyi 5 0. The same is true for the spring force:
If xf 5 xi, then Wspring 5 12 kx2f 2 12kx2i 5 0. But if you slide a book on a round trip on a
tabletop, the total amount of work that you do on the book is not zero (Figure 7-19b).
To keep the book moving, you have to do positive work on the book as you push it.
If there was no kinetic friction, you would have to push the book to get it going,
and push it again if you wanted to change its direction, and push it again if you wanted
to stop it. Getting it going and stopping it in each direction would be equal and opposite
amounts of work (pushing in the direction of motion, and then opposite the direction of
motion), so the total amount of work you did to return the book to its initial position
would be zero. This looks like it might satisfy our statement that “if a force exerted on
an object does no net work during any closed loop then the force is said to be conservative,” but it really points out something we need to be careful about when we see this
common statement. As a system with internal energy (a human being), we decide where
(a)

Friction dissipated more energy along
path 2 than along path 1. Since the
"work" done (energy dissipated) by
friction depends on the path, we conclude
that friction is not a conservative force.

Path 1

(b)

The book makes a round trip that begins and
ends at this point. As you push the book
around the path, you decide where to push
the book and where to stop and start it, and
you have to use your own internal energy. So
we can conclude that force exerted by a
person is not a conservative force.

Path 2
Path 1
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we push the book and when to stop it. We could have just as easily done the same zero
net work on the book in the case with no friction but not returned it to its original position, either stopping it sooner or letting it go farther. So there is no special relationship
between where the book is and the force you are exerting on it. As you do this zero net
work in either case, you have to convert your own internal energy to do so, and not just
count on your body returning to the shape it prefers!
Even for nonconservative forces, friction is weird. You may have noticed the quotes
around “work” when we were talking about friction above. You can always calculate Fd
for a force exerted on an object; however, sometimes it doesn’t meet our definition of an
energy transfer into or out of a system. When you push on an object or system, the force
you exert on the object times the displacement of the point you are pushing on tells you
how much energy you transferred to the system. This is not the case for kinetic friction.
As we discussed in Chapter 4, the two surfaces in contact stretch and break. What you
end up with is some warming up of the object and some of the surface, and some damage
(maybe microscopic) to both. So you cannot say how much of that energy is going into
the system. You can say only that much energy is being removed from the potential and
kinetic energy in the system and cannot be recovered into those types (the energy is dissipated). So for kinetic friction forces, while you can call it work you must remember the
friction force times the total distance traveled, not Fk Dx, and that you cannot account
for exactly where it went, just that it is dissipated. We will look at this more in Chapter 8.
Figure 7-18 shows that the force exerted by a human tendon is also nonconservative.
The tendon exerts more force on its end while it is being stretched than when it is relaxing to its original length, so it does more negative work on the muscle attached to its end
as it stretches than it does positive work as it relaxes. So the tendon does a nonzero (and
negative) amount of work on this “round trip.” To make the tendon go through a complete cycle, the muscle has to do a nonzero amount of positive work on the tendon, just
like the positive work you must do to push the book around the path in Figure 7-19b.
There are many examples of potential energy in your environment. The spring in a
mousetrap has the potential to do very destructive work on any mouse unlucky enough
to release the trap. There are also many other sources of energy that drive the world
around you. For now we will just consider these sources of internal energy and we will
learn how to include them in our solutions in the next chapter. If you study physics
further, you will learn more about them. For example, in Chapter 1, we saw Einstein’s
famous equation relating mass to energy, E 5 mc2. The positively charged protons in a
uranium nucleus exert an electric force on each other, pushing each other apart (Chapter 14), but are prevented from doing so by the strong force between the constituents
of the nucleus. If the nucleus is broken apart, the resultant pieces have less mass than
the uranium nucleus; that missing mass is converted to energy. This is the process that
provides the energy released in a nuclear reactor.

AP®

Exam Tip

Remember, a force is a way to
describe an interaction. Only
forces exerted by something
external to a system may do
work on (change the total
energy of ) a system. While it
may seem handy to think of
interactions inside a system in
terms of forces, remember that
internal interactions cannot
change the total energy of the
system, but only allow energy
to be converted from one type
into another. Always carefully
define your system for any
problem or pay attention to how
a system is defined for you in
the problem. If a system consists
of only one object (rather than,
say, the object and Earth), it can
have only kinetic energy and no
potential energy.

An object near Earth’s surface gains kinetic energy when it is dropped. An example is
the barbell in Figure 7-20. When held at rest above the weight lifter’s head, the barbell
has no kinetic energy. If the weight lifter should drop the barbell, however, it will fall
to the ground gaining kinetic energy as it does (and leaving a dent in the floor as it
does work on the floor by exerting a large downward force on the floor over a very
small distance). If we treat the barbell as an object, then Earth exerts an external force
of gravity that does work on the barbell as it falls to the floor, increasing the barbell’s
kinetic energy. Since the force of gravity is conservative, we can instead think of a
potential energy associated with this change in location of the barbell. Potential energy
has to come from the configuration of the system. The shape of the barbell does not
change, but the distance between the barbell and Earth’s surface does change. If we
choose our system to be the barbell and Earth, we can no longer use work done by the
force of gravity, because Earth is no longer outside of the system so gravity is no longer
an external force! Instead we talk about the gravitational potential energy of the system. How we choose our system completely determines whether we must use work or
potential energy to describe the effects of conservative interactions.
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Quantifying Potential Energy

Figure 7-20 Potential energy The
barbell in this photo is at rest and
so has zero kinetic energy. It would
acquire kinetic energy if the weight
lifter should drop it. How we describe
that gain in kinetic energy depends on
our definition of the system.
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Fweight lifter

Gravitational Potential Energy

y
x

Fg

y=0

Figure 7-21 Adding potential
energy The change in the kinetic

energy of the barbell as it is raised by
the weight lifter is zero. The work that
the weight lifter does to lift the barbell
goes into increasing the potential
energy of the Earth–barbell system.

!

WATCH OUT
Objects can have only kinetic
energy; it takes a system to
have potential energy.
Never be sloppy and say,
“The barbell has gravitational
potential energy.” The weight
lifter uses internal energy to
increase the gravitational
potential energy of the
barbell–Earth system by moving the barbell away from
Earth. Always be careful to
define your system when using
work and energy to solve
problems.
EQUATION IN WORDS

Gravitational potential energy
stored in an Earth–object
system near the surface
of Earth (7-16)

There are two ways to quantify the amount of potential energy stored in the Earth–
barbell system in Figure 7-20. First, we compare the potential energy due to a reversible
change in the configuration of a system to the work that would be done if the object
was isolated. If the system is just the barbell, and it has mass m and is initially a height h
above the floor (we are going to consider the floor as h 5 0), as it falls, Earth (which is
not in the system, so exerts an external gravitational force on the barbell in its direction
of motion) would do an amount of work Wgrav 5 Fg d cos u 5 Fg h cos 08 5 Fg h 5 mgh
on the barbell. From the work-energy theorem this is equal to the kinetic energy that
the dropped barbell has just before it hits the floor. (We’re ignoring any effects of
air resistance.) So we say that the gravitational potential energy 1symbol Ugrav 2 of
the Earth–barbell system before the barbell was dropped was Ugrav 5 mgh, and
that this potential energy was converted to kinetic energy as the barbell fell, so the
change in gravitational potential energy is the negative of the change in kinetic energy
DUgrav 5 2mgh. Note that potential energy has units of joules, the same as work and
kinetic energy.
This is one of the reasons we like to focus on changes in energy. Notice that if we
had decided to call h 5 0 the height from which the weight lifter dropped the barbell,
then the final position of the barbell would be 2h. The displacement would still be
2h 12h 2 02 and the changes in energy would be the same.
A second way to quantify the amount of potential energy is to consider where
the initial potential energy came from for the Earth–barbell system. To see this, consider what happens as a weight lifter raises the barbell from the floor to a height h
(Figure 7-21). During the lifting, the barbell begins with zero kinetic energy (sitting
on the floor) and ends up with zero kinetic energy (at rest above the weight lifter’s
head). The net change in its kinetic energy is zero and the force of gravity could do
no work, since it is internal to the system. Hence the positive work that the weight
lifter did to raise the barbell must provide the potential energy mgh associated with
the barbell when it is at height h (again assuming Ugrav is zero at the floor). The
potential energy stored in the configuration of a system because of a gravitational
interaction (mgh near the surface of Earth) is called gravitational potential energy.
The gravitational potential energy mgh would be the same if the barbell remained at rest
but Earth as a whole were pushed down a distance h. The weight lifter converted inter-

nal energy (that snack eaten earlier) into the work done on the barbell. Any time
energy comes from changing the configuration of chemicals in food, some of that
internal energy goes into warming the weight lifter up. We will discuss this more in
the next chapter.
In general, if an object of mass m is at a vertical coordinate y, the gravitational
potential energy of the object–Earth system is
Gravitational potential energy stored in the Earth–object system

Mass of the object

Ugrav = mgy
Acceleration due to gravity

Height of the object
above Earth, assuming
the ground is y = 0 and
positive y is upward

When the weight lifter in Figure 7-20 raises the barbell (so y increases), the gravitational potential energy of the Earth–barbell system increases; when she lowers or
drops the barbell, y decreases, and the gravitational potential energy decreases.

Potential Energy for a Curved Path
Here’s how the work-energy theorem describes what happens to a dropped isolated
barbell (just the object, not the Earth–barbell system) in the absence of air resistance:
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As the barbell falls, the gravitational force does work on it, and this work goes into
changing the barbell’s kinetic energy.
Now let’s generalize to the case in which the barbell follows a curved path (as
would be the case if the barbell was lifted at an angle upward, rather than dropped).
The barbell in Figure 7-22 moves along a curve from an initial y coordinate yi to a final
coordinate yf. As we did for the swinging spider in Example 7-6 (Section 7-5), we
divide the path into a large number of short segments, each of which is small enough
that we can treat it as a straight line. The displacement vector along this segment is dY,
with horizontal component Dx and vertical component Dy. The work done along this
segment by the force of gravity FYg is exactly the same as it was in Example 7-6 (since
the barbell is moving upward and the gravitational force is downward):
Wgrav 5 2mg Dy

AP®

Exam Tip

It is important to distinguish
clearly between the potential
energy of a system when it is
in a particular configuration
(for a certain value of y, the
separation of Earth and an
object for instance) and the
change in potential energy that
comes from a change in that
configuration when solving
problems.

The total work Wgrav done by the force of gravity along the entire curved path is
the sum of the DWgrav terms for each such element. The sum of all the Dy terms is the
total change in the y coordinate, yf 2 yi, so
Wgrav 5 12mg Dy1 2 1 12mg Dy2 2 1 12mg Dy3 2 1 g
5 2mg1 Dy1 1 Dy2 1 Dy3 1 c 2
5 2mg1yf 2 yi 2 5 2mgyf 1 mgyi

Barbell
(final)

We can reinterpret this statement in terms of the gravitational potential energy as
given by Equation 7-16, Ugrav 5 mgy:
Wgrav 5 2mgyf 1 mgyi 5 21mgyf 2 mgyi 2
5 21Ugrav,f 2 Ugrav,i 2 5 2DUgrav

d
q
Fg = – mg

(7-17)

In other words, the work done by gravity on an object if we choose our system to
be the isolated object is equal to the negative of the change in gravitational potential
energy of the Earth–object system if we choose our system to be Earth and the object.
If an object descends, we can think of it as the downward gravitational force doing
positive work on the object or as the gravitational potential energy of the Earth–object
system decreasing (its change is negative). If an object rises, we can describe it as the
downward gravitational force doing negative work on it or as the gravitational potential energy of the Earth–object system increasing (its change is positive). If an object
begins and ends its motion at the same height, we can describe it as the gravitational
force doing zero net work on it or as there being zero net change in the Earth–object
system’s gravitational potential energy. Remember, we have to define our system, so we
must choose only one of these interpretations: Either Earth is in (use potential energy)
or out (use work) of the system. However we define our system, we will get the same
results, as we must. We usually choose our system to make the problem we are interested in easier to solve.

yf
Barbell
(initial)
yi

Figure 7-22 Raising a barbell
along a curved path The work done

on the barbell by the gravitational
force FYg along a short segment dY of
this curved path is Wgrav 5 Fg d cos u.
Adding up the work done along all
such segments gives the net work
done by the gravitational force
between height yi and height yf.

!

WATCH OUT
The choice of y 5 0 for gravitational potential energy doesn’t affect what happens.
The value of Ugrav 5 mgy depends on what height you choose to be y 5 0. But Equation 7-17 shows that what matters is the change in gravitational potential energy, and
that does not depend on your choice of y 5 0. That’s because the change in gravitational potential energy depends only on the difference between the initial and final
heights, not the heights themselves: DUgrav 5 Uf 2 Ui 5 mgyf 2 mgyi 5 mg1yf 2 yi 2.
Example 7-8 illustrates this important point.

AP®

Exam Tip

Be sure to understand how the W done by a force external to the system is defined in
terms of the change in potential energy when the interaction is internal to the system.
Be sure to distinguish between the energy at a point and the change in potential energy
when solving problems.
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Example 7-8

A Ski Jump

A skier of mass m starts at rest at the top of a ski jump ramp (Figure 7-23). The
vertical distance from the top of the ramp to the lowest point is a distance H, and
the vertical distance from the lowest point to where the skier leaves the ramp is D.
The first part of the ramp is at an angle u from the horizontal, and the second
part is at an angle f. Derive an expression for the speed of the skier when she
leaves the ramp in terms of the variables given in the problem and appropriate
physical constants. Assume that her skis are well waxed, so that there is negligible
friction between the skis and the ramp, and ignore air resistance.

Skier, mass m
vi = 0
vf = ?

H
q

f

D

Figure 7-23 Flying off the ramp What
is the skier’s speed when she leaves the
ramp, neglecting friction?

Set Up
If we neglect friction, the only forces that are
exerted on the skier are the gravitational force
and the normal force exerted by the ramp. The
normal force does no work on the skier because it
is always exerted perpendicular to the ramp and
so is perpendicular to her direction of motion.
We are not worried about the skier’s own internal
energy to keep herself warm, and so on, just the
energy that affects her motion, and she just slides
down the slope, so we can neglect her internal
energy. The gravitational force does no work if we
choose our system to be the Earth–skier system.
So we can use Equation 7-12, with W 5 0 and
DEinternal 5 0 to calculate the change in the skier’s
kinetic energy and hence her final
speed vf.

Work-energy theorem:

Fn

(7-12)

W 5 DK 1 DUgrav 1 DEinternal
Gravitational potential energy:

(7-16)

Ugrav 5 mgy
Kinetic energy:
K5

1
mv2
2

(7-8)
mg

Solve
Let’s take y 5 0 to be at the low point of the
ramp. The skier then begins at rest 1vi 5 02 at
yi 5 H and is at yf 5 D when she leaves the ramp.
Use Equations 7–8, 7-12, and 7-16 to solve for vf.

At starting point:
Ki 5

Ki = 0
U i = mgH

1
mv2i 5 0
2

Ugrav,i 5 mgyi 5 mgH

yi = H

At the point where skier
leaves the ramp:
Kf 5

K f = ½ mvf2
Uf = mgD
yf = D

1
mv2f
2

Ugrav,f 5 mgyf 5 mgD
Use Equation 7-12:
W 5 DK 1 DUgrav 1 DEinternal
W 5 0 and DEinternal 5 0
0 5 DK 1 DUgrav
2DUgrav 5 DK, here
DUgrav 5 Ugrav, f 2 Ugrav, i 5 mgD 2 mgH
5 mg1D 2 H2 5 2mg1H 2 D2
(negative since D , H) and
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DK 5 Kf 2 Ki
5

1
1
mv2f 2 0 5 mv2f
2
2

(positive since skier is moving faster at the end of the ski jump
than at the beginning). So
1mg1H 2 D2 5

1
mv2f
2

v2f 5 2g1H 2 D2

Reflect
The answer does not involve the angles
u or f, or any other aspect of the ramp’s
shape. All that matters is the difference
between the skier’s initial and final
heights. If the ramp had a different shape,
the final speed vf would be exactly the
same, as long as the difference in heights
remained the same.
As we mentioned in the Watch Out!
feature just before this example, your answer
also shouldn’t depend on our having chosen
y 5 0 to be at the low point of the ramp.
For example, instead choose y 5 0 to be
where the skier leaves the ramp, and the
result for vf should be the same. If y 5 0 is
the skier’s starting point, the end of the ramp
is at y 5 21H 2 D2 and you get the same
DUgrav.

vf 5 "2g1H 2 D2
At starting point:

vi = 0

Ugrav,i 5 mgyi 5 0
At the point where skier leaves
the ramp:

yi = H
vf

Ugrav,f 5 mgyf 5 mg1H 2 D2, so

yf = D

DUgrav 5 Ugrav,f 2 Ugrav,i
5 2mg1H 2 D2 2 0

vi = 0

5 2mg1H 2 D2
This is the same as with our
previous choice of y 5 0, so we’ll
find the same value of vf.

yi = H

vf
yf = D

yi = H – D
yf = 0

NOW WORK Problems 2 and 5 in The Takeaway 7-6.

Spring Potential Energy
Our definition of potential energy is that a change in such energy must depend only
on the system’s final and initial configurations. For instance, the gravitational potential energy cannot depend on the path taken between the initial and final position of
the object above Earth. Using gravitational potential energy, we saw how to quantify the potential energy by comparing the change in potential energy when Earth was
in the system to the change in kinetic energy of an object due to work done by Earth
when it is outside of the system. We also saw that the amount of work that we would
have to do to lift an object between those two points was DUgrav, the change in the
gravitational potential energy values for the Earth–object system as the object moved
between the two points. The same is true for the work done by an ideal spring. We
saw in Section 7-5 that the work you must do to stretch a spring from an extension xi
to an extension xf is 12 kx2f 2 12 kx2i (this is Equation 7-15, with 1 replaced by i and 2
replaced by f). Note that this also depends on only the initial and final extensions of
the spring, not on the details of how you got the end of the spring from one position
to the other. In this case, the spring is our system. If you fix one end of the spring, and
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AP®

Exam Tip

The equation sheet on the AP®
Physics 1 exam lists the spring
potential energy as an extension
x from its relaxed equilibrium,
but does not list the change in
potential energy. Understand
why the change in potential
energy when you are stretching
a spring is as given in the
equation to the right and cannot
be written in terms of Dx, unless
xi is the equilibirum length of
the spring, x 5 0.

pull on the other end, it stretches and if you hold it at a given stretch it has no kinetic
energy, so we can use the work-energy theorem to write the change in potential energy
of an ideal spring in terms of the change in its length. We are assuming that it is an
ideal spring, which means no energy is going into heating or deforming it and that its
mass is negligible, so the only type of energy it has due to it being a system is potential
energy, so we can rewrite equation 7-12 as W 5 DK 1 DU. DK is zero, since it is at
rest at both the initial and final length. W is the amount of work you do on the spring,
1
1
1
1
2
2
2
2
2 kxf 2 2 kxi . Substituting, 2 kxf 2 2 kxi 5 0 1 DUs
DUs 5 12 kx2f 2 12 kx2i
We can rewrite this:
DUs 5 Us,f 2 Us,i 5 12 kx2f 2 12 kx2i
Since Us,f is the value of Us at xf, if we set xi 5 0 we can just call xf, x. In this case x
represents the extension of the spring from its relaxed equilibrium length 1xi 5 02 and
the quantity Us is the spring potential energy:
Spring potential energy of a stretched or compressed spring

equation in words

Uspring =

Spring potential energy
(7-18)

Spring constant of the spring

1
kx2
2

Extension of the spring, when the equilibrium position of the end of the spring
when it is relaxed is defined as x = 0 (x > 0 if spring is stretched, x < 0 if spring
is compressed)
Uspring

x < 0:
Spring is
compressed

x > 0:
Spring is
stretched
0

x

Figure 7-24 Spring potential
energy The potential energy in a

spring is proportional to the square of
its extension d. (See Equation 7-18.)

The spring potential energy is zero if the spring is relaxed 1x 5 02 and positive if
the spring is stretched 1x . 02 or compressed 1x , 02 (Figure 7-24). This says that we
have to do work to either stretch the spring or compress it, and the work that we do
goes into the spring potential energy.
While a human tendon is not an ideal spring, we can think of it as storing spring
potential energy when it is stretched. When you are running as you move over your
foot in contact with the ground, the Achilles tendon at the back of that leg stretches.
The spring potential energy stored in that tendon is part of “springing” you back in the
air, helping you to sustain your running pace.
Yes, you still get tired. Remember, the human tendon is not an ideal spring, so you
had to put more energy into stretching it out from equilibrium than you get back when
it relaxes back to equilibrium. Even though the approximation is not perfect, it still
gives us insight into how such a complicated system, the human body, functions!

THE TAKEAWAY for Section 7-6
✔✔ The work done by a conservative force depends only on
the initial and final positions of the object, not on the path the
object followed from one position to the other. The gravitational force and the force exerted by an ideal spring are examples of conservative forces.
✔✔ Potential energy is used to describe conservative interactions inside a system; a conservative force is a way to describe
conservative interactions with objects or systems outside of the
system of interest.

The Takeaway Practice
1. What does it mean when a force is referred to as conservative?
2. Over 630 m in height, the Burj Khalifa is the world’s tallest
7-8
skyscraper. Calculate the change in gravitational potential
Ex
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energy of the coin–Earth system when a 1-dirham coin
(6.1 g) is carried from ground level to the top of the Burj
Khalifa. Calculate the speed of the coin just before it hits
the ground if it is dropped from rest at the top of the skyscraper and air resistance is neglected. Based on the speed
you calculated, do you feel it was a good idea to neglect air
resistance?
3. A spring that is compressed by 12.5 cm stores 3.33 J of
potential energy. Determine the spring constant.

Reasoning Skill Builders
4. A 350-kg box initially at rest is pulled 7.00 m up a 30.08
inclined plane by an external force Fext 5 5.00 3 103 N that
is exerted parallel to the plane. Assume friction is negligible.
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a. Construct a representation of the scenario that includes
the ramp, the inclination of the ramp, the external force
exerted on the box, the displacement, the box, and the
coordinate system to be used for the analysis of the
problem. Represent each characteristic with labels that
will be used in an analysis.
b. Construct a free-body diagram for the box.
c. Construct a diagram representing the decomposition of
the gravitational force into components parallel and perpendicular to the ramp. One of the angles in your vector
diagram will be the same as the angle of inclination of
the ramp. Mark this angle on your vector diagram. Add
the displacement vector to this diagram and mark the
angle, taken to be positive in the counterclockwise direction, between the displacement vector and the gravitational force vector, to your diagram.
d. Express the components of the gravitational force along
the ramp and perpendicular to the ramp in terms of Fg
and u.
e. Express the work done on the box by the gravitational
force in terms of u. Hint: To be sure of your expression
you can use the trigonometric identity
cos1a 2 b2 5 cos1a2 cos1b2 1 sin1a2 sin1b2
to express the work done on the box by the gravitational force.
f. Apply the object model to the box and express the final
kinetic energy of the box in terms of the work done on
the box by the external force and the gravitational field.
g. Consider the Earth–box system and apply energy conservation to express the final kinetic energy in terms of
the work done by the external force and the change in
gravitational potential energy of the Earth–box system.
h. Compare the expressions from parts (f) and (g) and
explain similarities and differences.
i. Calculate the final speed of the box.
Ex 5. A 12.0-kg block (M) is released from rest on an incline that
7-8
makes an angle of 28.08 with the horizontal. Below the
block is a spring that has a spring constant of 13,500 N>m.
The figure shows the arrangement. The friction between
the block and incline is negligible. The block momentarily
stops when it compresses the spring by 5.50 cm. You will
analyze the dynamics of the block with the goal of predicting the displacement of the block from its initial position at
the instant that it momentarily stops while compressing the
spring.

c. Express potential and kinetic energies at the initial and
final states mathematically. If work is done to your system express the work mathematically.
d. Apply the principle of energy conservation and evaluate
the distance that the block moves down the incline from
its release point to the stopping point.
e. Analyze the dynamics of the block using an alternative
choice of system to that used in your analysis in part (d).
6. Ben says to Jerry that the potential energy change of the
Ben–Earth system as he climbs a ladder from the first rung to
the fourth rung is smaller than the potential energy change
of the same system as he climbs from the second rung to the
fifth rung because gravitational potential energy is proportional to height and the height of the fifth rung is greater
than the height of the fourth rung. In response, Jerry draws a
diagram with two ladders with one in the basement and one
on the first floor. Construct Jerry’s diagram and annotate the
diagram to support his evaluation of Ben’s claim.
7. Carrie’s group is analyzing the motion of a cart that moves
up a ramp. Carrie claims that when the cart slows down the
kinetic energy is negative. She justifies this claim by stating
that “the work-energy theorem for an object says that when
a force pushes an object the kinetic energy increases but
now the force is pulling the object.” Andrea disagrees and
claims that the kinetic energy of the cart is never negative
anywhere on the ramp but doesn’t provide reasoning to
support her claim.
a. Treating the cart as an object upon which Earth exerts a
gravitational force, justify Andrea’s claim.
b. Carrie responds by claiming that by treating the cart–
Earth pair as an isolated system, no work is done and so
according to the work-energy theorem the kinetic energy
of the system cannot change. And since the total kinetic
energy of the system is the sum of the kinetic energies of
the components, for the sum to be zero one of the terms
in this sum must be negative. Evaluate Carrie’s explanation of why kinetic energy can be negative.

AP® Skills in Action
8. Several identical springs, with spring constant k, are
attached end-to-end, as shown in the top diagram. An
external force is exerted on the first spring with the
response shown in the second diagram. The springs are
stretched as shown.
k

k

k

k

k

M
Δxtotal

Δx1

Fexternal

q

a. Construct a diagram for your analysis of the scenario that
includes initial (i) and final (f) states, displacement prior
to collision with the spring, displacement after collision
with the spring, and the angle of inclination of the ramp
with labels for each variable to be used in your analysis.
b. Justify your selection of the system to be analyzed.
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a. Justify the claim that

Dx 5 n

F
k
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b. Explain why the work done by the external force on the springs attached in series
is the sum of work done on each of the
springs.
You are provided with several weights
with known mass, a ruler, and several identical
springs with unknown spring constant that can
be connected end-to-end, as shown.

c. Design procedures to collect and analyze data to test the
claim in part (a). Include a careful description of methods to be used to measure length.

WHAT DID YOU LEARN?
Chapter learning goals

Section(s)

Explain what it means for a quantity to be conserved.

7-1

Related
example(s)

Relevant section
review exercises

7-2

7-1

1

Describe what conditions must be met for work to be done on
an object, for both positive and negative work.

7-2

7-1, 7-2

1, 3

Explain the relationship between work and kinetic energy for
an object.

7-3

7-3

2, 3, 6

Explain why something modeled as an object can have only
kinetic energy, and why a system can have other types of energy.

7-4

7-4

2, 3, 4

Describe what kinetic energy is and understand how the
work-energy theorem relates to conservation of energy for
a system.

7-5

7-6, 7-7

3, 5, 7

Explain the meaning of potential energy and how conservative
forces such as the gravitational force and the spring force give
rise to gravitational potential energy and spring potential energy.

7-6

7-8

2, 5

Chapter 7 Review
Key Terms
All the Key Terms can be found in the Glossary/Glosario on page G1 in the back of the book.
closed, isolated system 275
conservation 274
conservation law 275
conservative force 306
energy 275
gravitational potential energy 308
Hooke’s law 300
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ideal spring 300
internal energy 277
joule 278
kinetic energy 276
law of conservation of energy 275
nonconservative force 306
potential energy 276

spring constant 300
spring potential energy 312
translational kinetic energy 288
work 275
work-energy theorem 286
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Chapter Summary

Topic
Work done on an object by a
constant force that points in the
same direction as the straightline displacement: If an object
moves in a straight line while a
constant force is exerted on the
object in the same direction as
the displacement, the work is
just equal to the force times the
displacement.
Work done on an object by
a constant force exerted at
an angle u to the straightline displacement: If an
object moves in a straight
line while a constant force
is applied at some angle u to
the displacement, the work is
equal to the force times the
displacement multiplied by the
cosine of the angle between the
force and displacement.
Relating speed, acceleration,
and position for straightline motion with constant
acceleration: If an object
moves in a straight line with
a constant acceleration, its
displacement can be related to
the change in the square of its
velocity.
Calculating the work done
on an object by the net force
exerted on that object in
straight-line motion: If an
object moves in a straight line
with a constant acceleration
due to the net force exerted
on the object, the work done
on the object can be related
to its displacement and the
acceleration.
Kinetic energy: An object’s
kinetic energy is the energy
associated with its motion.
Since objects are defined as
having no internal structure
and all points on the object
as moving in exactly the same
way, this is the only type of
energy an object can have.

07_STE_10097_ch07_272_321_PP6.indd 315

Equation in Words or Figure
Work done on an object by a constant force F exerted
on the object in the same direction as the object's
displacement d

Magnitude of the constant force F

(7-1)

W = Fd
Magnitude of the displacement d

Work done on an object by a constant force F that
points at an angle q to the object's displacement d



Magnitude of the constant force F

(7-2)

W = Fd cos q
Magnitude of the displacement d

Speed at position xf of an object in linear
motion with constant acceleration

Angle between the directions of F and d

Speed at position xi of the object

(7-4)

vf2 vi2 2ax (xf <xi)
Constant acceleration of the object

Work done on an object by the
net force exerted on that object

Two positions of the object

Constant acceleration of the object

K



Mass of the object

Wnet = max(xf − xi)

Kinetic energy of an object



Displacement of the object

(7-6)



Mass of the object

1
mv2
2
Speed of the object

(7-8)
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The work-energy theorem for
an object: The work-energy
theorem for an object states
that the net work done as
an object moves through a
displacement—the sum of the
work done on the object by
individual forces exerted on the
object—is equal to the change
in the object’s kinetic energy
during that displacement. This
theorem is valid whether the
path is curved or straight and
whether the forces are constant
or varying.
Work for a system: Work is the
amount of energy transferred
to the system by a force exerted
on a point on the system. The
net work on a system is equal
to the sum of work due to each
external force exerted on the
system, which for each force
is the external force times the
displacement of the point of
contact of that force.
Work-energy theorem: Work
is the amount of energy
transferred to the system by
external forces exerted on the
system. If the system is not an
object (the point of contact
can move a different distance
than the center of mass of the
system) this work can go into
more than one type of energy.
If there is no other source of
energy transfer, such as heating,
then the total change in energy
of the system is equal to the
work done on the system. If
the point of contact moves
a different distance than the
center of mass of the system
then energy can be converted
from one type to another
within the system, even if the
net work on the system is zero.
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Work done on an object by the net force exerted on that object

Wnet = Kf − Ki
Kinetic energy of the object
after the work is done on it

(7-9)

Kinetic energy of the object
before the work is done on it



Work is the amount of energy transferred to the
system by a force exerted on a point on the system

W = Fdcontact
The force exerted on
a point on the system

(7-11)

The displacement of the point
of contact where the force is
exerted on the system

Work is the amount of energy
transferred to the system by
external forces



The change in energy of the
system (assuming work is the
only source of energy transfer)

W = ∆E = ∆K + ∆U + ∆Einternal
The change in kinetic energy of the system,
equal to the product of the force F exerted
on the system and the displacement of the
center of mass of the system

The change in all other
types of energy inside
the system due to its
configuration or the
internal motion of its
(7-12)
constituent parts

The change in potential
energy of the system due
to reversible changes in
its configuration
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The spring force and Hooke’s
law: An ideal spring exerts
a force that is proportional
to how far it is stretched or
compressed from its relaxed
equilibrium length, and it is
always directed opposite to the
stretch or compression. The
spring force is not constant,
so the work needed to stretch
or compress a spring is not
simply the magnitude of the
exerted force multiplied by
the displacement. Since this
is always in one dimension,
positive and negative signs are
enough to determine direction
of the vectors F and d.

Work can be found from the
area under a graph of the force
exerted along the direction of
motion versus the position of
the point at which that force
is exerted: For a constant
force, the area is just the same
as the multiplication given
in the definition. When the
force is not constant this still
works. This “area rule” is a
mathematical fact that works
for any product, when you plot
the multiplicand and multiplier
on the axes of a graph; work is
just one example.
Potential energy: Unlike kinetic
energy, which is associated
with a property of a single
object (its speed), potential
energy is associated with the
configuration of a system.
Gravitational potential energy
near the surface of Earth
increases with separation of
the object and Earth, measured
in terms of the height of the
object relative to the surface of
Earth. The potential energy of a
spring increases with the stretch
or compression of the spring.
Only conservative interactions
are associated with a potential
energy.
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Spring constant of the spring (a measure of its stiffness)

Force exerted by an ideal spring

Fs = −kd

(7-13)

Displacement of the end of the spring from its equilibrium (unstretched) position



Spring constant of the spring
(a measure of its stiffness)

Work that must be done on a spring
to stretch it from x = x1 to x = x2

W"

1 2 1 2
kx  kx
2 2 2 1

(7-15)

x1 = initial stretch of the spring
x2 = final stretch of the spring
x1 and x2 are measured from
x = 0, the location of the end
of the spring when it is relaxed

Work done by a constant force along
direction of motion = Fd = area
under graph of force versus position



Area under curve = work you do
to stretch spring from x1 to x2
F

Fx
kx2

F

kx1

x

x+d

x

x1

  

x2

x

(Figure 7-16)

(Figure 7-14)

Gravitational potential energy stored in the Earth–object system

Mass of the object

Ugrav = mgy
(7-16)
Acceleration due to gravity

Spring potential energy of a stretched or compressed spring

Uspring =

Height of the object
above Earth, assuming
the ground is y = 0 and
positive y is upward



Spring constant of the spring

1
kx2
2

Extension of the spring, when the equilibrium position of the end of the spring
when it is relaxed is defined as x = 0 (x > 0 if spring is stretched, x < 0 if spring
is compressed)

(7-18)
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Chapter 7 Review Problems
1.

2.

A satellite orbits around Earth in a circular path at a
high altitude. Explain why the gravitational force does
zero work on the satellite.
 n assistant for the football team carries a 30.0-kg
A
cooler of water from the top row of the stadium,
which is 20.0 m above the field level, down to the
bench area on the field.
a. 
If the speed of the cooler is constant throughout the
trip, calculate the work done by the assistant on the
cooler of water.
b. 
How much work is done by the force of gravity on
the cooler of water?

3.

A 1250-kg car moves at 20.0 m/s. How much work
must be done on the car to increase its speed to
30.0 m/s?

4.

Bicycling to the top of a hill is much harder than
coasting down. Does the person–bike–Earth system
have more potential energy at the top of the hill or at
the bottom? Explain your answer.

5.

An 8500-metric-ton freight train is out of control and
moving at 90 km/h on level track. How much work
must a superhero do on the train to bring it to a halt?

6.

A 325-g model boat facing east floats on a pond. The
wind in its sail provides a force of 1.85 N that points
258 north of east. The force on its keel is 0.782 N
pointing south. The drag force of the water on the
boat is 0.750 N toward the west. If the boat starts
from rest and heads east, how fast is it moving after it
travels for a distance of 5.0 m?

7.

8.

A catcher in a baseball game stops a pitched ball originally moving at 44.0 m/s at the moment it first came
in contact with the catcher’s glove. After contacting
the glove, the ball traveled an additional 12.5 cm
before coming to a complete stop. The mass of the ball
is 0.145 kg. What is the average force that the glove
imparts to the ball during the catch? Comment on the
force that the catcher’s hand experiences during the
catch.
A 5.00-kg object is attached to one end of a horizontal
spring that has a negligible mass and a spring constant
of 250 N/m. The other end of the spring is fixed to a
wall. The spring is compressed by 10.0 cm from its
equilibrium position and released from rest.
a. 
What is the speed of the object when it is 8.00 cm
from equilibrium?
b. 
What is the speed when the object is 5.00 cm from
equilibrium?
c. 
What is the speed when the object is at the equilibrium position?

9.

Wei drags a piece of driftwood for 910 m along an
irregular path. If Wei ends 750 m from where he started
and exerted a force of constant magnitude 625 N, at all
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times directed parallel to his path on the piece of driftwood, how much work did he do on the driftwood?
10. Earth orbits the Sun at a radius of about 1.5 3 108
km. At this distance the force of gravity on Earth due
to the Sun is 3.6 3 1022 N. Assuming Earth’s orbit to
be perfectly circular, how much work does the Sun’s
gravity do on Earth in one year?
11. A 40.0-kg boy steps on a skateboard and pushes off
from the top of a hill. What is the change in the potential energy of the Earth–boy system as the boy glides
down to the bottom of the hill, 4.35 m below the
starting level?
12. How much additional potential energy is stored in a
spring that has a spring constant of 15.5 N/m if the
spring is stretched so that the displacement of the end
of the spring moves from 10.0 cm to 15.0 cm, measured from its relaxed equilibrium position?
13. An ideal spring with spring constant k 5 2.00 3 102
N/m is oriented vertically with one end on the ground.
a. 
What distance must the spring compress for a 2.00-kg
object placed on its upper end to reach equilibrium?
b. 
By how much does the potential energy stored in
the spring increase during the compression?
14. A 0.145-kg baseball rebounds off of a wall. The rebound
speed is one-third of the original speed. By what percent
does the kinetic energy of the baseball change in the collision with the wall? Where does the energy go?
15. Gravel-filled runaway truck lanes are designed to stop
trucks that have lost their brakes on mountain grades.
Typically such a lane is horizontal (if possible) and
about 35.0 m long. We can think of the ground as
exerting a frictional drag force on the truck. If a truck
enters the gravel lane with a speed of 55.0 mph
(24.6 m/s), use the work-energy theorem to find the
minimum coefficient of kinetic friction between the
truck and the lane to be able to stop the truck.
16. Three clowns try to move a 3.00 3 102-kg crate
12.0 m to the right across a smooth, low-friction
floor. Moe pushes to the right with a force of
5.00 3 102 N, Larry pushes to the left with
3.00 3 102 N, and Curly pushes straight down with
6.00 3 102 N. Calculate the work done by each of
the clowns.
17. In the men’s weight lifting competition of the 2008
Beijing Olympics, Matthias Steiner made his record
lift of 446 kg from the floor to over his head (2.0 m).
How much work did Steiner do on the weights during
the lift?
18. A child slides down a slide that is 4 m in length and
has an inclination, relative to the horizontal, of 288.
Describe in words how you will determine the change
in potential energy of the child–Earth system as she
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descends the slide. In your description include your
choice of the origin for the definition of initial and
final positions, the algebraic expression for potential
energy, and any assumptions about friction forces
exerted on the child.
19. A boy ties a string to a horizontal pipe and attaches a
ball with a weight of 6 N to the other end of the string
so that the ball is 1 m from the horizontal pipe. He
holds the ball so that the string is taut and parallel to
the pipe. He then releases the ball. The complete path
of the ball is a nearly semicircular arc followed by a
return swing that nearly reaches the boy, who then
grabs the ball. Use the ball as your system in answering the following questions.
a. What is the work done on the ball by the gravitational force and the tension force in the string
during the complete path of the ball?
A. 31.4 J  B. 10 J  C. 6 J  D. 0 J
b. If the ball is allowed to continue to swing until
it comes to rest, what is the work done by the
gravitational force?
A. 31.4 J  B. 10 J  C. 6 J  D. 0 J
c. If the ball is allowed to continue to swing until it
comes to rest, what is the work done by the tension
force?
A. 31.4 J  B. 10 J  C. 6 J  D. 0 J
20. A common classroom demonstration involves holding
a bowling ball attached by a rope to the ceiling close
to your face and releasing it from rest, as shown in (a),
in the figure.
(a)

21. As you pedal a bike up a hill, predict
a. 
the sign of the work done by the gravitational force
on you,
b. 
the sign of the work done by your foot on the
bike pedal as it pushes the pedal down, and
c. 
the sign of the work done by the pedal on your foot
as the pedal moves downward.
Hint: Remember that predictions are always supported by reasoning and that coordinate systems are
chosen for convenience.
22. A 1.0-kg object is at rest when a force is exerted on
the object. The positions at several times are shown on
the figure.
t=0s

t = 0.5 s

0.0

(b)

L0

L

Δh
ΔL

Note: Figure not drawn to scale.

a. Predict what will happen to the relative height, Dh,
to which the ball rises if the ball is pushed rather
than released from rest in terms of the work done,
Won ball, by the push.
A teacher tires of this demonstration and
attaches the bowling ball to an elastic cord that
behaves as an ideal spring with constant k. As

07_STE_10097_ch07_272_321_PP6.indd 319

shown in the figure above (b) the equilibrium
length of the elastic cord hanging vertically when
the ball is attached is L0. Lying on the floor with
the bowling ball suspended at rest above his face
he pulls down slightly on the ball a distance DL,
and releases it.
b. Take the ball to be initially at rest above the teacher’s head with a cord length L0 1 DL. What are the
forces exerted on the ball at this time?
c. Using the conservation of energy, describe the
motion of the ball after the teacher releases it.
d. Which demonstration is safer, do you think? Justify
your answer in terms of the subsequent motion of
the ball in each case, (a) and (c).

t=1s

0.2

t = 1.5 s

0.4

0.6

t=2s

0.8

x(m)

a. Use mathematical reasoning to express displacement as a function of time for the object by evaluating the acceleration.
b. Calculate the numerical value of the force exerted
on the object.
c. Express work done by the force on the object and
kinetic energy of the object as functions of time.
The external force is switched off and the object is
returned to the original initial position. At the instant
the force is switched on again a second object with a
mass of 2.0 kg enters along a parallel path with an initial position x 5 0 m and an initial speed of v 5 1 m/s.
Interactions between the two objects are negligible.
At t 5 1 s the external force is switched off.
d. Express the displacements of both objects as a function of time.
e. Express the kinetic energy of the two-object system
as a function of time.
f. Explain why the kinetic energy of the two-object
system is constant for t . 1 s.
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AP® Group Work
Directions: The following problem is designed to be done as
group work in class.
As part of a lab experiment that uses a horizontal air-track,
Allison pushes an air-track cart of mass m up against a spring
to compress the spring with spring constant k by an amount
Dx from its equilibrium length. The air-track has negligible
friction. When Allison lets go, the spring launches the cart.
Allison’s lab partner Gwen predicts that because the force
increases linearly as the spring is compressed, the square of the
velocity when the spring is released should increase in proportion to the compressed length. So the velocity should increase
in proportion to the square root of the displacement. To support her claim she refers to the kinematic equation

v2f 5 v2i 1 2aDx
and she draws the graph of force versus spring compression
as shown in the following graph. Gwen argues that the energy
added to the spring is the area under the force-displacement
graph, and points out that the two shaded triangles have the
same area. So a second compression by a distance d beyond a
first compression by a distance d doubles the area and therefore doubles the energy. The energy is proportional to the
velocity squared. So, Gwen argues, the square of the velocity
should be proportional to the compression.
F

d

d

x

a. Refine Gwen’s symbolic and graphical representations
of the relationships among force, spring compression,
and speed to critically evaluate Gwen’s explanation.

AP®

To test the prediction Allison and Gwen determined
the mass of the cart 1m 5 0.25 kg2 and placed it on the
air-track. A photogate timer was placed in the middle of
the air-track. A piece of cardboard with a length of 1 cm
was mounted on top of the cart to interrupt the light
beam of the photogate. The following data were obtained
where Dx is the spring compression from the equilibrium
position and Dt is the time that elapses as the cart breaks
the photogate beam.

Dx (cm)

Dt (ms)

2

40.0

4

16.7

6

10.9

8

9.6

c. Construct a graph from these data that tests the prediction in part (b).
d. Analyze the data to obtain the value of the spring constant in units of N>m.

kd

kd

b. Allison has persuaded Gwen that the speed is proportional to the compression length but she can’t remember how the speed depends on m and k. Construct the
representation using dimensional analysis to confirm
that the dependence is "mk .

e. Evaluate the evidence provided by the data in terms of
both Allison’s model and Gwen’s original model and
evaluate the reliability of the data.

Practice Problems
Multiple-Choice Questions
Directions: For Question #1, two of the suggested
answers will be correct. You must select both choices to
get the question correct.

Directions: The following questions have a single correct answer.
force 3.0
(N)

C
2.0
D

B

A

1.

A ball is projected up an incline and rolls around a
track as shown above. At which two labelled points
is the work done by the gravitational force on the
ball not negative? Select two answers.
A. A  B. B  C. C  D. D

1.0

0
0

10
20
displacement (m)

30

(Continued)
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2.

A single force is exerted on an object in the x
direction. Shown is a graph of that force and the
displacement of the object in that direction. What
amount of work is done for the 30 m shown?
A. 30 J  B. 45 J  C. 50 J  D. 60 J

vi = 0

s
vf

3.

An object of mass, m, hanging from the end of a
light string is initially at rest. It is lowered by the
string a distance s and reaches a speed vf. How
much work was done on the object by the string?
1
1
A. mv2f     B. 2 mv2f  
2
2
1
1
2
C. mvf 2 mgs  D. 2 mv2f 2 mgs
2
2

Kinetic energy (J)

5
4
3
2
1

0

1
2
Speed (m/s)

Kf
coefficient of friction μ

30°

5.

3

A single constant force is exerted on an object. The
graph describes the object’s energy. How much
work was done to increase the speed of the object
from 1.0 m/s to 3.0 m/s?
A. 1.5 J  B. 2.0 J  C. 4.0 J  D. 4.5 J
h

m

A block of mass m initially at rest is pulled along
a plane inclined at 30o with the horizontal. At a
height h it has kinetic energy Kf . The coefficient of
friction with the incline is m. Which of the following correctly represents the net work done on the
block?
B. Kf 1 mgh
A. Kf         
C. Kf 2 mgh  D. Kf 2 mmgh
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Ugrav = 0, Uspring = 0

An object of mass, m, is attached to a spring hanging from the ceiling as shown. It is initially supported so the spring is unstretched. The object is
released and falls. Which of the following correctly
describes the kinetic energy of the object when it
has fallen a distance h below the starting point?
1
1
A. K 5 mgh 2 kh2   B. K 5 mgh 1 kh2
2
2
1
1
D. K 5 2mgh 2 kh2
C. K 5 2mgh 1 kh2
2
2

Free Response Question
Consider a tennis ball of mass m that has been thrown
upward from ground level with an initial speed v0 and
rises to a maximum height H above ground level before
falling back down to the ground. Air resistance can be
considered negligible. In analyzing this situation, we can
apply energy principles to at least two different systems:
the system that includes just the ball, and the ball–Earth
system.
a. i. W
 rite a sentence that describes the energy
conversions within and the energy transfers
into and out of the system consisting of just
the ball as the ball rises.

0

4.

m

6.

string
m

k

ii. Write a sentence that describes the energy
conversions within and the energy transfers
into and out of the system consisting of the
ball and Earth.
b. Apply the work-energy theorem to the system
consisting of just the ball to derive an expression
for the maximum height H in terms of the initial
speed, v0.
c. Sketch a graph of kinetic energy of the ball as a
function of its height above the ground from the
time it leaves the ground until the time it reaches
its maximum height.
d. Another tennis ball is thrown vertically upward
with a speed v2 and it reaches a height h2 5 2H.
Calculate the ratio v2/v0.
The tennis ball is replaced by a softball that has
approximately three times the mass of a tennis
ball (M 5 3m). Another student claims that
because the kinetic energy depends on the mass
of the ball, the softball has more kinetic energy if
it leaves the ground with the same speed. Thus it
will reach a maximum height that is three times
the height that the tennis ball reached.
e. Do you agree with this student or not? Justify your
choice by reasoning with the work-energy theorem.
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8

Energy and Conservation II:
Applications and Extensions
majeczka/Shutterstock

YOU WILL LEARN TO:
• Identify which kinds of problems are

best solved with energy conservation
and the steps to follow in solving
these problems.

• Describe how changing the

way you identify a system
changes the description of
conservation of energy (but not
the results).

8-1
AP®

EXAM TIP

Recall that when defining the
gravitational potential energy at
a height y, it is defined relative to
where you have defined y 5 0,
which is where U 5 0. The AP®
Physics 1 equation sheet instead
has DU 5 mgDy, which does not
require the definition of where
the potential energy equals zero.
NEED TO REVIEW?
Turn to the Glossary in the
back of the book for definitions
of bolded Key Terms.
322
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• Identify the types of energy involved
in an interaction between objects
and systems.
• Describe what power is and its
relationship to work and energy.
• Describe the general expression for
gravitational potential energy and
how to relate it to the expression
used near Earth’s surface.

Total energy is always conserved, but it is constant
only for a closed, isolated system

Take a pencil in your hand and toss it upward. Consider its motion after it has left your
hand. In this scenario, we can define the system we are examining as the Earth–pencil
system. As the pencil ascends, it loses speed so its kinetic energy K 5 12 mv2 decreases.
At the same time the pencil gains height so that the gravitational potential energy of
the Earth–pencil system Ugrav 5 mgy increases until the pencil comes to a stop and all
the energy of the system is gravitational potential energy.
As the pencil falls downward, its kinetic energy increases and the gravitational
potential energy of the system decreases as the pencil loses height. This way of thinking
about the pencil’s up-and-down motion suggests that energy is converted from one
type (kinetic) into a different type (gravitational potential) as the pencil rises and is
converted back as the pencil descends.
Energy related to motion is called mechanical energy. It is easy to see that kinetic
energy fits this definition since it depends on speed. Even though a system can have potential energy when nothing is moving (consider when the pencil is at the top of the flight),
potential energy is also considered a type of mechanical energy because all the potential
energy in a system can become kinetic energy again (such as when the pencil descends).
Since you are not in the system, when you toss the pencil, the upward force you
exert on the pencil as you push it upward provides the positive work that gives the
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pencil the kinetic energy it has when it leaves your hand. Work is related to motion, so
is considered a mechanical energy transfer.
Any system where there are no transfers of energy of any type into or out of the system (such as the Earth–pencil system’s up-and-down motion while the pencil is in flight)
is what we defined in Chapter 7 to be a closed, isolated system. While you were throwing the pencil upward, there was a transfer of energy to the Earth–pencil system, so the
system was not closed and isolated. You would have to start your constant-energy calculation after the pencil left your hand. We will return to this example in the next section.
In the real world, truly closed, isolated systems are not common, but are often
an excellent first approximation. To allow you to start thinking about how to solve
a problem, and can give you a good approximate answer. As you conduct laboratory
investigations you will often make modifications to an experiment to try to make the
system as closed and isolated as possible, in order to better test predictions. Thinking back to Chapter 7, when we discussed Equation 7-12, the work-energy theorem
W 5 DK 1 DU 1 DEinternal simplifies in a closed, isolated system. Energy is always conserved, but in an open system (one that is not closed or isolated) the amount transferred
into or out of the system equals the sum of the changes of the energy inside the system.
In an open system the amount of energy in the system is not constant, because energy is
being transferred in or out by the work done on the system. In a closed, isolated system,
W 5 0, so the total energy is constant.
One important note to remember: For a closed, isolated system that does not involve
just mechanical energy, mechanical energy can be converted into internal energy and
warm things up. Total energy stays constant; it just doesn’t all remain in a form that is
mechanical. Typically, we describe this energy that is no longer mechanical as dissipated.
If, however, your system involves only mechanical energy (all the interactions can be
described by potential energy), mechanical energy stays constant, just converting back
and forth between potential and kinetic energy. Sometimes texts will discuss such energy
as being more useful because all that energy remains available to do work. P
 ractically,
though, when it is cold outside, warmth seems like a pretty useful type of energy!

AP®

EXAM TIP

Interactions between the Earth–
pencil system and your hand
result in changes in the energy
of the system. You always need
to define your system carefully
as it determines how you
describe the changes in energy.

!

WATCH OUT
A closed, isolated system means the total amount of energy stays constant,
not that all the energy stays mechanical.
In a closed, isolated system, no energy can enter or leave the system. This does not
mean that the mechanical energy in the system cannot be converted into other types
of energy that can be used to do work. For example, if you threw a very bouncy ball
into an absolutely insulating large box (meaning that no energy entered or exited) and
closed the lid, the ball would bounce around, stretch and compress, and warm up. The
air around it would also warm up. Eventually the ball would come to rest, and all
the kinetic energy it originally had would transfer into increasing the temperature of
the ball, inner wall of the box, and the air, which would all be at the same temperature
at that point. If there had been no air in the box, the bouncing would have gone on
a bit longer, and the ball and inner wall of the box would end up just a little warmer,
since all the energy would be in the temperature of the ball and box wall. No energy
had to leave the box, no work was done on the ball—energy just changed type.

In closed, isolated systems made up of objects experiencing only conservative interactions, the sum of kinetic energy and potential energy—a sum that we call the total
mechanical energy of the system—keeps the same value, it stays constant. This is a special
case of the conservation of energy. When the system’s kinetic energy K increases, its potential energy U decreases, and when K decreases, U increases—just as in the up-and-down
motion of the Earth–pencil system. It’s like having two savings accounts: You can transfer
money from one account to the other, but the total amount of money in the two accounts
remains the same—none ever gets spent. This is a direct result of the law of conservation
of energy that tells us the amount of energy in a system can change only as a result of
transfers of energy into or out of the system. No transfers (no spending) means the total
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AP®

EXAM TIP

If anything in the system can
change shape irreversibly, or
convert internal energy, the
total energy of the system
must still stay constant. But
mechanical energy can be
converted into other types
of energy, and other types of
energy can be converted into
mechanical energy although
never completely. Some
energy is always dissipated
when there is a conversion
between mechanical and
nonmechanical energy.

AP®

EXAM TIP

Examples of conservative
interactions that are illustrated
on the AP® Physics 1 equation
sheet are the gravitation and
spring forces.
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stays constant. We will start by looking at systems with just potential and kinetic energy,
but this is true for any closed, isolated system; we would just have more savings accounts
to keep track of if there were other types of energy in the system. In the next section we’ll
see how to express these ideas in equation form, building from our general equation for
conservation of energy, Equation 7-12, from simple to more complex situations.

THE TAKEAWAY for Section 8-1
✔✔ Energy is conserved in any system. Energy transferred
into or out of a system (when the system is not closed and isolated) can change the kinetic, potential, or internal energies of
the system.
✔✔ For an isolated, closed system, conservation of energy
means total energy stays constant, since no energy can enter or
leave such a system.
✔✔ If the only interactions inside a closed, isolated system are
conservative, the system’s total mechanical energy will remain
constant.

The Takeaway Practice
1. Enrique is skeptical of the claim that energy is always conserved. He draws a picture of a block with an initial velocity sliding over the surface of a table and coming to a stop.
Ki fi 0 vi fi 0

Kf 5 0 vf 5 0

To support his claim that energy is not always conserved, he
argues that: (1) there is no change in gravitational potential
energy in the Earth–block system, (2) the change in the
total energy of the system is the sum of the change in the kinetic
energy plus the change in the potential energy, and (3) the
kinetic energy has changed. This shows that energy is not
conserved. Identify the flaw in Enrique’s argument.

Reasoning Skill Builder
2. Three balls are thrown off a tall building with the same speed
but in different directions. Ball A is thrown in the horizontal
direction, ball B starts out at 458 above the horizontal, and
ball C begins its flight at 458 below the horizontal. Rank, and
justify the ranking of the speeds, greatest first, of each ball
just before it hits the ground by choosing the best answer
choice below. Ignore any effects due to air resistance.
A. B $ A $ C because the increase in gravitational potential energy as ball B rises is converted to additional

8-2

kinetic energy as the ball falls, while the direction in
which ball A is thrown does not cause an increase in
gravitational potential energy and the direction for ball
C causes gravitational potential energy to be lost.
B. B $ A $ C because the time of flight of each ball
increases in this order and the longer a ball is in the air
the more kinetic energy it acquires.
C. C $ A $ B because the kinetic energy in the downward
direction is greatest for ball C, zero for ball A, and negative for ball B.
D. A 5 B 5 C because each of the balls has the same initial
kinetic and potential energies and same final potential
energy so energy conservation requires that they have
the same final kinetic energy.

AP® Skills in Action
3. A 1-kg rock is dropped from a cliff 100 m above the sea. The
rock strikes the sea and continues to fall through the water
until coming to rest on the sea floor. Neglect air resistance
but consider drag force as the rock falls through the water.
During the time before coming to rest on the sea floor the
rock–Earth system (choose the best answer choice below)
A. is closed and isolated, and all internal forces are conservative, so that energy is conserved and mechanical
energy is constant.
B. is closed and isolated until the rock strikes the sea
surface, so that mechanical energy is constant, but as
it falls through the water it is no longer isolated and
energy is not conserved.
C. is closed and isolated with a constant mechanical energy
until striking the water, when a nonconservative force
is exerted on the rock, so that mechanical energy is not
constant although total energy is conserved.
D. is closed and isolated with a constant mechanical
energy until striking the water when a nonconservative
force is exerted on the rock, so that energy is transferred out of the system so that total energy is no longer
conserved.

Choosing systems and considering multiple
interactions, including nonconservative ones

Suppose that as an object moves from an initial position to a final position, the only
force that does work on the object is the gravitational force exerted by Earth. [An
example is the skier on a ski jump in Example 7-8 (Section 7-6). In addition to the
gravitational force on the skier, there is a normal force exerted by the ramp, but it does
no work on the skier because this force is always perpendicular to the skier’s path.]
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If we instead include Earth in our system, then Earth is no longer external and we
can no longer consider the work done by the gravitational force because an interaction
must be external to the system in order to transfer energy into or out of the system.
We can treat the skier in this example as an object, because we are neglecting anything
the skier does, except slide down the ramp. When we consider this Earth–skier system,
Equation 7-12, W 5 DK 1 DU 1 DEinternal simplifies since both W and DEinternal are
zero. The potential energy of the system is gravitational potential energy stored in the
separation of the skier and Earth. Substituting this information into Equation 7-12 (for
no external forces exerted on the system in the direction of motion and no nonconservative internal interactions), we find the change in the object’s kinetic energy is equal
to the negative of the change in the potential energy of the Earth–object system:
DK 5 2DUgrav

(8-1)

This equation is a mathematical expression of the constant mechanical energy we discussed in Section 8.1. The change in kinetic energy equals the final value minus the
initial value, and likewise for the gravitational potential energy. Using this expansion,
we can rewrite Equation 8-1 as
Kf 2 Ki 5 21Ugrav,f 2 Ugrav,i 2 5 2Ugrav,f 1 Ugrav,i

Let’s rearrange this equation so that all the terms involving the initial situation are
on the left-hand side of the equal sign and all the terms involving the final situation are
on the right-hand side. Since energy is conserved, the sum of the initial energies and the
sum of the final energies is each equal to the total energy. We get
Ki 1 Ugrav,i 5 Kf 1 Ugrav,f 5 E

(8-2)

If the system includes Earth and the object, there are no nonconservative interactions in the system, so no external force does work on the object as it moves. Its
speed v and kinetic energy K 5 12 mv2 can change, and its height y and the gravitational
potential energy of the Earth–object system Ugrav 5 mgy can change. But the sum of K
and Ugrav has the same value at the end of the motion as at the beginning.
Equation 7-12 includes all types of potential energy, so we know we can include all
types of potential energy in Equation 8-2 as well. Our results from Section 7-6 show that
the work done by any conservative force can be written as the negative of the change in
the associated potential energy when you redefine the system to include the object or system causing the force. We also found change in potential energy by looking at the work
that needed to be done on the system to increase its potential energy, such as for a spring.
We did this in developing Equation 7-18, for the case of the work done to stretch or
compress an ideal spring: Won spring 5 D 12 kx2, where k is the spring constant and x is the
extension or compression of the spring. We know that the force the spring exerts on you
as you extend the spring is equal and opposite to the force you must exert on the spring
to extend it, so Wby spring 5 2D 12 kx2. This is the negative of the change we would find if
we were discussing potential energy instead of work, just as for gravity. This is true for
any conservative force (we will be introduced to a new conservative force in Chapter 14
and there are others if you continue your study of physics). So if a number of conservative forces 1FYA, FYB, FYC, c2 do work on an object as it moves, and the potential energies
associated with each of these forces are 1UA, UB, UC, . . . 2, then the total work done by
these forces, when the source of the forces is considered external to the system, can be
used to calculate the potential energies when the source of the forces is instead included
as interactions internal to the system (just as we did for gravity or springs).
This means the quantity Ugrav in Equation 8-2 can be replaced by the total potential energy, which is just the sum of the individual potential energies UA, UB, UC, . . .
So we can generalize Equation 8-2 for the total potential energy due to all conservative
interactions within the system:
Values of the kinetic energy K of an object at two points (i and f) during its motion

Ki + Ui = Kf + Uf
Values of the potential energy of the system U at the same two points (i and f)
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EQUATION IN WORDS

Mechanical energy is constant
if there are only conservative
interactions in the system and
no external forces do work
on the system
(8-3)
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You can see that this is a more general form of Equation 8-2, which refers to the
case in which only one conservative interaction—the gravitational interaction—
exists in the system. Note that we can take the initial point i and the final point
f to be any two points during the motion, as long as only conservative interactions
exist.
The sum of kinetic energy K and potential energy U is the total mechanical energy.
Equation 8-3 tells us that if a system is defined to include the sources of the conservative forces (the examples we have worked with so far are Earth’s gravity and springs),
mechanical energy is constant; that is, it maintains the same value during the motion
(see Figure 8-1). You can now see the origin of the term “conservative” for forces like the
gravitational force and the spring force: If only interactions of this kind are present, the
system can be defined so that we need to use only energy to solve problems (instead of
dealing with vector forces and work). To summarize, energy is always conserved and in
closed, isolated systems, constant. When only conservative interactions are present, the
energy remains all mechanical; it just slops back and forth between kinetic and potential.
It is often easier to consider changes in energy rather than totals. So as we have
done with other expressions of conservation of energy, we can rewrite Equation 8-3 by
moving all the terms in that equation to the same side of the equal sign:
Kf 2 Ki 1 Uf 2 Ui 5 Ef 2 Ei 5 0
Since Kf 2 Ki 5 DK (the change in kinetic energy) and Uf 2 Ui 5 DU (the change in
potential energy) and Ef 2 Ei 5 DE 5 0 (change in total energy, which in this case is all
mechanical energy), we can rewrite this equation as
Change in the kinetic energy K
of an object during its motion

Change in the potential energy U of a
system during the object's motion

EQUATION IN WORDS

Constant mechanical energy—
alternative version
(8-4)

∆K 1 ∆U 5 0
Equation 8-4, which is a restatement of Equation 7-12 for the special case of no work
and no internal energy, refers to the change in kinetic energy DK and the change in
potential energy DU during the motion. Any increase in kinetic energy comes with an

The kinetic energy K and the gravitational
potential energy Ugrav both change, but
their sum E remains the same when there
are no external or dissipative forces.

K Ugrav E

K Ugrav E

K Ugrav E

K Ugrav E

y=H

y=D
y=0

Figure 8-1 Total mechanical energy is constant As the skier moves on a ramp where friction

can be neglected, the kinetic energy K and the gravitational potential energy Ugrav both change, but
their sum E 5 K 1 Ugrav—the total mechanical energy—always has the same value.
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equal decrease in potential energy, and vice versa. You can get to any of these equations from Equation 7-12 if you understand what the terms mean.

!

WATCH OUT
Total mechanical energy is a property of a system, not a single object.
We saw in Section 7-6 that gravitational potential energy is a property of a system of
the object and Earth. So the total mechanical energy for a baseball in flight when you
include gravitational potential energy is a property of the ball–Earth system. Likewise, if an object is attached to a horizontal spring and allowed to oscillate back and
forth, the total mechanical energy is a shared property of the object (which has kinetic
energy) and the spring (which has spring potential energy). Whenever you think about
total mechanical energy, you should always be able to identify the system to which
that mechanical energy belongs.

In Section 8-3 we’ll use the idea of conservation of energy to solve a number of physics
problems. The easiest ones are when total mechanical energy is constant, but those are
not the only problems we will be able to solve. In many situations, total mechanical
energy is not constant, even though energy is always conserved. The system might not
be closed and isolated. As an example, at the beginning of the previous section we
asked you to toss a pencil into the air. During the toss you had to do positive work on
the pencil: You exerted an upward force on the pencil as you pushed it upward. As a
result the total mechanical energy of the pencil increased by the amount of mechanical
energy you transferred into the system by doing work on the pencil (Figure 8-2). If you
subsequently catch the pencil as it falls, you do negative work on the pencil because
you exert an upward force on it as the pencil moves downward. As Figure 8-2 shows,
the total mechanical energy decreases during the catch. This decrease in energy in the
system is equal to the amount of work you did on the pencil, and therefore the system.
Another way that the mechanical energy of a system can change, and change even in
the case of the system being closed and isolated, is if there are interactions within the
system that could be described by nonconservative forces.

Because you do work on
the pencil, the total
mechanical energy E—the
sum of kinetic energy K
and gravitational energy
Ugrav— of the pencil‐Earth
system is not constant
throughout this process.

AP®

EXAM TIP

Be sure to differentiate between
potential energy or kinetic
energy at a point, and changes
in potential or kinetic energy.
Note that if mechanical energy
is conserved, DK 5 2DU always,
but Ki 5 Uf is not generally true.

AP®

EXAM TIP

If you define your system as a
single object, it can only have
kinetic energy. Any other object
outside of the system, such as
the Earth or a spring, could do
work on your system to change
its kinetic energy, but there
cannot be potential energy
because there is no way to
change the configuration of a
single object.

While the pencil is in free fall, the value of the
total mechanical energy stays the same. The
energy shifts from kinetic energy to potential
energy, then back to kinetic energy.
When you toss the pencil
upward, you do positive
work on it and the total
mechanical energy of the
pencil increases.

K Ugrav E

K Ugrav E

K Ugrav E

Your hand does negative
work on the pencil,
decreasing the mechanical
energy of the system.

K Ugrav E

K Ugrav E

y=0

Figure 8-2 Tossing and catching a pencil The total mechanical energy associated with the
pencil increases as you toss it upward, remains constant while the pencil is in flight, then decreases
as you catch it.
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!

WATCH OUT
Work-energy bar diagrams are very helpful qualitative representations, but only if
you are careful in what you are tracking!
Notice in all of our energy bar diagrams in this chapter that we carefully account for
the changes in energy between types. Even if we are just estimating these changes, our
diagrams show good approximations, and would be useful in checking numerical answers as they would ensure we had the right types of energy, and that the changes we
calculated were the right sign. In Figure 8-2 the total mechanical energy of the pencil
increased by the amount of mechanical energy you transferred into the system by doing work on the pencil. You do negative work on the pencil when you catch it because
you exert an upward force on it as the pencil moves downward. If you only track the
energy of the system after the pencil leaves your hand, the energy bar representation in
Figure 8-2 is complete, since the Earth-pencil system has an almost constant amount
of mechanical energy (the thermal energy lost to the air by the system is very small).
However, to show the whole motion, we have to account for the work done. Since
work can be positive or negative, we will sometimes put a zero at the top of the bar
chart and measure the negative work downward. Work exists in our bar chart representation only when there is an external interaction. Let’s look at Figure 8-2 again!
There are five stages to the motion depicted by the bar diagrams in Figure 8-2.
The throw: In the first bar diagram, where there is as yet no mechanical energy, we
add the work done by the external force (you). We treat the first and the second bar
diagrams as being the initial and final states for this process of you adding work (you
both lift the pencil and speed it up as you do work on it). Remember that the light
blue column represents the total mechanical energy of the system so it doesn’t add
into your calculations. Since the system has only mechanical energy after it leaves your
hand, the total mechanical energy it has must equal the work you did:
Initial for the throw

K

Ugrav E

W

Final for the throw

K Ugrav E

W

The ascent and top of the flight: Next, we look at the changes in types of energy and
work done as the pencil reaches its highest point. The system has only mechanical energy
after it leaves your hand, and there is no work done, so the total mechanical energy must

Generalizing the Idea of Conservation of Energy:
Nonconservative Forces
Let’s return to our example of the Earth–pencil system. As we mentioned in the last
section, when you are outside of the system, you do work on the system. If the force
of your hand were a conservative force, all the energy you expended to toss the
pencil would be returned to your body when you caught the pencil; you could toss
the pencil up and down all day and you would never get tired. This is not the case,
however, and you do get tired. (If you don’t believe this, try it with a book rather
than a pencil and try tossing the book up and catching it a few dozen times.) Because
the energy you expend in the toss is not returned to you in the catch, the force of
your hand is nonconservative, so energy changes due to this interaction cannot be
described as a type of potential energy if you redefine the system so that you are part
of it.
To toss the pencil upward you use energy stored in the chemical bonds of adenosine
triphosphate (ATP), carbohydrates, and fat cells. As we saw in the discussion following
Example 7-1, when this internal energy conversion occurs your muscles get warm and
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stay the same. The initial state for the highest point of the flight is the final state from the
throw. The final state is the top of the flight, where the pencil is momentarily at rest, so
all the energy is the gravitational potential energy of the Earth–pencil system. The top of
the flight gets called out separately because of the change in motion there.
Initial (final for the throw)

K

Ugrav E

W

Final (top of the flight)

K

Ugrav E

W

The descent: The changes in types of energy as the pencil begins its descent are the
opposite of those as it rose. The system has only mechanical energy, and there is no
work done, so the total mechanical energy must stay the same. The initial state here
is our final state at the top of the flight. The final state is the fourth bar diagram from
Figure 8-2, where the pencil is moving downward. If we choose this final position to
be at the same height as when we finished the throw, the gravitational potential energy
stored in the Earth–pencil system must be the same.
Initial (top of the flight)

K

Ugrav E

W

Final (descending)

K

Ugrav E

W

The catch: The last step to the motion is as the pencil comes to rest when you catch
it. Here, again work is being done, but this time the work is negative, and in our final
state, the pencil ends at rest (no kinetic energy) at the height y 5 0, which we defined
as a system’s gravitational potential energy of Ugrav 5 0 in our first step. Our final state
from the last step (descending) is our initial state, the same as the fifth bar diagram in
Figure 8-2, but with negative work included. (We define the zero as the top of the bar
graph for work in this case.)
Initial (descending)

K

Ugrav E

Final (at rest at y 5 0)
K Ugrav E W
0

W

waste products are produced as your body converts chemical energy. So things start to
get more complicated if you choose to put yourself in the system. As long as you are outside of the system all that matters is the work you do on the pencil. If you are inside the
system, we then have to mention the internal energy changes due to the inclusion of your
body into the system, even if you cannot exactly quantify them.
With you in the system, W 5 0, but now DEinternal, the change in internal energy, is
not. During the toss, your total internal energy decreases by the amount the mechanical energy of the system increases DEinternal , 0 5 21 DK 1 DU2. This doesn’t look
so bad: We can calculate this change in energy from a measurement of how high the

AP®

EXAM TIP

Although thermodynamics and chemical energy are not part of AP® Physics 1, it is
important to understand that mechanical energy can convert to (dissipate as) thermal and
other energies.
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While the pencil is in free fall, the
value of the total mechanical energy
stays the same. The energy shifts
from kinetic energy to potential
energy, then back to kinetic energy.
When you toss the pencil
upward, internal energy
in your arm (chemical
energy) is converted to
mechanical energy.

K

K
Ugrav E Einternal

Ugrav E Einternal

K Ugrav E Einternal

When you catch the pencil
mechanical energy is
converted to internal
energy of your arm and the
pencil (thermal energy),
raising their temperatures.

K Ugrav E Einternal

K

Total energy—the sum of
total mechanical energy
(K plus Ugrav) and internal
energy Einternal—is
conserved in this process.

Ugrav E Einternal

y=0

Figure 8-3 Tossing and catching a pencil, revisited When you toss the pencil, some of your
internal energy (stored in the arrangement of atoms and molecules: chemical bonds, Einternal) is
converted to mechanical energy of the pencil. When you catch and stop the pencil this added
mechanical energy is converted into a different type of internal energy.

pencil goes (Figure 8-3). But the total change in internal energy is only part of the story.
Not all of the released chemical energy goes into moving your muscles; some goes into
warming your muscles (which is why you get warm when you exercise) and hence
into thermal energy, which is energy associated with the random motion of atoms
and molecules in an object or system (in this case inside your arm). Thermal energy is
also considered part of Einternal. So during the toss, some chemical energy is converted
into thermal energy as well as the energy that goes into creating the motion of the
pencil (Figure 8-4). If we unpack DEinternal we would find a decrease
in chemical energy that is bigger than the change in mechanical
energy of the system, because internal thermal energy (your muscles warmed up and you warmed up the pencil slightly) increased,
K Ugrav E Echemical
K Ugrav E Einternal
and that was also supplied by your internal chemical energy.
When you start to catch the pencil, it is moving but you decrease
its kinetic energy to zero, so DEinternal 5 21 DK 1 DU2 is positive.
y=0
You again use your muscles and so you use more of the energy
Initial (before throw)
stored in chemical bonds. In the catch, however, both your arm and
the pencil warm more, and although this warming is a slight amount
it is actually measurable if you have sensitive enough equipment.
This increase in thermal energy is greater than the loss of chemical
K Ugrav E Einternal
K Ugrav E
Ethermal
energy (Figure 8-4) since during the catch, DEinternal . 0 because the
Echemical
pencil is transferring its kinetic energy to your hand. This increase in
Highest point
your internal energy due to the decrease in the pencil’s kinetic energy
cannot go back into your chemical energy, it all gets dissipated as
thermal energy. Even though we do not yet know how to calculate
such types of internal energy changes, we can still determine some of
K Ugrav E Einternal
Ethermal
K Ugrav E
their properties, using conservation of energy.
Echemical
These observations suggest that changes in internal energy are
caused
by including the source of nonconservative forces within a
y=0
system. Sometimes, you will want to calculate the size of a nonconFinal (after catch)
servative force, for instance, the force of kinetic friction, as we will
Figure 8-4 Tossing and catching a pencil, revisited and
see in Example 8-1. Remember from Chapter 7 that for this type
expanded Even though we do not know exact details of
of nonconservative force we put work in quotation marks, because
the internal energy conversion, we can make some estimates
we could not be quite sure where all the energy went, just that it
about the amount of internal energy of each type at each
was dissipated from the mechanical energy of the system. If we are
stage of a process. We start out with chemical energy. We use
considering the force exerted by the person on the pencil in the last
that chemical energy to add mechanical energy to the pencil
example, we are pretty safe in considering that most of the change in
and Earth, but we also generate a little thermal energy in the
internal energy required to generate that force is in the person, so we
process. It takes a little bit more chemical energy, and heats up
the pencil a little more, to catch the pencil and bring it to a stop. can neglect changes in internal energy when the person is out of the
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system (although the pencil does warm up just slightly when you catch it). If we put the
boundary between the two systems undergoing a kinetic friction interaction, as we must
to talk about a force exerted on one of them by the other, not all of the dissipated energy
stays internal to the system we are examining. Both the surface, and the things sliding on
the surface, heat up significantly, so some of the energy goes into each system. If there
are many types of energy changes occurring, the safest way to solve such a problem is to
find the change in internal energy for the case where you put everything that is interacting into the system. Then we can work our way backward, using this change in internal
energy of the system to find the force we know caused it.
In the common case of a frictional interaction, we will call this “work” something different Wnonconservative. In the simplest case of a single object sliding on a rough surface, this
Wnonconservative is just the force of kinetic friction times the distance the object travels. Since
the direction of the force of kinetic friction is always opposite the direction of motion, this
Wnonconservative is negative, equal to the amount of the kinetic energy of the object is that
dissipated by the frictional interaction. We don’t know where exactly the energy is, just
that it has dissipated from the initial kinetic energy of the object.
Indeed, many careful measurements show that in all situations involving a frictional interaction of some type, such as kinetic friction or air resistance, if you have
correctly identified your system, the amount of energy transfer you would calculate as
Wnonconservative is exactly equal to the negative of DEinternal of all the interacting objects
and the air around them—if you put the nonconservative interaction inside the system.
In other words, instead of talking about kinetic energy removed from the system due
to a friction force, you could talk about the increase in internal energy of the system as
it heats up equal to the decrease in the mechanical energy of the system. We will show
you how to do this in Example 8-1. This is mathematically identical to how we found
potential energy when an interaction internal to the system was the negative of the
work done when the interaction is external to the system. However, unlike conservative interactions, the energy does not all become one type (things get scratched as well
as warmed) and we cannot tell exactly where it went.
The change in internal
energy of a system when
the frictional interaction
is included in the system

Magnitude of the friction
force exerted on an object

2DEinternal 5 Wnonconservative 5 Ffrictiond
“Work” done by the friction
force if it was external to the system

Distance object moved while the
friction force was exerted on it

When we expand a system to include not only the object we are interested in and
the sources of the conservative forces that produce DU but also the sources of the nonconservative forces (such as your hand in the case of the thrown pencil), work goes to
zero. As an object in the system moves, K, U, and Einternal can all change values, but
the sum of these changes is zero: One kind of energy can be converted into another,
but the total amount of energy remains the same. When any of the sources of these
interactions is outside the system, then we have to include work, since energy is transferred into and out of the system. For mechanical energy transfers, Equation 7-12
is the most general statement of the law of conservation of energy and any of the other
statements we have used are simplifications for specific cases. If you continue your study
of physics, you will find there are other ways to transfer energy to a system, resulting in an
even more generalized law of conservation of energy. Scientists have made an exhaustive
search for situations in which conservation of energy is not observed. Classically, no such
situation has ever been found, and the law of conservation of energy has been used to predict new phenomena that were later observed. From these results, we conclude that conservation of energy is a law of nature. In the following section we’ll see how to apply this law
to solve physics problems. As long as you understand all the terms in Equation 7-12, you
can solve any conservation of energy problem you will be asked in AP® Physics 1.
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WATCH OUT
We can only estimate internal
energy unless we are given
more information.
As we qualitatively reason our
way through the changes that
must happen in a system, the
work-energy bar diagrams we
produce can tell us what types
of energy and the changes
in those types of energy. But
unless we are given some
amount for thermal or chemical
energy, the amounts we put in
for both of those are estimates.
In Example 8-4, you will see
how this information can be
given.

EQUATION IN WORDS

The change in internal energy
for a closed, isolated system
containing a frictional interaction
is equal to the “work” done by
the interaction if it were instead
treated like an external force
(8-5)

!

WATCH OUT
How you define your system
determines how you solve your
problem.
Whenever you want to use a
potential energy approach,
you must ensure that the
source of the interaction is in
your system. Anything causing
an interaction you wish to
consider as a source of work
should be placed outside the
system so that it is an external
force.
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!

WATCH OUT
Things get weird when the system gets really tiny.
In quantum mechanics, there are uncertainty principles that tell us that we cannot
know two related quantities exactly. One such relationship is that of energy and time.
For a short enough time period, a little extra energy can be produced. These numbers
are tiny 1DE 3 Dt , 10234 J 3 s2! Scientists know this occurs because it does have
effects that can be observed, although only in events that occur on a smaller scale
than an atom. For any of the macroscopic systems we work with in this text, the law
of conservation of energy is absolute, and even on those tiny scales, the energy before
and after the interaction is the same; the fluctuations occur for only tiny periods of
time during the interaction.

THE TAKEAWAY for Section 8-2
✔✔ Total energy—the sum of kinetic, potential, and internal
energies—is always conserved.
✔✔ For an open system, energy transfers into or out
of the system are equal to the change in energy of the
system.
✔✔ If the only interactions in a closed, isolated system are
conservative, then the total mechanical energy E (the sum of
the kinetic energy K and the potential energy U) of the system
is constant. The values of K and U may change, but the value
of E remains the same.
✔✔ If nonconservative interactions occur inside a
closed, isolated system, the total mechanical energy of the
system changes. The change in total mechanical energy is
equal and opposite to the change in internal energy,
since the total energy of a closed, isolated system remains
constant.

AP® Skills in Action
2. Jack and Jill ascended to an elevation of 300 m to fetch a
pail of water, starting from rest. When they arrived at the
well their speeds were the same. Jack’s path was a climb
up a sheer rock face to reach the top, while Jill followed a
meandering path 835 m long. With pail in hand Jill wanted
to hurry home but Jack needed to rest. Treat each as an
object in a child–Earth system and explain how it can be
that DEJack 2 DEJill ? 0, even though DKJack 2 DKJill 5 0
and DUJack 2 DUJill 5 0.
3. A box with mass m2 is pulled upward along a ramp by
a falling box with a mass m1, as shown in the figure. A
f riction force, Fk 5 mFn is exerted on the box with mass m2.

The Takeaway Practice
1. Adam and Bobby are twins who have the same weight.
Adam drops to the ground from a tree at the same time
that Bobby begins his descent down a slide. The slide exerts
a negligible friction force on Bobby. Initially both boys
are at rest and are at the same height above the ground.
Neglect air resistance and compare their kinetic energies at
the instant just before they strike the ground. Choose the
best answer below.
A. Adam’s kinetic energy is greater because, having traveled straight down, the time interval of his fall is shorter
FT
and therefore his velocity is greater.
F
T
B. Adam’s kinetic energy is greater because, having
travFn
eled only in the direction of the gravitational force, the
f
work done on him by the force is greater.
Fg
C. Adam and Bobby have the same kinetic energy
because
the changes in potential energy of each boy
A. are the same
and mechanical energy is constant.
D. Bobby’s velocity is greater because as he descends down
the slide, the slide exerts a contact force that does work
on him and so increases his kinetic energy.
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a. Identify the free-body representation that best describes
the forces exerted on the box with mass m2.
Fn

f

B.

FT

f

C.

D.

Fn
f

f
Fg

Fg

C.

FT

Fn

Fn

B.

f
Fg

Fg

A.

FT

Fn

Fn
f

Fg

Fg

FT

FT

FT

Fg

D.

b. Describe three choices you could make for your system
of interest for this problem to find the speed of the
box with mass m2. For each choice, identify what is
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interacting with the box, and if each interaction would
be described.
c. Predict if energy will be transferred out of the system
composed of the two masses shown in the figure and
Earth while mass m1 falls a distance Dy. And, if energy
is transferred, predict the sign of that energy transfer.
Make sure you use the convention that energy transferred into a system is a positive energy transfer.
4. An ice cube starts at rest at point A, and slides down a
track with negligible friction as shown in the figure.
A

yA = 5 m

which each height is measured. Express your prediction
by ranking UA, UB, UC, UD, and UE, greatest first.
b. Qualitatively predict the kinetic energies of the ice cube
at the labeled points. Express your prediction by ranking
KA, KB, KC, KD, and KE, greatest first.
5. Consider a system composed of a plastic ball and Earth.
External to this system is a student who cocks a springloaded launcher located on the ground and then pulls the
trigger to launch the plastic ball, which is in the launcher.
Consider three stages, beginning at the point at which the
student cocks the launcher until the ball strikes the ground:
•• Stage 1: student cocks the launcher
•• Stage 2: student pulls the trigger
•• Stage 3: ball flies, initially upward

E

B

D

yB = 3 m

yE = 4 m
yD = 3 m
yC = 2 m
C

For each stage summarize
a. the gravitational, spring, and friction forces on the ball;
b. the total mechanical energy and changes in kinetic and
potential energies;
c. any changes in the total mechanical energy and the relationships between the work done on the system by the
student and each of these changes.

a. Qualitatively predict the relative potential energies of
the ice cube–Earth system at the five labeled points
along the path of the ice cube. Each potential energy is
measured relative to the shared horizontal plane from

8-3

Energy conservation is an important tool for
solving a wide variety of problems

Now let’s see how to use energy conservation to solve problems. As a rule, if a problem
involves a conserved quantity (that is, a quantity whose value remains unchanged), it
simplifies solving the problem tremendously to use a conservation law. For instance,
when we use conservation of energy, we can use scalar calculations, instead of finding
vector components of forces. We are focusing on energy in this chapter, but we will
discover another conservation law in Chapter 9. Often a conservation equation, which
relates the value of the conserved quantity at one position in an object’s motion to the
value at a different position, is all you need to solve for the desired unknown. We’ll see
several problems of that kind in this section.
EXAMPLE 8-1

A Ski Jump, Revisited

As in Example 7-8 (Section 7-6), a skier of mass
m starts at rest at the top of a ski jump ramp
(Figure 8-5). (a) Use energy conservation to find an
expression for the skier’s speed as she flies off the
ramp. There is negligible friction between the skis
and the ramp, and you can ignore air resistance.
(b) After the skier reaches the ground at point P in
Figure 8-5, she begins braking and comes to a halt a
distance L later, at point Q. Find an expression for
the magnitude of the constant friction force that is
exerted on her between points P and Q.

Skier, mass m
vi = 0

Speed vf = ?
H
D

h

P

L
Q

Friction force Fk = ?

Figure 8-5 Flying off the ramp and coming to a halt What is the skier’s
speed as she leaves the ramp? What force of friction is required to bring her
to a halt in the distance specified?
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Set Up
In part (a) of this problem the skier travels from an
initial point (quantities from this point are designated by
the subscript “i”) at the top of the ramp to a final point
(quantities from this point are designated by the subscript
“f”) at the end of the ramp. During this motion only the
conservative interaction of gravity exists. (The ramp exerts
a normal force on her, but this force does no work because
it is always perpendicular to her motion.) There are no
springs, or anything else, exerting a force on the skier.
Our goal for this part is to find the skier’s speed vf as she
leaves the ramp. Since we want a speed, the best approach
is to use the Earth–skier system and apply conservation
of energy. We can start at Equation 7-12, set work
and internal energy terms to zero, and rearrange, since
mechanical energy is constant; this gives us equation 8-3.

Constant mechanical energy:

Fn

Ki 1 Ui 5 Kf 1 Uf 		

(8-3)

Gravitational potential energy:
Ugrav 5 mgy(7-16)
Kinetic energy:
1
mv2			
2
Work-energy theorem:

mg
on ramp

(7-8)

K5

mg
ln midair

W 5 DK 1 DUgrav 1 DEinternal(7-12)

Change in internal energy for a closed, isolated system
containing a frictional interaction is equal to the “work”
done by the interaction if it were instead treated like an
external force:
2DEinternal 5 Wnonconservative 5 Fnonconservatived
(8-5)

For part (b) we will consider the skier’s entire motion from the top of the ramp (which we again call point
i) to where she finally comes to rest at point Q. A normal force is also exerted on her when she reaches the
ground, but again this force does no work on her because it is perpendicular to her motion. Between points
P and Q a nonconservative friction force is exerted on her. If we consider a closed, isolated system that
contains the frictional interaction, for the motion as a whole we can use Equation 7-12 to find the change
in internal energy for the system, and then use Equation 8-5 to find the nonconservative force that does the
“work” that is equivalent to this change in internal energy. Our goal for part (b) is to find the magnitude Fk
of the friction force.

Fk
Fn

mg
between
P and Q

Solve
(a) Let’s take y 5 0 as the ground, since both
H and D are measured from there in the diagram.
Write expressions for the skier’s kinetic energy K and
the gravitational potential energy Ugrav of the Earth–skier
system when the skier is at the top of the ramp (at yi 5 H,
where the speed is vi 5 0) and the end of the ramp (at
yf 5 D, where the speed is vf ).
At the top of the ramp:

1
mv2i 5 0
2
Ugrav,i 5 mgyi 5 mgH

I

Ki 5

At the end of the ramp:
Kf 5

H

K Ugrav

1
mv2f
2

K Ugrav
f

D

Ugrav,f 5 mgyf 5 mgD
Now substitute the energies into Equation 8-3 and
solve for vf.

Equation 8-3:
Ki 1 Ui 5 Kf 1 Uf, so
1
0 1 mgH 5 mv2f 1 mgD
2
1
mv2f 5 mgH 2 mgD 5 mg1H 2 D2
2
v2f 5 2g1H 2 D2
vf 5 !2g1H 2 D2
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(b) Now the final position is at point Q, a distance h
below the low point of the ramp so yQ 5 2h. At this
point the skier is again at rest, so vQ 5 0. Our system is
still the Earth–skier system. The friction force Fk is
internal to the system so can do no work on it, but
the interaction causes a change in the internal energy
of the system. There is no work done on the system
by external forces, so Equation 7-12 becomes
0 5 DK 1 DUgrav 1 DEinternal. We can conserve energy
between any two points, so we could use the position at
the bottom of the ramp as the skier’s initial position for
the conservation of energy equation since we know values
of speed and height. However, if we choose our initial
position as the skier’s initial starting point, her speed
there was zero, so we have one less number to calculate.

At the top of the ramp:
1
mv2i 5 0
2
Ugrav,i 5 mgyi 5 mgH
Ki 5

I

K

Ugrav
Ugrav
K

At point Q:
1
mv2Q 5 0
2
Ugrav,Q 5 mgyQ
KQ 5

Q

5 mg12h2 5 2mgh
DUgrav 5 DUgrav,f 2 DUgrav,i 5 2mgh 2 mgH 5 2mg1h 1 H2
Conserving energy:
W 5 DK 1 DUgrav 1 DEinternal
0 5 0 1 DUgrav 1 DEinternal
2DUgrav 5 DEinternal
DEinternal 5 1 mg1h 1 H2
To consider friction we need to know the length of her path
along the ramp, L. Now use Equation 7-5 to solve for Fk.
“Work” done by the friction force must be the negative of
DEinternal:
Wnonconservative 5 2mg1h 1 H2 5 FkL cos u
Since Wnonconservative is negative, u must be 1808 so
2mg1h 1 H2 5 FkL1212
Fk 5 mga

Reflect

H1h
b
L

Our answer for part (a) is the same one that we found in Example 7-8.
Our result for Fk in part (b) has the correct dimensions of force, the same as mg, since the dimensions of H 1 h
(the total vertical distance that the skier descends) cancel those of L (the skier’s stopping distance). Note that the smaller
the stopping distance L compared to H 1 h, the greater the friction force required to bring the skier to a halt, which also
makes sense. The requirement that the force is opposite to her motion to get the negative value also makes sense, because
we know that a kinetic friction force is always exerted opposite to the direction of motion.
Extend: An alternative way to solve part (b) would be to treat the second part of the skier’s motion separately, with the
initial point at the end of the ramp [at height D, where the skier’s speed is !2g1H 2 D2 as found in part (a)] and the
final point is at point Q (at height 2h, where the skier’s speed is zero). You should try solving the problem this way
using the same equations. You should get the same answer for Fk. Do you?
NOW WORK Problem 1 from The Takeaway 8-3.
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EXAMPLE 8-2

Warming Skis and Snow

When the skier in Example 8-1 brakes to a halt, her skis and the snow over which she slides both warm up. What is the
increase in the internal energy of the skis and snow in this process?

Set Up
We could do exactly the same calculation that we did in
(b) in the previous example, or we could answer this
question semi-quantitatively. During the skier’s motion
(from the top of the ramp to when she finally comes to
rest at point Q), if we put the skier, Earth and the surface
between them all in the system, there is no work done on
the system, so the sum of the changes in kinetic energy K,
potential energy U, and internal energy Einternal must be
zero.

The law of conservation of energy:
W 5 DK 1 DU 1 DEother 5 0(7-12)
I

K

Ugrav
Ugrav
K

Q

Solve
The change in kinetic energy DK is zero, since she starts
and stops at rest. The change in gravitational potential
energy ΔU, then, must all go into the increase in internal
energy.

Change in potential energy:
DU 5 Ugrav, Q 2 Ugrav, i
5 2mgh 2 mgH 5 2mg 1H 1 h2

From Equation 7-12 with DK and W 5 0:
0 1 DU 1 DEinternal 5 0
0 1 [2mg 1H 1 h2] 1 DEinternal 5 0
DEinternal 5 mg1H 1 h2

Reflect
The overall motion of the skier begins and ends with zero kinetic energy. The net result is that the (gravitational)
potential energy decreases by an amount mg1H 1 h2 and the internal energy increases by the same amount. This
primarily goes into the thermal energy of the skier’s skis and the snow over which she slides as she brakes to a halt.
The net change in internal energy is caused by the nonconservative friction interaction and we get the same answer
whether we quantitatively work the problem or set it up semiquantitatively, as we must.
NOW WORK Problem 2 from The Takeaway 8-3.

EXAMPLE 8-3

How Far to Stop?

The U.S. National Highway Traffic Safety Administration lists the minimum braking distance for a car traveling at
40.0 mi>h to be 101 ft. If the braking force is the same at all speeds, what is the minimum braking distance for a car
traveling at 65.0 mi>h?
Note: The braking force is a model. This model allows us to ignore many complications but still solve the problem. This
is one of the powers of models. We know an object cannot exert a force on itself, and, even if we were to consider the car
a system instead of an object, internal interactions cannot change the total energy of systems. Yet the brake pads squeeze
on things around the wheels, which are also part of the car. So that alone cannot stop your car. Your car stops because as
your wheels are affected by the brakes and begin to slow their rotation, the friction between your wheels and the surface
of the road makes this slower rotation result in a reduced speed for your car. It is the friction force exerted by the road
on your car that allows your brakes to bring your car to rest. We will unpack this model more when we get to rotational
motion and understand how wheels work in Chapter 10!
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Set Up
If we neglect air resistance, only three forces are exerted on
the car—the gravitational force, the normal force exerted
by the road, and the braking force exerted by the road—
but if the road is level, only the braking force does work
on the car. (The other two forces are perpendicular to the
displacement, so Fd cos 908 5 0.) We’ll use Equations 7-2,
7-8, and 7-12 to find the relationship among the initial
speed vi, the braking force, and the displacement of the
car while this force is exerted to result in the final speed of
the car being vf = 0.

Work done by a constant force,
straight-line displacement:
W 5 Fd cos u

Fn
d

(7-2)

Fbraking

Kinetic energy:
K5

1
mv2
2

(7-8)

mg

Work-energy theorem:
W 5 DK 1 DU 1 DEother 5 0

(7-12)

Solve
The car ends up at rest, so its final kinetic energy is
zero. The height of the car does not change, so we don’t
need to worry about whether to put Earth in the system.
Our braking force model hides any internal energy
changes, so we have just kinetic energy left. The workenergy theorem tells us that the net work done on the
car (equal to the work done on it by the braking force)
equals the negative of the initial kinetic energy.

Work-energy theorem with final kinetic energy equal to
zero, no change in potential energy, and no consideration of
internal energy:

The braking force of magnitude Fbraking is directed
opposite to the displacement, so u 5 1808 in the
expression for the work Wbraking done by this force.

Net work 5 work done by the braking force:

d

1
Wnet 5 0 2 Ki 5 2 mv2i
2
vi

v=0

Wnet 5 Wbraking
5 Fbrakingd cos 1808 5 2Fbrakingd

Substitute Wnet 5 2Fbrakingd into the work-energy
theorem and solve for the braking distance d. The result
tells us that d is proportional to the square of the initial
speed vi.

Work-energy theorem for an object becomes
1
2Fbrakingd 5 2 mv2i
2
Solve for d:
d5

We aren’t given the mass m of the car or the magnitude
Fbraking of the braking force, but we can set up a ratio
between the values of distance for vi1 5 40.0 mi>h and
vi2 5 65.0 mi>h.

mv2i
2Fbraking

Use this expression to set up a ratio for the value of d at two
different initial speeds. Since this calculation is based on the ratio
of two speeds, any speed unit would work here. This is a rare
case in which there is no need to convert to SI units! The mass of
the car and the braking force are the same for both initial speeds:
d2 v2i2
5
d1 v2i1
Solve for the stopping distance d2 corresponding to
vi2 5 65.0 mi>h:
d2 5 d1

v2i2
v2i1

5 1101 ft2 a

5 267 ft

65.0 mi>h
40.0 mi>h

2

b

Reflect
Stopping distance is proportional to kinetic energy, which is proportional to the square of the speed, so the answer
makes sense. This example demonstrates what every driver training course stresses: The faster you travel, the more
distance you should leave between you and the car ahead in case an emergency stop is needed. Increasing your speed by
62.5% (from 40.0 to 65.0 mi>h) increases your stopping distance by 164% (from 101 to 267 ft).
NOW WORK Problem 8 from The Takeaway 8-3.
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EXAMPLE 8-4

A Ramp and a Spring

A child’s toy uses a spring with spring constant k 5 36 N/m to
shoot a block, initially at rest, up a ramp inclined at u 5 308 from
the horizontal (Figure 8-6). The mass of the block is m 5 8.0 g. The
block is held against the end of the spring (not attached to it). The
spring is compressed 4.2 cm. When the block is released it slides up
the ramp and comes to rest a distance d along the ramp from where
it started, before sliding back down the ramp. Find the value of d.
Neglect friction between the block and the surface of the ramp. Use the
subscript “i” to denote quantities at the initial point, when the spring
is compressed, and the subscript “f” to denote quantities for the final
point of interest, when the block reaches its highest point, at d.

d
k

yf

m
u

Figure 8-6 Spring potential energy and
gravitational potential energy If the spring is

compressed a certain distance, how far up the ramp
will the block go before it slides back down, if we can
neglect friction?

Set Up
The forces on the block are a normal force, the
gravitational force, and a spring force exerted on the block
while the block is in contact with the spring. The normal
force is always perpendicular to the block’s motion and
so does no work. This means we only need to consider the
conservative forces exerted on the block. We can choose
our system to include the sources of those forces and total
mechanical energy will be constant. This will make things
much easier because we won’t have to take components
of forces as we would if we used kinematics (gravity is not
along the direction of motion) and we don’t have to deal
with a variable force (the spring force is not constant).
This problem would require a lot more mathematical
sophistication to solve using the techniques in Chapters
4 and 5. Instead we’ll use Equation 8-3 and a little
trigonometry to solve for the distance along the ramp, d.

Ki 1 Ui 5 Kf 1 Uf (8-3) Fn
(7-16)
Ugrav 5 mgy
Uspring 5
K5

1 2
kx
2

1
mv2
2

Fn
Fspring

(7-18)
(7-8)
mg
in contact
with spring

mg
after losing
contact
with spring

Solve
The block is at rest with zero kinetic energy at both the
initial point and the final point. If we take y 5 0 to be the
height of the block where it is released, then yi 5 0; the final
height yf is related to the distance d by trigonometry. We
use Equation 7-16 to write the initial and final gravitational
potential energies. The initial spring potential energy is given
by Equation 7-18 with k 5 36 N/m and xi 5 24.2 cm; the
final spring potential energy is zero because the block is not
attached to the spring, so the block cannot extend the spring
beyond the point where it is relaxed (has zero potential
energy). We will have to double-check this assumption if
the block doesn’t go far enough for the spring to come to
equilibrium.

Before block is released:
Ki 5

1
mv2i 5 0
2

Ugrav,i 5 mgyi 5 0
1
Uspring,i 5 kx2i
2
After block has traveled a distance d up the ramp:
Kf 5

1
mv2f 5 0
2

From Figure 8-6,
yf 5 d sin u, so
Ugrav,f 5 mgyf 5 mgd sin u
Uspring,f 5

Substitute the energies into Equation 8-3. (Remember that
the total potential energy U is the sum of the gravitational
and spring potential energies.) Then solve for the distance
along the ramp, d.
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so
1 2
kxi 5 0 1 mgd sin u 1 0
2
kx2i
d5
2mg sin u
0101

m

m
Kf Ugrav
grav,f
av,f Uspring,f

Ki Ugrav
grav,i
av,i Uspring,i

Insert numerical values (being careful to express distances
in meters and masses in kilograms) and find the value of d.

Recall that 1 N 5 1 kg # m>s2.
xi 5 124.2 cm2 a

m 5 18.0 g2 a
d5

1m
b 5 20.042 m
100 m

1 kg
b 5 0.0080 kg
1000 g

136 N>m2 120.042 m2 2

210.0080 kg2 19.80 m>s2 2 sin 308

5 0.81

kg # m s2
N # s2
5 0.81 2
kg
kg
s

5 0.81 m 5 81 cm

Reflect
In our solution we assumed that the final spring potential energy is zero, which means that the spring ends up neither
compressed nor stretched. In other words, we assumed that the block moves so far up the ramp that it loses contact with
the spring. That’s consistent with our result: The block moves 81 cm up the ramp, much greater than the 4.2-cm distance
by which the spring was originally compressed.
As expected, the net effect of the block’s motion is to convert the system’s initial spring potential energy to
gravitational potential energy at the final position. The block begins and ends with zero kinetic energy, just as the skier
does in Examples 7-8 and 8-2. Although the block does have kinetic energy at intermediate points during the motion,
when it’s moving up the ramp, we don’t need to worry about these intermediate stages of the motion when using
conservation of energy.
NOW WORK Problem 3 from The Takeaway 8-3.

!

WATCH OUT
Interactions can always be described as forces, even if they cannot do work, so it is very important to discriminate
between internal and external forces.
In Chapters 7 and 8 so far we have been very careful to just
call the interactions inside a system interactions. “Force”
is another way to describe an interaction, but only forces
exerted by something external to a system can do work on
a system, changing its total energy. Internal interactions can
only change energy from one type to another, as we have seen
in two cases (potential energy from conservative interactions
and internal energy from frictional interactions). Textbooks
will often refer to these internal interactions as forces. You
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must always define your system, and identify if the interaction being described by a force is internal (exerted by
something in the system) or external (exerted by something
outside the system). Only if it is an external force can it be
used to calculate work, the amount of energy transferred to
the system by mechanical processes. Now that you have had
a chance to develop your understanding of the difference,
we will begin to use the descriptions “internal forces” and
“external forces”.
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THE TAKEAWAY for Section 8-3
✔✔ The kinds of problems that are best solved using the law
of conservation of energy are those in which an object moves
from one place to another under the action of well-defined
forces.
✔✔ The law of conservation of energy simplifies solving problems because energy is a scalar quantity; forces are vectors and
require more information (direction) and calculations to solve
a problem.
✔✔ Drawing a diagram is essential for deciding which forces
do work on the object.
✔✔ If only conservative interactions occur in the system and
there are no external forces, total mechanical energy is constant. If there are nonconservative interactions or external
forces do work, you must use the more general statement of
energy conservation.

b. Treat the box as an object upon which the external force
is exerted over a displacement d 5 5 m, while velocity
remains constant, and apply the work-energy theorem
to evaluate the numerical value of the work, W, done by
this force. What is the total work done on the box by
the net force?
c. Treat the box and Earth as a system upon which the
external force is exerted and apply the principle of
energy conservation to evaluate the numerical value of
the work, W.
5. A box with mass m2 (box 2) is pulled upward along a ramp
by a falling box with mass m1 (box 1), as shown in the
figure. The inclination of the ramp, u, can be adjusted. A
friction force, Fk 5 mFn is exerted on box 2. Box 2 rises at a
constant velocity while box 1 falls a distance Dy.

✔✔ Interactions can be described by forces. It is very important to distinguish between internal and external forces, as only
external forces can do work.

2
1

The Takeaway Practice

u

1. A driver slams on the brakes, leaving 88.0-m-long skid
marks on the level road. The coefficient of kinetic friction is
estimated to be 0.480. How fast was the car moving when
the driver hit the brakes?
EX 2. An 18.0-kg suitcase falls from a hot-air balloon that is at
8-2
rest at a height of 385 m above the surface of Earth. The
suitcase reaches a speed of 30.0 m/s just before it hits the
ground. Calculate the change in internal energy of the
s ystem.
EX 3. A block with mass m is released from rest at the top of a
8-4
ramp with a length L and inclination u. It slides down the
ramp and is stopped by a spring that is compressed by a
length Dd from its equilibrium length, d, measured from
the base of the ramp. Write each of the relevant terms in
the equation for energy conservation, indicating which
are final and which are initial. Express the final gravitational potential energy of the block–spring-Earth system in
terms of u and Dd. Assume that the mass of the spring is
negligible.
EX

8-1

Reasoning Skill Builders
4. An external force causes a 3.50-kg box to move at a constant speed up a ramp. The friction force between the ramp
and the box is negligible. The external force is exerted on
the box in a direction parallel to the ramp.

a. Taking the system to be composed of the two boxes
shown in the figure and Earth, apply energy conservation to obtain an expression that can be used to predict
the energy transferred from the system to the environment in terms of m1, m2, Dy, and u.
b. Construct a mathematical representation of the condition that must be met by m1, m2, m, and u if the boxes
move with constant velocity.
c. Design an experiment in which m1 and m2 are specified but the value of the maximum static friction is
unknown, to determine the value of ms, max using only
the materials as they are described adjacent to the figure
above. Include in your design the method of analysis to
be used to determine the value of ms, max.
6. An object with mass m is released from rest on a frictionless ramp with an angle of inclination u1 from a height H1
above the base of the ramp in the figure. The bottom end
of the ramp merges smoothly with a second ramp that rises
at angle u2. From the lowest point in the path onward the
second ramp exerts a friction force, Fk, on the object. When
released from the height H1 the object ascends the second
ramp to the height H2. Measurements are to be conducted
with the goal of characterizing the friction force, Fk.
H1
q1

5.00 m

F

3.50 kg

v
3.00 m

a. Construct a free-body diagram for the forces exerted on
the box.
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q2

H2

a. Explain why the principle of energy conservation rather
than Newton’s second law is the appropriate approach
to constructing a model of this system.
b. A linear scale is etched on the second ramp along
the surface on which the object moves a distance d
before coming to rest. Re-express d in terms of H2
and u2.
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c. Construct a representation of the work done on the
block, W, by the ramp in terms of H1, H2, m, g, and u2,
as needed.
d. The work done on the block by the ramp, W, can be
expressed in terms of the distance d and the force
exerted on the block by the ramp. Use this relationship
to express W in terms of the mass of the object, m, the
angle u2, and the kinetic coefficient of friction, m.
e. Analyze the measured data in the table to obtain an
estimate of the friction coefficient if the angle of inclination, u2, is equal to 278.
H1 (cm)

d (cm)

5

29.6

10

59.1

15

88.7

20

118.3

25

147.8

EX

U

Ua

Ub

Uc
X

Ud
0

X1

X2

X3

X4

a. If the graph represents the potential energy of a closed,
isolated system of an object and Earth, and if initially
the object is at rest at X 5 0, then which of the following statements are correct? The system will
A. remain at X 5 0 because the system has no kinetic
energy.
B. eventually lose energy in the amount Ua 2 Ud and
come to rest at X 5 X3.
C. be in motion with a kinetic energy of Uc 2 Ud when
it is at X 5 X3.
D. move back and forth along x between X 5 X4 and
X 5 0.
b. If the graph above represents the potential energy of
an open system of an object and Earth and initially the
object is at rest at X 5 0 and work in the amount of
W 5 2Ub is done on the system, then which of the following statements could be correct? The system will
A. remain at X 5 0 because the system has no kinetic
energy.
B. eventually lose energy in the amount Ua 2 Ud and
come to rest at X 5 X3.
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c. If the graph above represents the potential energy of a
closed, isolated system that is initially at rest at X 5 X2
then which of the following statements are correct? The
system will
A. remain at X 5 X2 because the system has no kinetic
energy.
B. eventually lose energy in the amount Uc 2 Ud and
come to rest at X 5 X3.
C. be in motion with a kinetic energy of Uc 2 Ud when
it is at X 5 X3.
D. gain potential energy until it reaches X 5 X4 and
then move back and forth along x between X 5 X4
and X 5 0.
8-3

AP® Skills in Action
7.

C. be in motion when it is at X 5 X3.
D. move back and forth along x between X 5 X4 and
X 5 0.

8. As part of a lab experiment, Meagen uses an air-track cart
of mass m to compress a spring of constant k by an amount
x from its equilibrium length. The air-track has negligible
friction. When Meagen lets go, the spring launches the cart.
a. Draw a diagram of the track and in the diagram identify
the most useful initial (i) and final (f) positions for the
analysis of the spring–cart system to predict the maximum velocity of the cart.
b. For these positions express Ki, Kf, Ui, and Uf in terms of
m, k, xi, xf, vi, and vf.
c. Why is it possible to assume that mechanical energy is
constant in this system?
d. Express the constancy of total mechanical energy in
terms of m, k, xi, xf, vi, and vf.
9. A pendulum is constructed by attaching a small metal ball
with mass m to one end of a very light string whose length,
L, is 1.25 m. The string hangs from the ceiling in the figure.
The ball is released when it is raised high enough for the
string to make an angle of u 5 30.08 with the vertical.

1.25 m
30°

v=?

a. Redraw the diagram and in it identify the most useful
initial (i) and final (f) configurations for the analysis of
the ball–string system to predict the maximum velocity
of the ball.
b. For these configurations express Ki, Kf, Ui, and Uf in
terms of u, L, g, m, vi, and vf.
c. What must we assume to use total mechanical energy as
a constant for this system?
d. Express the constancy of total mechanical energy in
terms of u, L, g, m, vi, and vf.
e. Evaluate the expression in part (d) to obtain the velocity
when the ball is at the lowest point in its motion.
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The AGE/Getty Images

8-4

Figure 8-7 Running versus
walking Both running and walking

involve converting internal energy to
mechanical energy and other types of
internal energy; the difference is the
rate at which that energy has to be
converted.

Power is the rate at which energy is transferred into or
out of a system or converted within a system

If you walk for a kilometer, your heart rate will increase above its resting value.
But if you run for a kilometer, your heart rate will increase to an even higher value
(Figure 8-7). Now that we’ve learned about energy, this may seem paradoxical: You
covered the same distance and converted roughly the same amount of energy in both
cases, so why is a higher heart rate needed for running? The answer, as we will see, is
related to the rate at which energy is converted from one type to another in these two
cases.
The rate at which energy is transferred from one system to another, or converted from one type of energy to another, is called power. The unit of power
is the joule per second, or watt (abbreviated W): 1 W 5 1 J/s. As an example, a
50-W light bulb is designed so that when it is in operation in an electric circuit,
50 J of energy is delivered to it every second by that circuit. This energy is converted into warmth and light. Other common units of power are the kilowatt
11 kW 5 1000 W2 and horsepower (1 hp 5 746 W, a number related to the rate at
which a horse does work by pulling on a plow). We’ll denote power by the uppercase symbol P.
Let’s apply the concept of power to the rate of transferring energy. If you are using
a stationary exercise bike at the gym, and your power output is measured to be 200 W,
that means you are transferring 200 J of energy to the bike every second. The more
energy you transfer to the bike each second, the greater your power output. If your
power output is measured to be 350 W, then you’re transferring 350 J of your energy
to the bike each second. Since power is the rate at which energy is transferred, it equals
the amount of energy you transfer divided by the time it takes for you to transfer that
energy:
Rate at which energy is being
converted or transferred to an
object or system

EQUATION IN WORDS

Total power, energy transferred,
and time (8-6)

P5

Total amount of energy
being converted or
transferred

DE
Dt
Time over which
that conversion
or transfer occurs

The quantity P in this equation is sometimes called the power delivered to the object or
system to which energy is being transferred.
To help interpret this equation, let’s think again about the groundskeeper pulling a screen across a baseball diamond that we described in Section 7-2 (Figure 7-4).
The groundskeeper exerted a force of magnitude F on the screen at an angle u to
the screen’s displacement. So to move the screen a distance d over the ground at
a steady speed, the groundskeeper did an amount of work on the screen–ground
system, W 5 Fd cos u, as described by Equation 7-2. Remember our definition of
work: Work is the transfer of energy from one object or system to another through
a mechanical process. If the groundskeeper took a time t to pull the screen this
distance, t was the time taken to transfer this amount of energy. The average speed
of the screen was v 5 d/t. Substituting Equation 7-2 for the amount of energy
transferred into Equation 8-6 and using the relationship v 5 d/t tells us that the
average power output that the groundskeeper delivered to the screen–ground
system was
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W 5 ∆E, Work is the amount of energy
transferred by a mechanical process.
Magnitude of the constant force F
Rate at which energy is being
transferred to an object or
system by a force exerted
on the object or system

Angle between the
directions of F and d
EQUATION IN WORDS

W (F cos u)d
P5 5
5 (F cos u)v
Dt
Dt
Time over which that
transfer occurs

Magnitude of the
displacement d

Magnitude of the
velocity y in the
direction d

Power associated with a single force
exerted on an object or system
(8-7)

This equation says that the greater the force F that the groundskeeper exerts and the
faster the speed v at which he makes the screen move, the greater the power he delivers
to the screen–ground system if the angle is held constant.
The same equation also applies to the power that you deliver to the pedals of a
bicycle or a stationary exercise bike. When your foot pushes straight down on one of
the pedals, as in Figure 8-8a, the angle u in Equation 8-7 is zero (the force is in the direction that the pedal is moving). Since cos u 5 1, the power you deliver is then P 5 Fv.
But if the force is at an angle of u 5 458, as in Figure 8-8b, the power you deliver is
smaller: P 5 1F cos 4582v 5 0.707Fv. So the power you deliver to the pedal is maximized when you push straight down on a downward-moving pedal. (It’s also maximized when you pull straight up on an upward-moving pedal, so again u 5 0, which
is why many serious cyclists use toe clips or straps to lock their feet onto the pedals:
You cannot do this work if you don’t have a way to pull on the pedal as well as push.)
You can notice this more easily if you stand up on the pedals; you can feel the greater
power being delivered when your feet move vertically.
We can now use the concept of power to explain the difference
between walking and running that we mentioned at the beginning of (a)
this section. Whether you walk or run, you expend some of the internal energy Einternal stored in your body to exert a static friction force
backward on the ground. Because of Newton’s third law, the ground
Maximum power when F
exerts a forward static friction force on you (static as long as your feet
and y are in the same
direction (u 5 0)
don’t slide). The friction force of the ground is in the direction you are
going, but the point of contact of this force with you doesn’t move, so
no work is done on you. This force lets you convert your own intery
nal energy into kinetic energy, because your center of mass does move
while you are pushing on the ground and the ground is pushing back.
Your total change in kinetic energy from when you start to when you
F
stop is zero, so directly applying conservation of energy is not very
helpful in this case, but we can get at the answer qualitatively using (b)
what we know so far. Presenting a coherent qualitative solution to a
Power delivered to pedal is
problem is an important skill to acquire in this course!
less when angle between F
and y is not zero
Whether you are walking or running, you have to keep pushing
backward on the ground to keep going. Every time you push, you
should speed up, so if your speed is constant, there must be a force
y
exerted on you resisting your motion. There is some kinetic friction
u 5 458
(as your shoes slip a little) with the ground, but a large resistance is
due to the air around you (this resistance increases as you go faster,
but we are going to ignore that for now). You are exerting a force on
F
the air as you move forward, and you exert this force over the same
distance whether you walk or run, so you convert at least the same Figure 8-8 Power in cycling The power you deliver to a
amount of energy when you run as when you walk. Since you cover bicycle pedal depends on the angle between the force you
the same distance in less time when you run, you need to divide the exert on the pedal and the direction of the pedal’s motion.
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amount of energy you converted by the smaller time. This means you converted more
energy per unit time to overcome the forces pushing back on you as you moved forward when you were running. Converting more energy per unit time means you deliver
more power. If we did consider that the resistance is greater the faster we move, that
would mean we would need to exert an even larger force on the air when we went
faster, increasing the total energy we needed to convert as well as decreasing the time,
which makes the power delivered even greater.
This makes sense, agreeing with what we observe every day: When you convert
energy more rapidly your muscles consume internal energy more rapidly and also
require more oxygen per second. You see this when your respiration rate goes up while
running in order to inhale more oxygen per second, and your heart rate goes up in
order to more rapidly supply your muscles with oxygenated blood. This elevated heart
rate is why running is more demanding than walking as a cardiovascular exercise.
In walking, running, and all other forms of exercise, only part of the chemical
energy that you expend goes into changing your kinetic energy and maintaining your
speed in the presence of various types of frictional interactions. The rest of the chemical energy goes into increasing the thermal energy of your body and your surroundings. The faster the rate at which you convert energy—that is, the greater your power
output—the more rapidly you use up your chemical energy and the more rapidly your
thermal energy increases (the more rapidly you warm up). Example 8-5 explores this
for one particular type of vigorous exercise.
EXAMPLE 8-5

Power in a Rowing Race

Sherene DuBois

Rowing demands one of the highest average power outputs of all competitive
sports (Figure 8-9). In a typical rowing race a racing shell (a racing rowing boat)
travels 2000 m in 6.00 min, during which time each rower has an average
power output of 4.00 3 102 W and expends 7.20 3 105 J 5 720 kJ of chemical
energy. (a) How much internal energy does each rower provide to propel the
shell? (b) How much thermal energy does each rower produce?
Figure 8-9 Power and energy in rowing These athletes are converting chemical
energy into kinetic energy of the shell, overcoming friction between the shell and
the water, and increasing the thermal energy of themselves and the water.

Set Up
We are given the rower’s power output P and the time Dt
over which that power is delivered, so we can use
Equation 8-6 to find the total energy that the rower
provides. The rower has no gravitational potential energy
change, so all the energy the rower delivered must come
from a decrease in the rower’s internal energy. This decrease
is the sum of the change in chemical energy (which we
are given, which will also be negative) and the change
in thermal energy (which we want to find, which will be
positive, since the rower gets warmer).

P5

DE
Dt

(8-6)

Solve
(a) Solve Equation 8-6 for the change in internal energy
of the rower. Remember E here is Einternal. Remember
that 1 W 5 1 J/s, and be careful to express the time Dt in
seconds.

Equation 8-6:
DE
, so
Dt
DE 5 PDt

P5

P 5 4.00 3 102 W 5 4.00 3 102 J>s
Dt 5 16.00 min2 a

60 s
b 5 3.60 3 102 s
1 min

DEinternal 5 14.00 3 102 W2 13.60 3 102 s2
5 1.44 3 105 J 5 144 kJ
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(b) We can now use the fact that the total internal change
DEinternal is the negative of the energy that the rower
delivered. We know the change in the rower’s chemical
energy is DEchemical 5 27.20 3 105 J (this is negative
because the chemical energy decreases). So we can find the
change in thermal energy DEthermal.

2DE 5 DEinternal
DEinternal 5 2DE 5 21.44 3 105 J
This is the sum of DEchemical and DEthermal:
DEinternal 5 DEchemical 1 DEthermal, so
DEthermal 5 DEinternal 2 DEchemical
5 121.44 3 105 J2 2 127.20 3 105 J2

5 15.76 3 105 J 5 1576 kJ

Reflect
Our answer makes sense. The sign worked out positive and
the size seems appropriate. In most of the world chemical
energy or food energy is expressed in kilojoules, or kJ. In
the United States it is expressed in food calories (symbol
Cal, also called kilocalories), where 1 Cal 5 4.186 kJ. The
unit calorie (not capitalized) is 1/1000th of a food calorie,
just 4.186 J. So our rower “burned” 720 kJ or 172 food
calories during the race. This sounds reasonable, being
about the number of calories in a typical granola bar.
We can also see that, as expected, much less than 100%
of the chemical energy used was provided to propel the shell,
only 0.200 or 20.0%. The other 80.0% went into warming
the rower and his surroundings. Fortunately, much of the
thermal energy that rowers produce gets transferred to the
air around them, or they would all get quite sick! The kinetic
energy of the boat will end up dissipated, primarily increasing
the thermal energy of the water as the boat comes to rest.

Chemical energy used:
1720 kJ2 a

1C
b 5 172 C
4.186 kJ

Fraction of chemical energy that was transferred
to the shell:
144 kJ
5 0.200
720 kJ
Fraction of chemical energy that went into thermal
energy:
576 kJ
5 0.800
720 kJ

NOW WORK Problems 1, 2, 7, and 8 from The Takeaway 8-4.

The wind turbine in the opening picture of this chapter is used to generate electricity commercially. Such wind turbines convert the kinetic energy of the air into the
motion of electrical charges in a process you will learn about in AP® Physics 2. The
rate at which large commercial turbines convert wind energy into electrical energy,
their power output, is as much as 3,600,000 W under ideal conditions. Turbines come
in a range of sizes, from the commercial ones at around 100 m in diameter (that cost
millions of dollars) down to 20-cm ones you can buy at a local outdoor store for your
own use (still several hundred dollars) that generate up to 400 J each second (400 W).

AP®

EXAM TIP

Be sure that you carry units through your calculations, and have units with all of your
answers. Be sure to pay attention too if there is a prefix (kilo for example), and plug in the
appropriate number for it, or carry that along too. Always check that your answer appears
to be the right order of magnitude, because if it is not, you might have dropped a unit
prefix, such as accidentally using meters instead of millimeters.

THE TAKEAWAY for Section 8-4
✔✔ Power is the amount of energy transferred from one object
or system to another, or converted from one type into another,
per unit of time.
✔✔ The power delivered to an object is related to the speed
of the object and the magnitude and direction of the force
exerted on the object that is doing the work causing the energy
transfer.
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The Takeaway Practice
EX

8-5

1. The power output of professional cyclists averages about
350 W. (a) How much energy does a typical 70-kg pro
cyclist (70 kg is the mass of both cyclist and bicycle)
expend during a 12.3-km-long ride at an average speed
of 22.5 km/h on a flat road? (b) How much energy does
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the cyclist expend if she maintains the same average speed
during a 12.3-km-long climb on a mountain road with a
3.98 average slope?
EX 2. Neglecting extraneous factors such as wind resistance, and
8-5
given that the human body is only about 25% efficient,
how much power must an 80-kg runner produce to run at a
constant speed of 3.75 m/s up an 88 incline?

Reasoning Skill Builders
3. Approximately 1.7 3 1017 watts of solar power have
been transferred to Earth continuously for the last
3.8 billion years with very little warming. Explain why
the rate of energy transfer out of the Earth system must be
approximately equal to the solar power received.
4. Photovoltaic cells convert radiant energy to electric potential energy that can be used to provide power to electric
devices. The maximum theoretical efficiency (energy
output/energy input) for photovoltaic cells is 0.86. The
actual efficiency in 2017 was closer to 0.2.
a. Justify the selection of data needed to estimate the minimum area of photocells needed to capture the equivalent
of the total energy consumption in your state.
State

GJ/person

P>m2

Alaska

0.7 kW>m

2

900

New York

1.0 kW>m2

200

2

500

Texas

1.2 kW>m

The table shows the approximate solar power received
per square meter averaged over the year, and the yearly
energy average consumption per person for three states.
b. Estimate the area of photocells needed to supply the
total energy consumption for a person in each of these
states and compare that area with the typical studio
apartment 150 m2 2 and the median area of a home
1250 m2 2 in the United States.
5. In many regions of the United States wind power production is increasingly important. In 2017 Texas had 21 GW
of wind power generation. The turbines in wind farms are
typically more than 70 m tall and have three blades, some
greater than 50 m in length, completing a full rotation
every 3 or 4 s. It was once common to see much shorter,
typically 10-m, towers with 12 blade disks throughout the
Midwest and Great Plains used to pump water. In any given
region, wind speeds tend to increase with height.
A perpendicular surface projecting behind the blade array
kept the disk of the array facing into the wind. The force
of the wind, F, struck each tilted blade causing the disk to
rotate as much as one full rotation per second.
a. Designs of the shape and number of blades are determined experimentally and guided by design equations.
For example, in the design of the short-tower multiblade turbines used to pump water for wind speeds
greater than 5 m/s the average power output for a
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12-blade array with a radius of 1 m was found to be
P 5 120 kg # m/s22 # v, where v is the wind speed. Predict
the power output at a wind speed of 10 m/s.
		 The design equation for power in part (a) was used
for a turbine with a fixed orientation, u, of 258 for each
of the blades as shown in the figure. With the force of
the wind, F, perpendicular to the array, the component of the force that causes a rotation of the blades is
F sin u cos u. A design equation for the dependence of
power output on u was developed.

F
u
P 5 c sin u cos uv
where c is a constant to be determined.
b. Calculate the value of c from the design equation for a
12-blade array with a radius of 1 m and a fixed blade
orientation of 258.
		 In later versions of these short-tower water pumps,
the rotation of the blades was used to drive an electric
motor. An electric motor operates best when the power
delivered to it is constant. To maintain the rotation
speed appropriate for the motor, the tilt angle u of
the blade was mechanically adjusted to a value that
depended on the wind speed, umatch.
c. Construct a mathematical representation from which
the angle umatch could be calculated as a function of wind
speed, v, that is designed for a 12 -horsepower (0.373-kW)
motor.
d. Explain the design differences between the turbines used
in modern wind farms and the earlier turbines used to
pump water. Include height, rotational speed, and number of blades.
6. Lithium-ion batteries are primarily intended for mobile
storage of power supplied by large-scale wind, solar, and
conventional power plants. Several companies are in
competition with each other to manufacture and sell such
lithium-ion batteries. By 2021 it is expected that yearly
production of batteries will reach a storage capacity of
1 terajoule 11015 J2. Tesla manufactures battery electric
vehicles (BEV) with battery capacities between 250 and
360 MJ with a range of up to 100 km. The current
generation of BEV can recharge their batteries at home or
at charging stations at rates up to 7 kW.
a. As an illustration of the challenges involved in largescale adoption of this technology, calculate the charging
time for a completely discharged 360-MJ battery.
b. Pose three scientific questions that will need to be
addressed by the design of a transportation system based
on BEV that includes distributed charging stations.
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AP® Skills in Action
EX

8-5

EX

8-5

7. One of the fastest elevators in the world is found in the
Taipei 101 building. It ascends at 16.83 m/s and rises
382.2 m. Each elevator has a maximum load capacity of
1600 kg. What power is required to raise a maximum load
from the lowest level to the top floor?

8-5

8. A tower crane has a hoist motor rated at 125 kW. Assuming the crane is limited to using 70% of its maximum
hoisting power for safety reasons, what is the shortest time
in which the crane can lift a 5700-kg load over a distance
of 85 m?

Gravitational potential energy is much more general,
and profound, than our approximation for near the
surface of Earth

In Chapter 7 we introduced the ideas of kinetic energy (Section 7-3) and potential
energy (Section 7-6). We found that if a force is conservative—the work done by that
force on an object as it moves depends only on the object’s starting point and ending
point, not on the path the object takes between them—then we can associate that force
with potential energy by changing the system to include the source of the force.
One particularly important conservative force is the gravitational force on an
object of mass m that is near Earth’s surface, where since g is approximately constant,
Fg 5 mg. We found that the potential energy associated with this force when we place
Earth in the system is Ugrav 5 mgy, where y is the height of the object above some
level that we choose to call y 5 0. But because this simple expression for Ugrav is based
on the expression Fg 5 mg for gravitational force, it cannot be correct for the more
general form of the gravitational force between two objects F 5 Gm1m2 >r2 we introduced in Chapter 6. What, then, is the correct expression for the gravitational potential
energy of two objects of mass m1 and m2 separated by a distance r?
Deriving this expression from the law of universal gravitation is a task that
requires calculus, which is beyond our scope. Instead we’ll just present the answer, and
then examine it to see why it makes sense:
Gravitational constant (same for any two objects)

Gravitational potential energy of a
system of two objects (1 and 2)

Ugrav = −

Masses of the two objects

Gm1m2
r

Center-to-center distance
between the two objects

EQUATION IN WORDS

Gravitational potential energy
(8-8)

The gravitational potential energy of a system of two objects is zero when those objects are infinitely
far apart. If the objects are brought closer together (so r is made smaller), Ugrav decreases (it becomes
more negative).

The expression in Equation 8-8 looks nothing like the familiar formula Ugrav 5 mgy.
To understand the difference let’s consider two different cases in which gravitational
potential energy changes (Figure 8-10).
In Figure 8-10a a woman on Earth’s surface raises a book of mass mbook a vertical displacement d. Since Earth exerts a gravitational force on the book of magnitude mbookg, so she must exert an upward force of the same magnitude. She does an
amount of work mbookgd in the process. The book begins and ends at rest, so the work
mbookgd that she does goes into increasing the gravitational potential energy of the
Earth–book system: DUgrav 5 mbookgd. If the woman stands on a ladder and once again
lifts the book by a vertical displacement d, the gravitational force she works against
is still mbookg since the gravitational force exerted by Earth changes hardly at all near
Earth’s surface. So she again does work mbookgd, and the gravitational potential energy
increases by the same amount mbookgd as before. As Figure 8-10b shows, the gravitational potential energy increases in direct proportion to the object’s height y, so the
graph of Ugrav versus height is a straight line: Ugrav 5 mbookgy.
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Figure 8-10 Gravitational
potential energy near Earth’s
surface and far away (a) A woman

lifts a book of mass mbook a vertical
displacement d while standing on the
ground. She then repeats the process
while standing on a ladder. (b) The
gravitational force and so the change
in gravitational potential energy is
basically the same in both cases, so
the graph of Ugrav versus height is a
straight line. (c) The woman again
moves the book a displacement d
away from Earth, first at distance rA
from Earth’s center, then at distance
rB. (d) The gravitational force and the
change in gravitational potential
energy are less at distance rB than at
distance rA, so the graph of Ugrav versus
distance is a curve that gets shallower
as r increases.

(a)

(b)

Gravitational force on the
book is essentially the same
on the ground or on a ladder.
y

d
mbook

Ugrav = mbook gy

DUgrav = mbook gd

d

d
mbook

(d)

(c)
d
mbook

rB

rA

d
mbook

DUgrav is
essentially the
same whether
the woman
stands on the
ground or on a
ladder.
y

DUgrav = mbook gd

Ugrav = –

Gravitational force
on the book is less
at distance rB than
at distance rA.

d

GmEarthmbook
r
rA
d
0

rB
d

r

DUgrav at rB

DUgrav at rA

DUgrav is smaller at
distance rB than at
distance rA.

Now imagine that this same person dons a spacesuit and brings the book with her
to a point in space a distance rA from the center of Earth (Figure 8-10c). At this point the
gravitational force that Earth exerts on the book has magnitude FA 5 GmEarthmbook >r2A.
If she moves the book a small displacement d away from Earth, she has to exert a
force of approximately that magnitude on the book and so does an amount of work
FAd 5 1GmEarthmbook >r2A 2d. (The force actually changes with distance, but the change
will be very slight if we keep d very small.) Just as on Earth, this work goes into increasing the gravitational potential energy of the Earth–book system. If she now moves to
a greater initial distance rB from the center of Earth and repeats the process, Earth’s
gravitational force has a smaller magnitude FB 5 GmEarthmbook >r2B. So at this greater
distance she does a smaller amount of work to move the book a displacement d away
from Earth, FBd 5 1GmEarth mbook >r2B 2d and so adds a smaller amount of gravitational
potential energy. This means that the gravitational potential energy does not increase
in direct proportion to the distance from the center of the Earth, r, but by a smaller
value for the same displacement of an object, d, the larger r gets. The graph of Ugrav
versus distance is not a straight line, but a curve that becomes shallower with increasing values of r (Figure 8-10d). This is just what Equation 8-8 tells us, which helps to
justify this expression for gravitational potential energy.

More on Gravitational Potential Energy
Here are three important attributes of Equation 8-8 for gravitational potential energy.
1. The gravitational potential energy of two interacting objects is a property of
the system of the two objects. We learned in Section 7-6 that the gravitational
potential energy Ugrav 5 mgy is the potential energy of the Earth–object system
for an object of mass m near Earth’s surface. In Ugrav 5 2Gm1m2 >r, as given
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by Equation 8-8, the system is made up of an object of mass m1 and an object
of mass m2. Earth is not necessarily one of those objects: This same equation
can be used for a system of any two spherical objects or a system where one
of the two objects is much smaller than the other, even if it is not spherical,
such as Venus and the Sun, two stars in a binary system, a rocket and the
moon, or a basketball and a fly. Since the energy depends on the product of
the masses of the two objects in the system, we can see that the gravitational
potential energy associated with two everyday-sized objects such as a basketball and a fly is tiny!
2. The gravitational potential energy as given by Equation 8-8 is never positive.
The minus sign in Equation 8-8 means that the value of Ugrav given by this
expression is always negative, except when the two objects are infinitely far
apart. Then since the denominator depends on r, Ugrav gets very close to zero
(see Figure 8-10d). Don’t be concerned by this! We learned in Section 7-6 that
what’s really physically meaningful are not the values of potential energy, but
rather the differences between the values of potential energy at two different
points. That means we can choose the point where potential energy equals
zero to be wherever it’s convenient. Our choice is that Ugrav 5 0 when the two
objects are infinitely far apart. With this choice, Ugrav as given by Equation 8-8
decreases and becomes more and more negative as an object of mass m1 and an
object of mass m2 move toward each other, just as gravitational potential energy
decreases as a ball drops toward the ground (that is, toward Earth). When we
consider things on the cosmic scale this choice of zero makes a lot of sense. Two
objects extremely far apart with no kinetic energy, if there is no other type of
potential energy or any external forces exerted upon them, would begin to fall
toward each other because of the attractive gravitational interaction between
them. As they begin to fall toward one another, their potential energy becomes
more negative and their kinetic energies increase as they get closer together,
keeping their mechanical energy constant, as in Equation 8-2. In this case, that
total energy is approximately 0.
3. The gravitational potential energy as given by Equation 8-8 is consistent with
the formula Ugrav 5 mgy from Section 7-6. To see how this can be, imagine
an object of mass m a height yi above Earth’s surface—that is, at a distance
r 5 REarth 1 yi from Earth’s center. If you lift this object to a new height yf above
the surface, its new distance from Earth’s center is r 5 REarth 1 yf. The change in
the gravitational potential energy in this process is
DUgrav 5 Ugrav,f 2 Ugrav,i 5 a2
5 GmEarthm a

GmEarthm
GmEarthm
b 2 a2
b
REarth 1 yf
REarth 1 yi

1
1
2
b
REarth 1 yi REarth 1 yf

AP®

If you express this in terms of a common denominator, you should be able to show that
you get
DUgrav 5 m c

GmEarth
d 1yf 2 yi 2
1REarth 1 yi 2 1REarth 1 yf 2

(8-9)

This looks like a horrible mess! But if the heights yi and yf are both small compared to
Earth’s radius REarth—that is, if the object of mass m remains close to Earth’s surface—
then the quantities REarth 1 yi and REarth 1 yf are both approximately equal to REarth.
In that case the quantity in square brackets in Equation 8-9 becomes GmEarth >R2Earth,
which we found in Chapter 6 is equal to the value of g at Earth’s surface (see
Equation 6-8). Then Equation 8-9 becomes
DUgrav 5 Ugrav,f 2 Ugrav,i
5 mg1yf 2 yi 2 5 mgyf 2 mgyi

That’s precisely the result we would have obtained using Ugrav 5 mgy! In other words
if we restrict ourselves to looking at the motion of the object near the surface of Earth,
we can safely use the expression from Section 7-6 for gravitational potential energy.
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EXAM TIP

The potential energy of a spring
US and potential energy due
to gravity UG are given for a
position (x and r respectively)
on the equation sheet. This is
in contrast to the change in
potential energy near the Earth’s
surface, DUg, which is given
for a change in position. It is
important to note that this is a
hint about how they are defined.
US and UG, as given, are defined
as zero at specific positions (US
is zero when the spring is in a
relaxed equilibrium, UG is zero
when r 5 infinity) while Ug
can be defined as zero at any
position, and the form given on
the equation sheet will still work.
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!

WATCH OUT
Infinity is pretty big!
We use the term “infinity” a
lot in this chapter. According
to how precise you want your
answer, infinite separation can
really just mean that the two
interacting objects are very far
apart compared to the size of
either one. Two atoms across
a living room are practically
infinitely far apart for most
calculations. When it comes to
rocket ships and planets and
stars, the distances get a lot
larger, but for most purposes it
just means really big.

EXAMPLE 8-6

Gravitational Potential Energy and Constant Total
Mechanical Energy
If both objects interacting through the gravitational force are in a described system,
we discuss only their gravitational potential energy; if no other objects or systems are
exerting a force on that system, then the total mechanical energy E—the sum of the
kinetic energy K and the gravitational potential energy Ugrav given by Equation 8-8—is
constant, just as it was when we were using the expression for gravitational potential
energy near Earth’s surface. An example is a projectile that’s launched from Earth’s
surface with a certain initial speed. Earth is so massive compared to anything we might
launch from its surface that we can assume that there is no effect on our planet. (In
Chapter 9 we will prove this is a great approximation!) Then, if we ignore the effects
of air resistance during the projectile’s initial climb through the atmosphere, the total
mechanical energy of the system is constant. The following example demonstrates how
to use this idea.

How High Does It Go?

U.S. Air Force/Science Source

You launch a rocket of mass 2.40 3 104 kg straight upward from Earth’s surface. The
rocket’s engines burn for a short time and a very short distance, giving the rocket an
initial speed of 9.00 km/s (32,400 km/h or 20,100 mi/h), then shut off (Figure 8-11).
To what maximum height above Earth’s surface will this rocket rise? Earth’s mass
is 5.97 3 1024 kg, and its radius is 6370 km 5 6.37 3 106 m. Ignore the force of air
resistance on the rocket as it ascends through the atmosphere.

Figure 8-11 A rocket launch What is the relationship between the speed imparted to the rocket
at launch and the maximum height that the rocket reaches?

Set Up
Since we are neglecting air resistance, Earth’s
gravity is the only force that does work on
the rocket, so if we put Earth in the system
we can use potential energy of the system,
and total mechanical energy is constant.
With such a tremendous launch speed,
we expect the rocket to reach a very high
altitude. Since the rocket will not remain
close to Earth’s surface, we must use
the more general form for gravitational
potential energy given by Equation 8-8.
Initially the rocket has speed vi 5
9.00 km/s 5 9.00 3 103 m/s and since
we aren’t given any more information,
we will assume it is initially at a
distance ri from Earth’s center equal to
the radius of Earth. At its maximum
height the rocket is at rest 1vf 5 02 and
is a distance h above the surface. Our
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Total mechanical energy is constant:
Ki 1 Ugrav,i 5 Kf 1 Ugrav,f
Gravitational potential energy:
Ugrav 5 2

GmEarthmrocket
r

h=?

1
m
v2
2 rocket

speed vi

(8-8)

ri = REarth

Kinetic energy of rocket:
K5

vf = 0

(8-2)

(7-8)
Earth
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goal is to determine h. (We know that
the rocket must rise some while it is
picking up this speed, but as long as the
h is large, neglecting the initial height
above Earth’s surface is a reasonable
first approximation. We just need to
make sure we are aware of what our
approximations do to our answer.)

Solve
We first determine the total mechanical
energy of the system using the given
values for the rocket’s initial speed and
position.

When the rocket is initially launched approximately at the surface, its
kinetic energy is
Ki 5

1
1
m
v2i 5 12.40 3 104 kg2 19.00 3 103 m/s2 2
2 rocket
2

5 9.72 3 1011 kg # m2/s2 5 9.72 3 1011 J

(Recall that 1 J 5 1 kg # m2/s2.)

The gravitational potential energy of the Earth–rocket system is
Ugrav, i 5 2
52

GmEarth mrocket
GmEarth mrocket
52
ri
REarth
16.67 3 10811 Nm2/kg2 2 15.97 3 1024 kg2 12.40 3 104 kg2
6.37 3 106 m

5 21.50 3 1012 Nm 5 21.50 3 1012 J
(Recall that 1 J 5 1 Nm.)
The total mechanical energy is

When the rocket is at the high point of
its trajectory, it is momentarily at rest,
and its kinetic energy is zero. At this
point the total mechanical energy is
equal to the gravitational potential
energy. Use this to solve for the rocket’s
distance rf from Earth’s center at its high
point.

Ei 5 Ki 1 Ugrav,i 5 19.72 3 1011 J2 1 121.50 3 1012 J2 5 25.28 3 1011 J

At the high point of the trajectory, rocket speed is vf 5 0, and its kinetic
energy is
Kf 5

1
m
v2f 5 0
2 rocket

The total mechanical energy has the same value as when the rocket was
launched:
Ef 5 Kf 1 Ugrav,f 5 Ei 5 25.28 3 1011 J
Since Kf 5 0, this means that
Ugrav, f 5 2

GmEarthmrocket
5 Ei 5 25.28 3 1011 J
rf

Solve for rf:
rf 5 2
52

GmEarthmrocket
Ei
16.67 3 10211 Nm2/kg2 2 15.97 3 1024 kg2 12.40 3 104 kg2
125.28 3 1011 J2

5 1.81 3 107 m 5 1.81 3 104 km

09_STE_10097_ch08_322_365_PP7.indd 351

8/21/18 5:03 PM

Copyright © BFW Publishers. Uncorrected Proofs have been used in this sample chapter. Distributed by BFW Publishers. Strictly for use with its products. Not for redistribution.

352   Chapter 8 Energy and Conservation II: Applications and Extensions

Subtract Earth’s radius from rf to
find the rocket’s final height above the
surface. The fact that the height when
the initial velocity is achieved is actually
away from the surface of Earth makes
our answer a lower approximation;
neglecting air resistance makes our
answer a high approximation.

The rocket’s final distance from Earth’s center, rf, equals the radius of Earth
1REarth 2 plus the rocket’s final height h above Earth’s surface:
rf 5 REarth 1 h

Solve for h:
h 5 rf 2 REarth 5 1.81 3 104 km 2 6.37 3 103 km 5 1.17 3 104 km

Reflect
The final height is nearly twice
the radius of Earth above the surface
of Earth! This justifies our decision to use
Equation 8-8 for gravitational potential
energy and to neglect the actual height it
had achieved when it reached its
maximum velocity. Had we used
the expression from Chapter 7,
Ugrav 5 mrocketgy, we would have gotten an
incorrect answer because that expression
assumes that g has the same value at all
heights. In fact g decreases substantially
in value at greater distances from Earth,
which means that the rocket climbs much
higher than the expression Ugrav 5 mrocketgy
would predict.

Extend: From Example 6-9 (Section 6-4) the value
of g at a distance r from Earth’s center is
g5

GmEarth
r

h ≈ 1.17 x 104 km

2

At the rocket’s maximum distance
g5
5

g = 1.22 m/s2

g = 9.80 m/s2

GmEarth
r2f
16.67 3 10211 Nm2/kg2 2 15.97 3 1024 kg2

5 1.22 m/s

7

2

11.81 3 10 m2

Earth

2

which is much less than g 5 9.80 m/s2
(remember m/s2 is the same unit as N/kg) at
Earth’s surface.
NOW WORK Problem 1 from The Takeaway 8-5.

!

WATCH OUT
g is used in a variety of ways, but the units always reduce to the same thing.
We first met g as the acceleration due to gravity at Earth’s
surface in Chapter 2. In Chapter 6 we found out that this
is also the value of the gravitational field at the surface of
Earth. The symbol g will, in the context of gravitational field,
be used for other planets as well. In any situation, a gravitational field at some point in space is the gravitational force
exerted on an object at that point in space, divided by the

object’s mass. Since, in general, F 5 ma, we can see that for
gravitational interactions, gravitational field, and acceleration due to gravity are always going to be the same. The
value of g on the AP® Physics 1 equation sheet is the value of
the acceleration due to gravity at Earth’s surface, so in this
text we will generally use the units given there, m>s2.

Escape Speed
Like a ball thrown vertically upward, the rocket in Example 8-6 reaches a peak height
and eventually returns to the surface. If the rocket is launched with a great enough
speed, however, it will never return. That’s because the gravitational force that Earth
exerts on the rocket decreases with increasing distance from Earth and approaches zero
as the rocket moves toward being an infinite distance from Earth (see Equation 6-7
and Figure 6-13). As in Example 8-6, the rocket engines give it a certain initial speed,
but then shut off. The rocket then coasts upward and loses speed due to Earth’s gravity. As the rocket climbs, the gravitational force on the rocket decreases, so the rocket
loses an ever-smaller amount of speed per second. If the initial speed of the rocket is
great enough, there will still be some speed remaining when the rocket is very far from
Earth, and it will keep on going forever. In such a case, we say that the rocket has
escaped from Earth.
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We can find the minimum speed necessary for a projectile launched from Earth’s
surface to escape from Earth by using Equation 8-8 for gravitational potential energy.
As in Example 8-6, we’ll ignore the effects of air resistance during the time that the
projectile is passing through Earth’s atmosphere. The projectile (mass m) is launched
from Earth’s surface (that is, from a distance ri 5 REarth from Earth’s center) with a
speed vi. The total mechanical energy just as the projectile is launched is found by substituting these values into the initial energy part of Equation 8-2:
Ei 5 Ki 1 Ugrav,i 5

GmEarthm
1
mv2i 1 a2
b
2
REarth

When the projectile is a distance r from Earth’s center and moving at a speed v, the
total mechanical energy is found by substituting in the values to the final energy part of
Equation 8-2. Since we are doing this for a general distance from the center of Earth, r,
we leave off the subscript for final:
E 5 K 1 Ugrav 5

GmEarthm
1
b
mv2 1 a2
r
2

Since total mechanical energy is constant, Ei is equal to E so we can restate
Equation 8-2 for a problem involving a launch from the surface of Earth as
GmEarthm
GmEarthm
1
1
b
mv2i 1 a2
b 5 mv2 1 a2
r
2
REarth
2

(8-10)

Now let’s suppose that the projectile just barely escapes Earth, so its speed is zero
when it is infinitely far away. That corresponds to replacing v with zero and r with
infinity in Equation 8-10. The reciprocal of infinity is approximately zero, so in this
case both terms on the right-hand side of Equation 8-10 are zero: The projectile ends
up with zero kinetic energy (it is at rest), and the gravitational potential energy ends
up with a zero value (the projectile is infinitely far from Earth; see Figure 8-10d). Then
Equation 8-10 becomes

!

WATCH OUT
You can never be “beyond the
pull of Earth’s gravity.”
There’s a common misconception that if a rocket travels far
enough from Earth, it reaches
a point where it’s “beyond”
the pull of our planet’s gravity.
But Equation 6-7 shows that
in fact the gravitational force
that Earth exerts on an object
of mass m, F 5 GmEarthm>r2,
becomes zero only when the
distance r from Earth to the
object is infinity. The force
gets progressively weaker
as the object moves farther
away from Earth, but it never
entirely disappears. A rocket
can escape from Earth if it has
enough kinetic energy to travel
to infinity, but the rocket still
feels that attraction at all
points along its infinite voyage. As it moves away from
Earth, the many other massive
objects in space will also exert
gravitational forces on it, so
this is a simplification.

GmEarthm
1
mv2i 1 a2
b 50
2
REarth

The initial speed vi in this case is called the escape speed, which we denote by the
symbol vescape. You may hear the term “escape velocity,” but, since we don’t care about
the direction, we will refer to this as escape speed. It is the minimum speed at which
an object must be launched from Earth’s surface to escape to infinity. To find its value,
replace vi with vescape, and solve for vescape. To do this, add GmEarthm>REarth to both
sides, and multiply both sides by 2>m:
GmEarthm
1
mv2escape 5
2
REarth
2Gm
Earth
v2escape 5
REarth
Finally, take the square root of both sides:
Gravitational constant
Speed that a projectile must
have at Earth’s surface in
order to escape Earth’s
gravitational pull

vescape =

Mass of Earth

2GmEarth
REarth

EQUATION IN WORDS
Radius of Earth

Escape speed
(8-11)

If you substitute G 5 6.67 3 10211 N # m2/kg2, mEarth 5 5.97 3 1024 kg, and
REarth 5 6.37 3 106 m into Equation 8-11, you’ll find that vescape 5 1.12 3 104 m/s 5
11.2 km/s (about 40,300 km/h or 25,000 mi/h). Rockets designed to send spacecraft to
other planets must have powerful rocket engines (see Figure 8-11) to accelerate their
payload to such high speeds. To find the escape speed for an object launched from
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some height above Earth, you would need to replace REarth with the distance from the
center of Earth to the initial launching point.
Notice that the launch speed of the rocket in Example 8-6 was only 9.00 km/s,
which is less than escape speed. That’s why the rocket in that example did not escape
but reached a maximum distance from Earth before falling back. To have the rocket
escape, it would have to be launched at 11.2 km/s or faster.
We can also use Equation 8-11 to find the escape speed from the surface of any
planet or satellite: Just replace mEarth and REarth with the mass and radius of the object
from which the projectile is launched.

!

WATCH OUT
Space travel is actually more complicated.
This is because Earth itself is moving through space. If we
can line up the orbital velocity of Earth with the direction the rocket has to leave Earth’s surface, to have the
trajectory it needs to get where we are sending it Earth
itself serves as a booster rocket for the launch. (At 30 km/s,
this speed is enough to travel from Earth to the Moon in
4 hours, so it is quite a boost!) In AP® Physics 1, we will
generally deal with simplified systems like the examples in
this c hapter—these will form the foundation for learning
the more complicated stuff!

You may have noticed making calculations like this is a
lot more stressful in science fiction movies. This is because
Earth is not the only object exerting a gravitational force
on your rocket. A rocket doesn't have to get very far away
for other objects in our solar system to be exerting even
bigger forces on it. There are also tricks you will learn with
a little more physics that can help effectively increase the
launch speed for long trips. You may have heard of the
term “launch window,” implying a small period of time
when the launch of a rocket or satellite will be successful.

EXAMPLE 8-7

Escaping from a Martian Moon
NASA/ University of Arizona/HiRise-LPL

You have landed your spacecraft on Phobos, the larger of the two airless moons
of Mars (Figure 8-12). Phobos is roughly spherical with an average radius of
11.1 km 5 1.11 3 104 m. By dropping a baseball while standing on Phobos, you
find that g has a very small value at the moon’s surface, only 0.00580 m/s2. At
what speed would you have to throw the baseball to have it escape Phobos?

Figure 8-12 Phobos What is the escape speed from this miniature moon of Mars, just 11.1 km
in radius?

Set Up
To find the escape speed vescape using Equation
8-11, we need the radius of Phobos, which we are
given, and the mass of Phobos, which we are not
given. However, we recall from Equation 6-8 in
Section 6-4 that the value of g on Earth’s surface
is related to Earth’s mass and radius. We can
write this same equation for Phobos, which will
let us use the measured value of g on Phobos to
determine its mass.
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Escape speed from Phobos:
2GmPhobos
(8-11)
Å RPhobos
Value of g at the surface of Phobos:

baseball
speed = ?

vescape 5

g5

GmPhobos
R2Phobos

g = 0.00580 m/s2

(6-8)
Phobos
radius 11.1 km
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Solve
First use Equation 6-8 to determine the mass of
Phobos.
(Recall that 1 N 5 1 kg # m/s2.)

From Equation 6-8
GmPhobos
g5 2
RPhobos
Solve this for the mass of Phobos:
mPhobos 5

gR2Phobos 10.00580 m/s2 2 11.11 3 104 m2 2
5
G
6.67 3 10211 Nm2/kg2

5 1.07 3 1016
Then use Equation 8-11 to find the escape speed
from Phobos.
(We once again use 1 N 5 1 kg # m/s2.)

kg2 # m/s2
5 1.07 3 1016 kg
N

Escape speed:
vescape 5

5
5

2GmPhobos
Å RPhobos

Å
Å

216.67 3 10211 Nm2/kg2 2 11.07 3 1016 kg2
1.10 3 104 m

130

kg # m m
Nm
m2
5 130 2
5 130 2
kg
Å
kg Å
s
s

5 11.4 m/s 5 41.0 km/h 5 25.5 mi/h

Reflect
The escape speed on Phobos is almost exactly 1>1000 the escape speed on Earth! In general the smaller the planet or
moon, the lower the escape speed.
A typical high school baseball pitcher can easily throw a baseball at more than 25 m/s 190 km/h or 56 mi/h2, so
a well-trained astronaut should have no problem throwing a baseball at the 11.4@m/s escape speed on Phobos, even
encumbered by a space suit.
NOW WORK Problem 3 from The Takeaway 8-5.

!

WATCH OUT
Direction doesn’t matter for escape.
Suppose you are on Phobos and throw the baseball with a
speed faster than 11.4 m/s. Figure 8-13 shows four possible
directions in which you could throw the ball at that speed.
Let’s think about in which of these directions the ball would
escape from Phobos. From the conservation principle we
know so far, conservation of energy, it should not matter!
If the ball has escape speed or greater, the total mechanical
energy is enough for the ball to travel to infinity. The total
mechanical energy is a scalar, not a vector, so the direction
in which the ball is thrown doesn’t matter as long as it does
not hit the planet. Changing the direction in which the ball
is thrown simply affects the path that the ball follows to
infinity. In Chapter 10, however, we will introduce another
conservation law that will put additional constraints on this
problem.
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Phobos

Figure 8-13 Four directions for escaping Phobos If a ball is
thrown at escape speed, in what direction(s) can it be thrown so
that it will escape?
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THE TAKEAWAY for Section 8-5
✔✔ When analyzing situations in which an object does not
remain close to the surface of Earth, you must use the expression for gravitational potential energy that is derived from
Newton’s law of universal gravitation to correctly use the conservation of energy.
✔✔ Using Newton’s law of universal gravitation, the gravitational
potential energy of two objects is always negative or zero. It is
zero when the two objects are infinitely far apart, and it becomes
more and more negative as the objects move closer together.
✔✔ Escape speed is the speed at which a projectile must be
launched from a planet or moon so that it never falls back to
the world from which it was launched.

The Takeaway Practice
1. A change in the position of an object near the surface of Earth
from rEarth to rEarth 1 h results in a change in the gravitational
potential energy of the Earth-object system. Use equation
(8-8) to show that, although the gravitational potential energy
of the system at both positions is negative, the change in gravitational potential energy of the system is positive.
2. A rocket with mass m is launched from the surface of Mars
1mMars, rMars 2 with a speed v. In order to express the energy
conservation principle in a form that can be used to predict the maximum height above the planet surface r that
the rocket reaches, write the initial and final potential and
kinetic energies in terms of m, mMars, rMars, and v.
EX 3. A satellite with a mass of 1000 kg is orbiting Earth at
8-7
500 km above Earth’s surface with a period of 1.5 h.
If its orbital height changes to 540 km without an energy
transfer, calculate its final kinetic energy.
EX

8-6

c. Estimate the relative contribution to the minimum
kinetic energy of escape of the motion of the rocket
while still on the launch pad.
d. Justify the claim that the contribution of the motion
of the site to the initial energy at launch is negligible,
even when the launch is not made at escape velocity, by
calculating the initial kinetic energy per unit mass of a
launch that results in an orbit similar to that of the ISS:
r 5 rEarth 1 400 km and T 5 90 min. Note: The real
boosting velocity Earth provides (and that determines
“launch windows”) comes from the motion of Earth
around the Sun, not from the rotation of Earth.
6. Large rockets at great expense place satellites in orbit
around Earth. Once the satellite is in orbit the amount of
work required to maintain the orbit is negligible.
a. Treating (i) the satellite as an object in the gravitational field
of Earth and (ii) the satellite–Earth pair as a system, explain
why the orbital motion requires no additional energy input.
b. Pose a question to which seeking an answer could lead
to an important and lucrative engineering project that
addresses the consequences of there being no financial
penalty for leaving nonfunctioning satellites in orbit.
7. Rocket Raccoon needs to guide his ship through a binary star
system and is running low on fuel. One is a main sequence
star with a mass of 3 3 1030 kg. The other is a red giant with
a mass that is 6 times larger. The stars are separated by a distance of 2 3 1011 m. A sketch of the gravitational potential
energy of the two stars and the ship as a function of position
along the line that passes through the centers of the two stars
is shown in the figure.

Reasoning Skill Builders
4. a. 
Explain the following properties of the gravitational
potential energy of a pair of objects with mass.
i. Approaching zero as the separation between the
objects approaches infinity
ii. Being negative
b. Construct a graphical representation of the gravitational
potential energy of a pair of objects with mass as a function of separation and use the graph to provide evidence
in support of your explanations above.
5. The surface of Earth is in motion as it completes one rotation every day. This means a point on Earth must move
far enough to move in one complete circle every 24 hours.
Thus rockets are launched from a moving platform; the
surface of Earth.
a. The Kennedy Space Center is at a latitude of 28.68 N.
Construct a diagram that displays the calculation of the
velocity of the launch site.
b. Explain why the escape velocity of a rocket that
is launched from the surface of Earth is equal to
2GmEarth
vescape 5
by identifying the initial and final
Å rEarth
points to which energy conservation is applied to obtain
this result and assumptions about energies at these points.
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a. In terms of changes in kinetic energy of the ship and the
potential energy of the system composed of the two stars
and the ship by rockets, why should Rocket Raccoon
choose to travel towards the maximum in the potential
energy shown in the diagram?
b. The maximum as shown is closer to the smaller star.
Describe qualitatively why that is.
c. We define gravitational potential energy to be zero at
r 5 0. This is the point where if we were instead talking
about the gravitational force exerted on an object by a
star, that force would be zero. Predict the location of the
maximum if the two stars have the same mass and justify your prediction mathematically, using this concept.
8. How the Moon formed remains an unanswered question.
Energy conservation principles have contributed to several
possible answers.
a. One idea is that the Moon split from the Earth.
Evaluate gravitational potential energy stored in the
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Key Terms
two-object system when an object with mass m is
separated into two objects with masses mEarth and
mMoon, by a final distance rEarth@Moon. Use these values: mEarth 5 5.97 # 1024 kg, mMoon 5 7.35 # 1022 kg,
and rEarth@Moon,final 5 3.84 # 108 m. The full calculation is actually pretty complicated because originally
the objects were not separated, so we don’t exactly
know how to calculate how far apart they were to
find the initial gravitational potential energy. We
will simplify this by assuming they were already
two objects, located right next to each other. This
gives the original separation as just the sum of
their radii 1rE 5 6.37 # 106 m, rm 5 1.74 # 106 m2 so
rEarth@Moon, initial 5 8.11 # 106 m.

357

b. Some think that the splitting of Earth from the Moon
could have been caused by an asteroid. Asteroids in our
solar system have been observed with speeds between
15,000 and 30,000 m/s. Nearer to the Sun, where
Earth’s orbit lies, asteroids have speeds at the high end
of this range. If the Moon was formed by a collision
of an asteroid with an early Earth, predict the range of
possible masses of the asteroid that would be needed to
create the energy you found in part (a).
c. What type of data would be needed to test the prediction in part (b)?
d. What scientific questions could be pursued from the
analysis of lunar samples that might help answer if the
Moon was split from Earth?

WHAT DID YOU LEARN?
Chapter learning goals

Section(s)

Related
example(s)

Relevant section
review exercises

Identify which kinds of problems are best solved with energy
conservation and the steps to follow in solving these problems.

8-1
8-2
8-3

8-1, 8-2, 8-3, 8-4

1, 2, 3

Describe how changing the way you identify a system changes the
description of conservation of energy (but not the results).

8-2
8-3

8-4

3

Identify the types of energy involved in an interaction between objects
and systems.

8-2
8-3
8-5

8-1, 8-2, 8-3, 8-4
8-6, 8-7

1, 2, 3
1, 3

Describe what power is and its relationship to work and energy.

8-4

8-5

1, 2, 7, 8

Describe the general expression for gravitational potential energy and
how to relate it to the expression used near Earth’s surface.

8-5

8-6, 8-7

1, 3

Chapter 8 Review
Key Terms
All the Key Terms can be found in the Glossary/Glosario on page G1 in the back of the book.
escape speed 353
mechanical energy 322
mechanical energy transfer 323
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power 342
thermal energy 330

total mechanical energy 323
watt 342
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Chapter Summary

Topic
Total mechanical energy is a
special case of conservation of
energy: In closed, isolated systems
made up of objects experiencing
only conservative interactions,
the sum of kinetic energy and
potential energy—a sum that we
call the total mechanical energy
of the system—keeps the same
value, it stays constant. This is a
special case of the conservation
of energy.

Nonconservative forces can
be found from applying the
conservation of energy: The
amount of energy transfer by a
nonconservative external force
exerted on a system Wnonconservative is
exactly equal to the negative of the
change in internal energy ΔEinternal
of all the interacting objects
and the air around them if the
nonconservative interaction were
instead inside the defined system.
Power: Power is the rate at which
energy is transferred from one
place or type to another place or
type. If work is being done on an
object, the power delivered equals
the rate at which work is done.

Equation or Figure
Values of the kinetic energy K of an object at two points (i and f) during its motion

Ki + Ui = Kf + Uf

(8-3)

Values of the potential energy of the system U at the same two points (i and f)

Change in the kinetic energy K
of an object during its motion



Change in the potential energy U of a
system during the object's motion

(8-4)

∆K 1 ∆U 5 0
The change in internal
energy of a system when
the frictional interaction
is included in the system



Magnitude of the friction
force exerted on an object

(8-5)

2DEinternal 5 Wnonconservative 5 Ffrictiond
“Work” done by the friction
force if it was external to the system

Rate at which energy is being
converted or transferred to an
object or system

Distance object moved while the
friction force was exerted on it



Total amount of energy
being converted or
transferred

P5

DE
Dt

(8-6)

Time over which
that conversion
or transfer occurs



W 5 ∆E, Work is the amount of energy
transferred by a mechanical process.
Magnitude of the constant force F
Rate at which energy is being
transferred to an object or
system by a force exerted
on the object or system

Angle between the
directions of F and d

P5

W (F cos u)d
5
5 (F cos u)v
Dt
Dt

Time over which that
transfer occurs
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(8-7)

Magnitude of the
displacement d

Magnitude of the
velocity y in the
direction d
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Gravitational potential energy:
The general expression for the
gravitational potential energy of
two objects follows from the law
of universal gravitation. In this
expression the potential energy
is zero when the two objects are
infinitely far apart; for any finite
separation, Ugrav is negative.
Escape speed: If an object is
launched from Earth’s surface at
the escape speed or faster, it will
never fall back to Earth but will
escape to infinity.

Gravitational constant (same for any two objects)

Gravitational potential energy of a
system of two objects (1 and 2)

Ugrav = −

Masses of the two objects

Gm1m2
r

Center-to-center distance
between the two objects

(8-8)

The gravitational potential energy of a system of two objects is zero when those objects are infinitely
far apart. If the objects are brought closer together (so r is made smaller), Ugrav decreases (it becomes
more negative).

Gravitational constant
Speed that a projectile must
have at Earth’s surface in
order to escape Earth’s
gravitational pull

vescape =

Mass of Earth

2GmEarth
REarth

(8-11)

Radius of Earth



Chapter 8 Review Problems
1.

When does the kinetic energy of a rock that is dropped
from the edge of a high cliff reach its maximum value?
Answer the question for:
a. when the air resistance is negligible; and
b. when there is significant air resistance.

2.

Starting from rest, a 75.0-kg skier skis down a slope
8.00 3 102 m long that has an average incline of
40.0°. The speed of the skier at the bottom of the
slope is 20.2 m/s. How much work was done by nonconservative forces?

3.

A book slides across a level, carpeted floor at an initial speed of 4.00 m/s and comes to rest after 3.25 m.
Calculate the coefficient of kinetic friction between the
book and the carpet. Assume the only forces exerted
on the book are friction, weight, and the normal force.

4.

A ball is thrown straight up with an initial speed of
15.0 m/s. At what height will the ball have one-half of
its initial speed?

5.

A water balloon is thrown straight down with an
initial speed of 12.0 m/s from a second floor window,
5.00 m above ground level. How fast is the balloon
moving when it hits the ground?

6.

Starting from rest, a 30.0-kg child rides a 9.00-kg
sled down a ski slope with negligible friction. At the
bottom of the hill, her speed is 7.00 m/s. If the slope
makes an angle of 15.0° with the horizontal, how far
did she slide on the sled?

7.

A skier leaves the starting gate at the top of a ski jump
with an initial speed of 4.00 m/s as shown in the figure. The starting position is 120 m higher than the end
of the ramp, which is 3.00 m above the snow. Find
the final speed of the skier if he lands 145 m down the
20.0° slope. Assume there is no friction on the ramp,
but air resistance causes a 50% loss in the final kinetic
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energy. The GPS reading of the elevation of the skier
is 4212 m at the top of the jump and 4039 m at the
landing point.
4.00 m/s
GPS elevation = 4212 m
120 m
3.00 m
145 m
20°
GPS elevation = 4039 m

8. A child slides down a snow-covered slope on a sled. At
the top of the hill, her mother gives her a push to start
her off with a speed of 1.00 m/s. The friction force
exerted on the sled is one-fifth of the combined weight
of the child and the sled. If she travels for a distance of
25.0 m and her speed at the bottom is 4.00 m/s, calculate the angle that the hill makes with the horizontal.
9. Neil and Gus are having a competition to see who
can launch a marble highest in the air using their own
spring. Neil has a firm spring (kNeil 5 50.8 N/m),
but it can be compressed only a maximum of yNeil,
max 5 14.0 cm. Gus’s spring is less firm than Neil’s
(kGus 5 12.7 N/m), but its maximum compression is
greater (yGus, max 5 27.0 cm). Given that the mass
of the marble is 4.5 g and ignoring the effects of air
resistance, who can launch the marble the highest and
what is the winning height? Assume the marble starts
from the same height in both cases, when the springs
are at maximum compression.
10. Continuing with the previous problem, what is the
speed of each marble as it leaves its spring?
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11. An adult dolphin is about 5.00 m long and weighs
about 1600 N. How fast must he be moving as he
leaves the water in order to jump to a height of
2.50 m? Ignore any effects due to air resistance.
12. A 3.00-kg block is placed at the top of a track
consisting of two frictionless quarter circles of radius
R 5 2.00 m connected by a 7.00-m-long, straight, horizontal surface, and negligible friction, as shown in the
figure. The coefficient of kinetic friction between the
block and the horizontal surface is mk 5 0.100. The
block is released from rest. What maximum vertical
height does the block reach on the right-hand section
of the track?

R

x=0

13. An average froghopper insect has a mass of 12.3 mg
and reaches a maximum height of 290 mm when its
takeoff angle is 58.0° above the horizontal. What is
the takeoff speed of the froghopper?
14. A 1.00-kg object is attached by a thread of negligible
mass, which passes over a pulley of negligible mass,
to a 2.00-kg object. The objects are positioned so
that they are the same height from the floor and then
released from rest. What are the speeds of the objects
when they are separated vertically by 1.00 m?
15. A 3.00-kg block is sent up a ramp of angle u equal to
37.0° with an initial speed v0 5 20.0 m/s. Between the
block and the ramp, the coefficient of kinetic friction
is mk 5 0.50, and the coefficient of static friction is
ms 5 0.80. How far up the ramp (measured along the
ramp) does the block go before it comes to a stop?
16. A small block of mass M is placed halfway up on the
inside of a circular loop of radius R, as shown in the
figure. The size of the block is very small compared to
the radius of the loop. Determine an expression for the
minimum downward speed with which the block must
be launched in order to guarantee that it will make the
full loop.

a. Calculate the work done on the ball by the pitcher.
b. After the windup in the throwing phase of the
pitch, the pitcher’s arm extends behind the pitcher.
At the instant of furthest extension the ball is nearly
at rest. The body rotates, the arm moves through
an arc, and the ball is released. The time interval of
the throwing phase is only about 50 ms. Calculate
the average power of the pitch during the throwing
phase.
18. A small asteroid that has a mass of 100 kg is moving
at 200 m/s when it is 1000 km above the surface of
the Moon.
a. How fast will the meteorite be traveling when it
impacts the lunar surface if it is heading straight
toward the center of the Moon?
b. The atmosphere of the Moon is negligible. How
much work does the Moon do in stopping the
asteroid? The radius and mass of the Moon are
1.737 3 106 m and 7.35 3 1022 kg, respectively.
19. Amit claims that if the force required to compress a spring increases as the length of the spring
decreases, then the force should be inversely proportional to the length. Pose a scientific question that
Kamala, Amit’s sister, could ask to help Amit better
understand how the spring force depends on the
spring length.
20. A team of students is building a model roller
coaster. They find that when the cart is released
from the height h1, as shown in the diagram, the
cart stops rolling at height h4. Sofia claims that it
is a drag force that is responsible for the failure of
the cart to maintain a constant mechanical energy.
Jackie claims that it is friction between the cart
and the track or friction between the axles and the
wheels. The track is c omposed of three sections
(blue, green, and red in the diagram). Each section
is the same length, ,. They have placed sensors at
positions S1 and S2 that can be used to measure the
speed of the cart at these points. The body of the
cart is an open box into which they can place small
metal spheres. The box can be removed, leaving just
the wheels and there is a second shorter box that
can be mounted on the wheels.

S1

R
h1
h2

h4

S2
h3

17. When a pitcher throws a fastball, the 145-g baseball
goes from rest to a speed of 40 m/s.
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a. Express Sofia’s claim in terms of mechanical energy
and the drag force on the cart and identify the possible
independent and dependent variables in this expression.
b. Express Jackie’s claim in terms of mechanical
energy and the friction force on the cart and
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identify the possible independent and dependent
variables in this expression.
c. Describe two different designs that Sofia can use to
collect the evidence needed to test her claim.
d. Describe two different designs that Jackie can use
to collect the evidence needed to test her claim.
21. An object with mass m is placed against the free end
of a spring (with spring constant k) that is compressed
a distance Dx from the equilibrium length, which is a
distance of 1.25 m from the edge of the tabletop. Once
released, the object slides across the tabletop and eventually lands a distance d from the edge of the table
onto the floor, as shown.
1.25 m

h
d

a. Define your system and construct a diagram for the
analysis, including the labeling of variables.
b. Express the velocity of the block at the instant that
it leaves the table in terms of k, m, and Dx.
c. Express the velocity of the block at the instant that
it leaves the table in terms of d and h.
d. Define values of system variables as follows:
d 5 1.60 m; h 5 1.0 m; m 5 100 g; k 5 75 N/m;
and Dx 5 0.15 m
Justify the claim that the table exerts a friction
force on the block.
e. Calculate the coefficient of kinetic friction for the
interaction of the tabletop and the block.
22. Logan, with mass m 5 75 kg, is standing at the edge
of a dock holding onto a rope with length, L 5 4 m,
which is suspended from a tree branch above. The
rope is taut and makes an angle, u, of 308 with the vertical direction. Logan very gently steps off of the dock
and swings in a circular arc until he releases the rope
when it makes an angle, f, of 128 with the vertical,
but on the other side of the branch.
30°
12°
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a. Define your system so that you may use it to
complete the rest of this problem, and construct a
diagram showing the initial (i) and final (f) configurations of Logan’s swing.
b. Apply the principle of energy conservation to the
system in terms of Ki, Kf, Ui, and Uf in terms of
u, f, L, g, m, vi, and vf.
c. Evaluate the expression in part (b) to determine
Logan’s speed when he releases the rope.
d. Justify the selection of additional data required
to determine the horizontal displacement of
Logan from the edge of the dock to when he
strikes the water and summarize the mathematical
model from which the displacement can be
calculated.
23. The unknown spring constant of a spring is determined by measurement of the maximum compression,
x, when the spring is struck by a 100-g block with a
known velocity. The surface over which the block travels exerts a negligible friction force on the block. The
data obtained from the measurements for a particular
spring are shown in the table.
vi (m/s)

x (cm)

5

  4.5

10

9

15

14

20

18

25

22

v

a. Express the compression of the spring in terms
of the velocity of the block using the principle of
energy conservation.
b. Analyze the data to determine the spring constant
in units of N/m.
24. In the apparatus shown a block with mass m is
released from height h1, descends along a track with
an inclination a, does a loop with radius R and minimum height h2, and is launched horizontally from
a height h3 5 h2 1 2R. The team of students who
designed and built the track predicted x2 as the distance from the launch position to landing. When they
tested the prediction they observed the distance x1.
They knew that there were friction forces because
they heard the block sliding, so they want to add a
frictional work term to their energy conservation
analysis. They have placed three photogates at positions at the top and bottom of the circular loop in
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the track and at the point where the block leaves
the track.

d
p2

p3

h1
R

a
p1

h3
h2
x1

x2

a. First apply energy conservation for a closed system
to obtain their prediction x2.
The team believed that most of the frictional work
occurs on the descent before the loop, given that
d . R.

b. Apply energy conservation to obtain the relationship that the team used to measure this work in
terms of the speed measured at photogate p1.
c. Explain why the team predicted that the speeds at
photogates p2 and p3 would be the same.
In fact the team discovered that the speeds at
photogates p2 and p3 were significantly different.
So they decided that if they were going to succeed
in understanding the system they would need to
estimate the coefficient of kinetic friction.
d. Apply energy conservation and Newton’s second
law to express the friction coefficient, mk, in terms
of g, d, a, and the velocity at photogate p1, v1,
before the block passes through the loop.
e. The team then assumed that the frictional work
could be neglected on the shorter lengths of track
as the block slides through the loop and up to the
launch position. To test this claim the team modified the prediction for x2 in part (a) to include
the friction force along the track before the loop.
Obtain their expression.

AP® Group Work
Directions: The problem below is designed to be done as group
work in class.
Evidence for the existence of dark matter (matter that is
nonluminous but exerts gravitational force) was obtained by
the astronomer Vera Rubin from an analysis of the speed of
stars in spiral galaxies.

a. Apply the constancy of mechanical energy to obtain
the dependence of orbital speed on the distance from
and the mass of the object that is orbited, taking the
value of the constant mechanical energy to be zero.
b. The mass distribution in our solar system is essentially a large constant at the center of the orbit of
each planet. Modify your expression to allow a
distribution of mass that is not concentrated at the
center of the orbit, by replacing M with M(r).

Velocity of a star

c. The mass in a spiral galaxy is spread out and not
all located at the center. Predict the dependence of
the distribution of mass on distance from the center
of a spiral galaxy if the speeds of orbiting stars are
independent of the orbital distance.
d. Rubin observed that the velocities of stars in spiral
galaxies were like those in the graph. Evaluate the
evidence provided by the typical behavior of the
speed of stars in a spiral galaxy as a function of
distance from the center.
The light from a spiral galaxy is much brighter near
the center. The number of stars and their masses
were estimated from the observed light that came
from the stars, which was confirmed experimentally.
e. Describe how evidence supported Rubin’s claim
that not all of mass is visible.

Negative velocity

0

Observer
Positive velocity
Distance to the center of the galaxy
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PRACTICE PROBLEMS
+

Energy

+

Energy

+

Energy

+
Multiple-Choice Questions

Energy

AP®

0

0

0

Directions: The following questions have a single
correct answer.
y(m)
B
(0,2)0

−

(3,2)

K Ugrav Eother
A

(0,0)

1.

C

−

K Ugrav Eother

D

(A)

(3,0) x(m)

(B)

Fx 5 a2
Fy 5 a2

N
by
m

4.

Energy

Energy

+

Energy

+

0

0

0

−

K Ugrav Eother
(A)

−

K Ugrav Eother
(D)

A 2.0 kg crate starting at rest slides down a rough
4.0 m long ramp, inclined 308 with the horizontal.
The force of friction between crate and ramp is
1.0 N. Which one of the following will be closest to
the speed of the crate at the bottom of the ramp?

K Ugrav Eother
(B)

−

A rough model of falling raindrops as spheres leads
to the following two equations for the drag force
and the terminal velocity:
Fdrag 5 CAv2

vterm 5 !kr

The C and k constants depend on such things as
the density of air, density of water, and the acceleration of gravity.

5.

For rain drops falling at terminal velocity the rate
at which mechanical energy is dissipated is then
proportional to which of the following?
A. r
B. r2
C. !r3
D. !r5
The escape speed for a projectile launched from
Earth is given by:
vescape 5

2GME
Å RE

Of the following which one gives the maximum
distance from the center of Earth that the projectile
will reach?
4
A. R 5 RE
3
3
B. R 5 RE
2
C. R 5 2RE 0
D. R 5 4RE

+

Energy

A person jumps up and grabs a rope hanging
from a tree. At the moment they grab the rope
they are moving downward with an initial velocity vo. They proceed to climb up the rope and
stop when they reach the top. Graphs of the
kinetic energy of the person and the potential
energy of the person–Earth system are represented below. The shaded bars represent energy
at the moment the person catches the rope and
the transparent bars represent the energy when
the limb is reached. In each case the final kinetic
energy is zero. Which set of graphs could be a
correct match for this situation?

+

−

A. 4 m/s  B. 6 m/s  C. 16 m/s  D. 18 m/s

N 2
bx
m2

Of the following, which one correctly describes the
work and nature of the force over the two given
paths ABC and ADC?
A. WABC 5 WADC and the force is conservative
B. WABC 5 WADC and the force is nonconservative
C. WABC . WADC and the force is conservative
D. WABC , WADC and the force is nonconservative
2.

K Ugrav Eother
(C)

3.

A force is exerted on an object in the x-y plane.
The force has x and y components given by:

−

−
K Ugrav Eother
K U
Eother
Directions: For Question grav
#6 below,
two of the
s uggested
answers will be(D)
correct. You must select both
(C)
choices to get the question correct.
(Continued)
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6.

An object of mass m is moved from the surface of one
planet of mass M1 and radius R1 to that of another
planet of mass M2 and radius R2. Its potential energy
is doubled on the second planet. Which of the following could contribute to this change? Select two.

Free Response Question
m car
h
Race track

paper
meter stick

Students are performing an experiment in which they
release a small toy car of mass m from rest at the top
of an incline and it rolls with negligible friction until
it strikes a paper catcher of negligible mass at the bottom of the incline. The car and the catcher slide across
the horizontal lab table and come to rest. The car is
released at height h and the car and catcher slide a distance D across the table.
a. Derive an expression for the coefficient of
kinetic friction, mK, between the paper and the
table in terms of the given variables and fundamental constants.
The students take the average data, as shown in
the table, releasing the small toy car from rest at
height h.

Radius of planet Density of planet
A. R2 5 R1    r2 5 2r1
1
B. R2 5 R1    r2 5 4r1
2
1
C. R2 5 2R1    r2 5 r1
2
1
D. R2 5 R1   r2 5 9r1
3
h (m)

D (m)

0.08

0.22

0.12

0.30

0.16

0.44

0.20

0.58

0.24

0.67

0.28

0.78

0.32

0.90

b. i. 
Indicate two quantities you would plot to
obtain a linear graph.
ii. Use the remaining columns in the table
above, as needed to record any quantities
that you indicated that are not given.
iii. On the axes below, graph the data from
the table that will produce a linear relationship. Clearly mark scales and label all
axes, including units if appropriate. Draw a
straight line that best fits your data points.

(Continued)
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c. The car that the students use has a mass of
0.030 kg. Use this information and your graph
to calculate a numerical value for mK.
d. The students repeat the experiment, this time
taping an additional 20 grams to the top of the
car. Predict how the line of best fit for this new
set of data would compare to the line of best fit
drawn above. Justify your answer.
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e. The teacher asks the students to perform
another experiment to confirm their result
for the coefficient of kinetic friction between
the paper and the table. Assume the students
have access to equipment usually available
in a physics classroom. Briefly describe an
experiment that could be performed and
describe how the data taken could be used to
calculate mK.
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