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Before You Go On  ■ You should be able to create histograms and frequency 
polygons (Chapter 2).

 ■ You should be able to describe distributions of scores 
using measures of central tendency, variability, and 
skewness (Chapters 2 and 4).

 ■ You should understand that we can have distributions 
of scores based on samples, as well as distributions of 
scores based on populations (Chapter 5).

6The Normal Curve, 
Standardization,  
and z Scores
The Normal Curve

Standardization, z Scores,  
and the Normal Curve

The Need for Standardization
Transforming Raw Scores into z Scores
Transforming z Scores into Raw Scores
Using z Scores to Make Comparisons
Transforming z Scores into Percentiles

The Central Limit Theorem
Creating a Distribution of Means
Characteristics of the Distribution of Means
Using the Central Limit Theorem to Make 
 Comparisons with z Scores
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Abraham De Moivre was still a teenager in the 1680s when he was imprisoned in 
a French monastery for 2 years because of his religious beliefs. After his release, he 
found his way to Old Slaughter’s Coffee House in London. The political squabbles, 
hustling artists, local gamblers, and insurance brokers didn’t seem to bother the young 

scholar—he probably scratched out his famous formula on 
coffee-stained paper. The formula was exactly what gamblers 
needed to predict throws of the dice. It also helped insur-
ance brokers estimate the probability of ships reaching their 
destinations.

De Moivre’s powerful mathematical idea is far easier to 
understand as a picture, but that visual insight would take 
another 200 years. For example, Daniel Bernoulli came close 
in 1769. Augustus De Morgan came even closer when he 
mailed a sketch to fellow astronomer George Airy in 1849 
(Figure 6-1). They were both trying to draw the normal curve, 
a specific bell-shaped curve that is unimodal, symmetric, and defined 
mathematically.

The astronomers were trying to pinpoint the precise time 
when a star touched the horizon, but they couldn’t get inde-
pendent observers to agree. Some estimates were probably 
a little early; others were probably a little late. Nevertheless, 
the findings revealed (a) that the pattern of errors was sym-

metric and (b) that the midpoint represented a reasonable estimate of reality. Only 
a few estimates were extremely high or extremely low; most errors clustered tightly 
around the middle. They were starting to understand what seems obvious to us today: 
Their best estimate was based on a bell-shaped curve—the foundation of inferential 
statistics (Stigler, 1999).

In this chapter, we learn about the building blocks of inferential statistics: (1) the 
characteristics of the normal curve; (2) how to use the normal curve to standardize 
any variable by using a tool called the z score; and (3) the central limit theorem, 
which, when coupled with a grasp of standardization, allows us to make comparisons 
between means.

The Normal Curve
As De Moivre realized, the normal curve is a powerful tool in statistics. It allows us 
to determine probabilities about data and then draw conclusions that we can apply 
beyond the data. In this section, we learn more about the normal curve through a 
real-life example.

 ● A normal curve is a specific 
bell-shaped curve that is 
unimodal, symmetric, and 
defined mathematically.

FIGURE 6-1 
The Bell Curve Is Born

Daniel Bernoulli (a) created an 
approximation of the bell-shaped curve 
in this 1769 sketch “describing the 
frequency of errors.” Augustus De 
Morgan (b) included this sketch in a 
letter to astronomer George Airy in 
1849.

(a) 

(b) 

EXAMPLE 6.1 Let’s examine the heights, in inches, of a sample of 5 students taken from a larger sample 
of the authors’ statistics students:

52 77 63 64 64
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Figure 6-2 shows a histogram of those heights, with a normal curve superimposed 
on the histogram. With so few scores, we can only begin to guess at the emerging 
shape of a normal distribution. Notice that three of the observations (63 inches, 
64 inches, and 64 inches) are represented by the middle bar. This is why it is three 
times higher than the bars that represent a single observation of 52 inches and another 
observation of 77 inches.

Now, here are the heights in inches from a sample of 30 students:

52 77 63 64 64 62 63 64 67 52

67 66 66 63 63 64 62 62 64 65

67 68 74 74 69 71 61 61 66 66

Figure 6-3 shows the histogram for these data. Notice that the 
heights of 30  students resemble a normal curve more so than do 
the heights of just 5 students, although certainly they don’t match it 
perfectly.

Table 6-1 gives the heights in inches from a random sample of 140 
students. Figure 6-4 shows the histogram for these data.

These three images demonstrate why sample size is so important 
in relation to the normal curve.  As the sample size increases, the dis-
tribution more and more closely resembles a normal curve (as long as the underlying 
population distribution is normal). Imagine even larger samples—of 1000 students or 
of 1 million. As the size of the sample approaches the size of the population, the shape 
of the distribution tends to be normally distributed. ●

FIGURE 6-2 
Sample of 5

Here is a histogram of the heights, 
in inches, of 5 students. With so few 
students, the data are unlikely to closely 
resemble the normal curve that we 
would see for an entire population of 
heights.

0.5

2.0

2.5

1.0

1.5

3.0

0.0

Frequency

50 55 60 65 70 8075

Height in inches

MASTERING THE CONCEPT

6-1: The distributions of many variables 
approximate a normal curve, a mathematically 
defined, bell-shaped curve that is unimodal and 
symmetric.
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2

8

10

4

6

0
50 55 60 65 70 8075

Height in inches

Frequency

FIGURE  6-3 
Sample of 30

Here is a histogram of the heights, in 
inches, of 30 students. With a larger 
sample, the data begin to resemble the 
normal curve of an entire population of 
heights.

TABLE 6-1  A Sample of Heights

These are the heights, in inches, of 140 students.

52 77 63 64 64 62 63 64 67 52

67 66 66 63 63 64 62 62 64 65

67 68 74 74 69 71 61 61 66 66

68 63 63 62 62 63 65 67 73 62

63 63 64 60 69 67 67 63 66 61

65 70 67 57 61 62 63 63 63 64

64 68 63 70 64 60 63 64 66 67

68 68 68 72 73 65 61 72 71 65

60 64 64 66 56 62 65 66 72 69

60 66 73 59 60 60 61 63 63 65

66 69 72 65 62 62 62 66 64 63

65 67 58 60 60 67 68 68 69 63

63 73 60 67 64 67 64 66 64 72

65 67 60 70 60 67 65 67 62 66
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FIGURE 6-4 
Sample of 140

Here is a histogram of the heights, in inches, of 140 students. As the sample size increases, the shape of the 
distribution becomes more and more like the normal curve we would see for an entire population. Imagine the 
distribution of the data for a sample of 1000 students or of 1 million.

20

10

30

40

0
50 55 60 65 70 8075

Height in inches

Frequency

 continued on next page

CHECK YOUR LEARNING

Reviewing the Concepts > The normal curve is a specific, mathematically defined curve that is bell-shaped, unimodal, 
and symmetric.

> The normal curve describes the distributions of many variables.

> As the size of a sample approaches the size of the population, the distribution resembles a 
normal curve (as long as the population is normally distributed).

 Clarifying the Concepts     6-1     What does it mean to say that the normal curve is unimodal and symmetric?

Calculating the Statistics   6-2    A sample of 225 students completed the Consideration of Future Consequences (CFC) 
scale, a measure that assesses how much people think about the degree to which their 
current actions affect their future (Petrocelli, 2003). The scores are means of responses 
to 12 items. Overall CFC scores range from 1 to 5.

a.  Here are CFC scores for 5 students, rounded to the nearest whole or half number: 
3.5, 3.5, 3.0, 4.0, and 2.0. Create a histogram for these data, either by hand or by 
using software.

b.  Now create a histogram for these scores of 30 students:

3.5 3.5 3.0 4.0 2.0 4.0 2.0 4.0 3.5 4.5

4.5 4.0 3.5 2.5 3.5 3.5 4.0 3.0 3.0 2.5

3.0 3.5 4.0 3.5 3.5 2.0 3.5 3.0 3.0 2.5
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Standardization, z Scores,  
and the Normal Curve
De Moivre’s discovery of the normal curve meant that scientists could now make 
meaningful comparisons. Why? When data are normally distributed, we can compare 
one particular score to an entire distribution of scores. To do this, we convert a raw 
score to a standardized score (for which percentiles are already known). Standardization 
is a way to convert individual scores from different normal distributions to a shared normal 
distribution with a known mean, standard deviation, and percentiles.

In this section, we explain the importance of standardization and introduce the tool 
that helps us standardize, the z score. We show how we can convert raw scores to z scores 
and z scores to raw scores. We demonstrate how the distribution of z scores allows us to 
know what percentage of the population falls above or below a given z score.

The Need for Standardization
One of the first problems with making meaningful comparisons is 
that variables are measured on different scales. For example, we might 
measure height in inches but measure weight in pounds. In order to 
compare heights and weights, we need a way to put different vari-
ables on the same standardized scale. Fortunately, we can standardize 
different variables by using their means and standard deviations to 
convert any raw score into a z score. A z score is the number of standard 

 ● Standardization is a way 
to convert individual scores 
from different normal 
distributions to a shared 
normal distribution with 
a known mean, standard 
deviation, and percentiles.

 ● A z score is the number 
of standard deviations a 
particular score is from the 
mean.

MASTERING THE CONCEPT

6-2: z scores give us the ability to convert any 
variable to a standard distribution, allowing us to make 
comparisons among variables.

Applying the Concepts 6-3 The histogram below uses the actual (not rounded) CFC scores for all 225 students 
described in 6-2. What do you notice about the shape of this distribution of scores as the 
size of the sample increases?

Solutions to these Check Your Learning questions can be found in Appendix D.

10

5

15

20

0
1 2 3 4 5

CFC scores

Frequency

0
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EXAMPLE 6.2Here is a memorable example of standardization: comparing weights of cockroaches. 
Different countries use different measures of weight. In the United Kingdom and 
the United States, the pound is typically used, with variants that are fractions or 
multiples of the pound, such as the dram, ounce, and ton. In most other countries, 
the metric system is used, with the gram as the basic unit of weight, and 
variants that are fractions or multiples of the gram, such as the milligram 
and kilogram.

If we were told that three imaginary species of cockroaches had 
mean weights of 8.00 drams, 0.25 pound, and 98.00 grams, which one 
should we most fear? We can answer this question by standardizing the 
weights and comparing them on the same measure. A dram is 1>256 
of a pound, so 8.00 drams  is 1>32 5 0.03125 of a pound. One pound 
equals 453.5924 grams. Based on these conversions, the weights could be 
standardized into grams as follows:

Cockroach 1 weighs 8.00 drams 5 0.03125 pound 5 14.17 grams

Cockroach 2 weighs 0.25 pound 5 113.40 grams

Cockroach 3 weighs 98.00 grams

Standardizing allows us to determine that the second cockroach species 
tends to weigh the most: 113.40 grams. Fortunately, the biggest cockroach 
in the world weighs only about 35 grams and is about 80 millimeters (3.15 inches) long. 
Cockroaches 2 and 3 exist only in our imaginations. However, not all conversions are 
as easy as standardizing weights from different units into grams. That’s why statisticians 
developed the z distribution. ●

Transforming Raw Scores into z Scores
A desire to make meaningful comparisons forces us to convert raw scores into stan-
dardized scores. For example, let’s say you know that after taking the midterm exam-
ination, you are 1 standard deviation above the mean in your statistics class. Is this 
good news? What if you are 0.5 standard deviation below the mean? Understanding 
a score’s relation to the mean of its distribution gives us important information. For 
a statistics test, we know that being above the mean is good; for anxiety levels, we 
know that being above the mean is usually bad. z scores create an opportunity to make 
meaningful comparisons.

The only information we need to convert any raw score to a z score is the mean 
and standard deviation of the population of interest. In the midterm example, we 
are probably interested in comparing our grade with the grades of others in this 
course. In this case, the statistics class is the population of interest. Let’s say that your 
score on the midterm is 2 standard deviations above the mean; your z score is 2.0. 
Imagine that a friend’s score is 1.6 standard deviations below the mean; your friend’s 

deviations a particular score is from the mean. A z score is part of its own distribution, the 
z distribution, just as a raw score, such as a person’s height, is part of its own dis-
tribution, a distribution of heights. (Note that as with all statistical symbols, the z is 
italicized.)

Standardizing Cockroach Weights  
Standardization is a way to create meaningful 
comparisons by converting different scales to a common, 
or standardized, scale. We can compare the weights of 
these cockroaches using different measures of weights—
including drams, pounds, and grams.
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z score is 21.6. What would your z score be if you fell exactly at the mean in your 
statistics class? If you guessed 0, you’re correct.

Figure 6-5 illustrates two important features of the z distribution. First, the z dis-
tribution always has a mean of 0. So, if you are exactly at the mean, then you are 0 
standard deviations from the mean. Second, the z distribution always has a standard 
deviation of 1. If your raw score is 1 standard deviation above the mean, you have a 
z score of 1.0.

z � 0z � �1 z � 1

Mean(1 standard deviation
below the mean)

(1 standard deviation
above the mean)

FIGURE 6-5 
The z Distribution

The z distribution always has a mean of 
0 and a standard deviation of 1.

EXAMPLE 6.3 Let’s calculate z scores without a calculator or formula. We’ll use the distribution of 
scores on a statistics exam. (This example is illustrated in Figure 6-6.) If the mean 
on a statistics exam is 70, the standard deviation is 10, and your score is 80, what is 
your z score? In this case, you are exactly 10 points, or 1 standard deviation, above 
the mean, so your z score is 1.0. Now let’s say your score is 50, which is 20 points, 
or 2 standard deviations, below the mean, so your z score is 22.0. What if your score is 
85? Now you’re 15 points, or 1.5 standard deviations, above the mean, so your z 
score is 1.5.

� 0z
70

� �1z
60

� �2z
50

z � 1
80

z � 2
90

z � 1.5
85

FIGURE 6-6 
z Scores Intuitively

With a mean of 70 and a standard 
deviation of 10, we can calculate many 
z scores without a formula. A raw score 
of 50 has a z score of 22.0. A raw 
score of 60 has a z score of 21.0. A 
raw score of 70 has a z score of 0.  
A raw score of 80 has a z score of 1.0. 
A raw score of 85 has a z score of 1.5.
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As you can see, we don’t need a formula to calculate a z score when we’re working 
with easy numbers. It is important, however, to learn the notation and language of 
statistics. So let’s also convert z scores using a formula for when the numbers are not 
easy to work with. To calculate a particular z score, there are just two steps.

STEP 1: Determine the distance of a particular 
person’s score (X) from the population mean  
(m) as part of the calculation: X 2 m.

STEP 2: Express this distance in terms of standard 
deviations by dividing by the population 
standard deviation, s.

MASTERING THE FORMULA

6-1: The formula for a z score is:

z 5
(X 2 m)

s

We calculate the difference be-
tween an individual score and the 
population mean, then divide by 
the population standard deviation.

The formula, therefore, is:

z 5
(X 2 m)

s
 ●

EXAMPLE 6.4Let’s take an example that is not so easy to calculate in our heads. The mean height 
for the population of sophomores at your university is 64.886 inches, with a standard 
deviation of 4.086. If you are 70 inches tall, what is your z score?

In this case, subtract the population mean, 
64.886, from your score, 70.

The population standard deviation is 
4.086. Here are those steps in the context 
of the formula:

z 5
(X 2 m)

s
5

(70 2 64.886)

4.086
5 1.25

You are 1.25 standard deviations above the mean.
We must be careful not to use a formula mindlessly. Always consider whether the 

answer makes sense. In this case, 1.25 is positive, indicating that the height is just over 
1 standard deviation above the mean. This makes sense because the raw score of 70 is 
also just over 1 standard deviation above the mean. If you do this quick check regularly, 
then you can correct mistakes before they cost you. ●

STEP 1: Subtract the population mean 
from your score.

STEP 2: Divide by the population 
standard deviation.

EXAMPLE 6.5Let’s take another example: What if you are 62 inches tall?

Here, subtract the population mean, 
64.886, from your score, 62.

STEP 1: Subtract the population mean 
from your score.
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The population standard deviation is 
4.086. Here are those steps in the context 
of the formula:

z 5
(X 2 m)

s
5

(62 2 64.886)

4.086
5 20.71

You are 0.71 standard deviation below the mean.
Don’t forget the sign of the z score. Changing a z score from negative 0.71 to pos-

itive 0.71 makes a big difference! ●

STEP 2: Divide by the population 
standard deviation.

Estimating z Scores Would 
you guess that the dog on the left 
has a positive or negative z score for 
size as compared to all dogs? What 
about the dog on the right? A dog 
that is very small is below average 
in size and would have a negative 
z score. A dog that is very large is 
above average in size and would 
have a positive z score.
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EXAMPLE 6.6 With the height example we’ve been using, let’s now demonstrate that the mean of the 
z distribution is always 0 and the standard deviation is always 1. The mean is 64.886 and 
the standard deviation is 4.086. Let’s calculate what the z score would be at the mean.

We subtract the population mean, 64.886, 
from a score right at the mean, 64.886.

We divide the difference by 4.086. Here 
are those steps in the context of the 
formula:

z 5
(X 2 m)

s
5

(64.886 2 64.886)

4.086
5 0

If someone is exactly 1 standard deviation above the mean, his or her score would 
be 64.886 1 4.086 5 68.972. Let’s calculate what the z score would be for this person.

STEP 1: Subtract the population mean 
from a score right at the  
mean.

STEP 2:  Divide by the population 
standard deviation.
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We subtract the population mean, 64.886, 
from a score exactly 1 standard deviation 
(4.086) above the mean, 68.972.

We divide the difference by 4.086. Here are 
those steps in the context of the formula:

z 5
(X 2 m)

s
5

(68.972 2 64.886)

4.086
5 1 ●

Transforming z Scores into Raw Scores
If we already know a z score, then we can reverse the calculations to determine the 
raw score. The formula is the same; we just plug in all the numbers instead of the X, 
then solve algebraically. Let’s try it with the height example.

STEP 1:  Subtract the population 
mean from a score exactly 
1 standard deviation above 
the mean.

STEP 2: Divide by the population 
standard deviation.

EXAMPLE 6.7The population mean is 64.886, with a standard deviation of 4.086. So, if you have a  
z score of 1.79, what is your height?

z 5
(X 2 m)

s
5 1.79 5

(X 2 64.886)

4.086

If we solve for X, we get 72.20. For those who prefer to minimize the use of algebra, 
we can do the algebra on the equation itself to derive a formula that gets the raw score 
directly. The formula is derived by multiplying both sides of the equation by s, then 
adding m to both sides of the equation. This isolates the X, as follows:

X 5 z(s) 1 m

So, there are two steps to converting a z score to a raw score:

Multiply the z score, 1.79, by the popula-
tion standard deviation, 4.086.

Add the population mean, 64.886, to this 
product.

Here are those steps in the context of the formula:

X 5 1.79(4.086) 1 64.886 5 72.20

Regardless of whether we use the original formula or the direct formula, the height is 
72.20 inches. As always, think about whether the answer seems accurate. In this case, the 
answer does make sense because the height is above the mean and the z score is positive. ●

STEP 1:  Multiply the z score by the 
population standard  
deviation.

STEP 2: Add the population mean to 
this product.

MASTERING THE FORMULA

6-2: The formula to calculate the 
raw score from a z score is:

X 5 z(s) 1 m

We multiply the z score by the 
population standard deviation, then 
add the population mean.
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EXAMPLE 6.8 What if your z score is 20.44?

Multiply the z score, 20.44, by the 
population standard deviation, 4.086.

Add the population mean, 64.886, to this 
product.

Here are those steps in the context of the formula:

X 5 20.44(4.086) 1 64.886 5 63.09

Your height is 63.09 inches. Don’t forget the negative sign when doing this calculation.
As long as we know the mean and standard deviation of the 

population, we can do two things: (1) calculate the raw score 
from its z score, and (2) calculate the z score from its raw score.

Now that you understand z scores, let’s question the saying 
that “you can’t compare apples and oranges.” We can take any 
apple from a normal distribution of apples, find its z score 
using the mean and standard deviation for the distribution of 
apples, convert the z score to a percentile, and discover that a 
particular apple is, say, larger than 85% of all apples. Similarly, 
we can take any orange from a normal distribution of oranges, 
find its z score using the mean and standard deviation for the 
distribution of oranges, convert the z score to a percentile, and 
discover that this particular orange is, say, larger than 97% of all 
oranges. The orange (with respect to other oranges) is bigger 
than the apple (with respect to other apples), and yes, that is 
an honest comparison. With standardization, we can compare 
anything, each relative to its own group.

The normal curve also allows us to convert scores to per-
centiles because 100% of the population is represented under the bell-shaped curve. 
This means that the midpoint is the 50th percentile. If an individual score on some test 
is located to the right of the mean, we know that the score lies above the 50th percen-
tile. A score to the left of the mean is below the 50th percentile. To make more specific 
comparisons, we convert raw scores to z scores and z scores to percentiles using the z 
distribution. The z distribution is a normal distribution of standardized scores—a distribu-
tion of z scores.  And the standard normal distribution is a normal distribution of z scores.

Most people are not content merely with knowing whether their own score is above 
or below the average score. After all, there is likely a big difference between scoring at 
the 51st percentile and scoring at the 99th percentile in height, as shown in Figure 6-7. 
The standardized z distribution allows us to do the following:

1. Transform raw scores into standardized scores called z scores
2. Transform z scores back into raw scores

STEP 1:  Multiply the z score by the 
population standard  
deviation.

STEP 2:  Add the population mean to 
this product.

Apples and Oranges Standardization allows us to compare apples 
with oranges. If we can standardize the raw scores on two different scales, 
converting both scores to z scores, we can then compare the scores 
directly.
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 ● The z distribution is a 
normal distribution of 
standardized scores.

 ● The standard normal 
distribution is a normal 
distribution of z scores.
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3. Compare z scores to each other—even when the underlying raw scores are 
measured on different scales

4. Transform z scores into percentiles that are more easily understood ●

Using z Scores to Make Comparisons
In Figure 6-8, you’ll find an example of how researchers use z scores as a standardiza-
tion tool. Using the Google Ngram tool, researchers recorded the numbers of times 
that different emotion-related words were used in literature since 1900. In order to 
make direct comparisons, they turned all of the counts into z scores. By doing so, 
even if “fear” words were used more often than “disgust” words, the researchers could 
directly compare the patterns in the usage of emotion-related words.

51%50% 99%

FIGURE 6-7 
The All-Encompassing  
z Distribution

The z distribution theoretically includes 
all possible scores, so when it’s based 
on a normal distribution, we know that 
50% of the scores are above the mean 
and 50% are below the mean. But the 
51st percentile and the 99th percentile 
are still far from each other, so two 
people making a comparison usually 
want more precise information than 
whether or not they are above average.
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Prevalence in terms

of z scores

FIGURE 6-8 
Using z Scores as a 
Standardization Tool in 
Research

Acerbi, Lampos, Garnett, and Bentley (2013) 
used Google Ngram to look at patterns 
in the use of emotion-related words in 
literature over time. They found that, 
in general, the prevalence of  emotion-
related words used in the 30 million 
books catalogued in Google books has 
decreased over the past century. The one 
exception was words related to “fear.” 
This graph plots z scores to allow for the 
comparison of different emotion words. 
For example, if fear-related words were 
more common overall than disgust-
related words, the lines would be far 
apart, making comparisons of trend lines 
difficult.
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154   CHAPTER 6 ■ The Normal Curve, Standardization, and z Scores

Now let’s look at an example you may have encountered in your own life. Imagine 
that a friend is taking a course in statistics at the same time that you are, but with a 
different professor. Each professor has a different grading scheme, so each class produces 
a different distribution of scores. Thanks to standardization, we can convert each raw 
score to a z score and compare raw scores from different distributions.

EXAMPLE 6.9 For example, let’s say that you both took a quiz. You earned 92 out of 100; the distri-
bution of your class had a mean of 78.1 and a standard deviation of 12.2. Your friend 

earned 8.1 out of 10; the distribution of his class had a mean of 
6.8 with a standard deviation of 0.74. Again, we’re only interested 
in the classes that took the test, so these are populations. Who did 
better?

We standardize the scores in terms of their respective 
distributions.

Your score: z 5
(X 2 m)

s
5

(92 2 78.1)

12.2
5 1.14

Your friend’s score: z 5
(X 2 m)

s
5

(8.1 2 6.8)

0.74
5 1.76

First, let’s check our work. Do these answers make sense? Yes—
both you and your friend scored above the mean and have positive 
z scores. Second, we compare the z scores. Although you both 
scored well above the mean in terms of standard deviations, your 
friend did better with respect to his class than you did with respect 
to your class. ●

Transforming z Scores into Percentiles
So z scores are useful because:

 1.  z scores give us a sense of where a score falls in relation to the 
mean of its population (in terms of the standard deviation of 
its population).

 2. z scores allow us to compare scores from different distributions.

Yet we can be even more specific about where a score falls. An 
additional and particularly helpful use of z scores is that they also have 
this property:

 3. z scores can be transformed into percentiles.

Because the shape of a normal curve is standard, we automatically know something 
about the percentage of any particular area under the curve. Think of the normal curve 
and the horizontal line below it as forming a shape. (In fact, it is a shape; it’s essentially a 
frequency polygon.) Like any shape, the area below the normal curve can be measured. 
We can quantify the space below a normal curve in terms of percentages.

Remember that the normal curve is, by definition, symmetric. This means that 
exactly 50% of scores fall below the mean and 50% fall above the mean. But Figure 6-9 
demonstrates that we can be even more specific. Approximately 34% of scores fall 

Making Comparisons z scores create a way to compare 
students taking different exams from different courses. If each exam 
score can be converted to a z score with respect to the mean and 
standard deviation for its particular exam, the two scores can then be 
compared directly.

©
 C

or
bi

s

MASTERING THE CONCEPT

6-3: z scores tell us how far a score is from a 
population mean in terms of the population standard 
deviation. Because of this characteristic, we can 
compare z scores to each other, even when the raw 
scores are from different distributions. We can then go a 
step further by converting z scores into percentiles and 
comparing percentiles to each other.
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between the mean and a z score of 1.0; and because of symmetry, 34% of scores also 
fall between the mean and a z score of 21.0. We also know that approximately 14% 
of scores fall between the z scores of 1.0 and 2.0, and 14% of scores fall between the 
z scores of 21.0 and 22.0. Finally, we know that approximately 2% of scores fall 
between the z scores of 2.0 and 3.0, and 2% of scores fall between the z scores of 
22.0 and 23.0.

By simple addition, we can determine that approximately 68% (34 1 34 5 68) of 
scores fall within 1 standard deviation—or 1 z score—of the mean; that approximately 
96% (14 1 34 1 34 1 14 5 96) of scores fall within 2 standard deviations of the 
mean; and that all or nearly all (2 1 14 1 34 1 34 1 14 1 2 5 100) scores fall within 
3 standard deviations of the mean. So, if you know you are about 1 standard deviation 
above the mean on your statistics quiz, then you can add the 50% below the mean to 
the 34% between the mean and the z score of 1.0 that you earned on your quiz, and 
know that your score corresponds to approximately the 84th percentile.

If you know that you are about 1 standard deviation below the mean, you know 
that you are in the lower 50% of scores and that 34% of scores fall between your score 
and the mean. By subtracting, you can calculate that 50 2 34 5 16% of scores fall 
below yours. Your score corresponds to approximately the 16th percentile. Scores on 
standardized tests are often expressed as percentiles.

For now, it’s important to understand that the z distribution forms a normal curve 
with a unimodal, symmetric shape. Because the shape is known and 100% of the 
population falls beneath the normal curve, we can determine the percentage of any 
area under the normal curve.

0�1�2�3 1 2 3

34%34%

14% 14%2% 2%

FIGURE 6-9 
The Normal Curve and 
Percentages

The standard shape of the normal curve 
allows us to know the approximate 
percentages under different parts of 
the curve. For example, about 34% of 
scores fall between the mean and a  
z score of 1.0.

CHECK YOUR LEARNING 

Reviewing the Concepts > Standardization is a way to create meaningful comparisons between observations 
from different distributions. It can be done by transforming raw scores from different 
distributions into z scores, also known as standardized scores.

 > A z score is the distance that a score is from the mean of its distribution in terms of 
standard deviations.

 > We also can transform z scores to raw scores by reversing the formula for a z score.

 > z scores correspond to known percentiles that communicate how an individual score 
compares with the larger distribution.

 continued on next page
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The Central Limit Theorem
In the early 1900s, W. S. Gossett discovered how the predictability of 
the normal curve could improve quality control in the Guinness ale 
factory. One of the practical problems that Gossett faced was related to 
sampling yeast cultures: Too little yeast led to incomplete fermentation, 
whereas too much yeast led to a bitter-tasting beer. To test whether 
he could sample both accurately and economically, Gossett averaged 
samples of four observations to see how well they represented a known 
population of 3000 (Gossett, 1908, 1942; Stigler, 1999).

Clarifying the Concepts 6-4 Describe the process of standardization.

 6-5 What do the numeric value and the sign (negative or positive) of a z score indicate?

Calculating the Statistics 6-6  The mean of a population is 14 and the standard deviation is 2.5. Using the formula, 
calculate z scores for the following raw scores:

a. 11.5

b. 18

 6-7 Using the same population parameters as in Check Your Learning 6-6, calculate raw 
scores for the following z scores:
a. 2

b. 21.4

Applying the Concepts 6-8 The Consideration of Future Consequences (CFC) scale assesses the degree to which 
students are future oriented. Researchers believe that a high CFC score is a positive 
indicator of a student’s career potential. One study found a mean CFC score of 3.20, 
with a standard deviation of 0.70, for the 800 students in the sample (Adams, 2012).

a. If a student has a CFC score of 2.5, what is her z score? To what percentile does 
this z score roughly correspond?

b. If a student has a CFC score of 4.6, what is his z score? To what percentile does 
this z score roughly correspond?

c. If a student has a CFC score at the 84th percentile, what is her z score?

d. What is the raw score of the student at the 84th percentile? Use symbolic notation 
and the formula. Explain why this answer makes sense.

 6-9 Samantha has high blood pressure but exercises; she has a wellness score of 84 on a 
scale with a mean of 93 and a standard deviation of 4.5 (a higher score indicates better 
health). Nicole is of normal weight but has high cholesterol; she has a wellness score of 
332 on a scale with a mean of 312 and a standard deviation of 20.

a. Without using a formula, who would you say is in better health?

b. Using standardization, determine who is in better health. Provide details using 
symbolic notation.

c. Based on their z scores, what percentage of people are in better health than 
Samantha and Nicole, respectively?

Solutions to these Check Your 
Learning questions can be 
found in Appendix D.

MASTERING THE CONCEPT

6-4: The central limit theorem demonstrates that a 
distribution made up of the means of many samples 
(rather than individual scores) approximates a normal 
curve, even if the underlying population is not 
normally distributed.

07_NOL_43633_Ch06_141_176_PP2.indd   156 5/11/18   3:56 PM
Copyright ©2018 Worth Publishers. Distributed by Worth Publishers. Not for redistribution. 



CHAPTER 6 ■ The Normal Curve, Standardization, and z Scores  157

This small adjustment (taking the average of four samples rather than using just 
one sample) is possible because of the central limit theorem. The central limit theorem 
refers to how a distribution of sample means is a more normal distribution than a distribution of 
scores, even when the population distribution is not normal. Indeed, as sample size increases, 
a distribution of sample means more closely approximates a normal curve. More spe-
cifically, the central limit theorem demonstrates two important principles:

1. Repeated sampling approximates a normal curve, even when the original popula-
tion is not normally distributed.

2. A distribution of means is less variable than a distribution of individual scores.

Instead of randomly sampling a single data point, Gossett randomly sampled four 
data points from the population of 3000 and computed the average. He did this repeat-
edly and used those many averages to create a distribution of means. A distribution of 
means is a distribution composed of many means that are calculated from all possible samples of 
a given size, all taken from the same population. Put another way, the numbers that make 
up the distribution of means are not individual scores; they are means of samples of 
individual scores. Distributions of means are frequently used to understand data across 
a range of contexts; for example, when a university reports the mean standardized test 
score of incoming first-year students, that mean would be understood in relation to a 
distribution of means instead of a distribution of scores.

Gossett experimented with using the average of four data points as his sample, but 
there is nothing magical about the number four. A mean test score for incoming stu-
dents would have a far larger sample size. The important outcome is that a distribution 
of means more consistently produces a normal distribution (although with less vari-
ance) even when the population distribution is not normal. It might help your understanding 
to know that the central limit theorem works because a sample of four, for example, 

 ● The central limit theorem 
refers to how a distribution 
of sample means is a more 
normal distribution than 
a distribution of scores, 
even when the population 
distribution is not normal.

A Distribution of Means  
A distribution of means reduces the 
influence of individual outliers such as 
the size of the Buddha on the left. When 
that extreme size is part of a sample 
that includes smaller, more typically 
sized Buddhas, such as the one on 
the right, the mean of that sample will 
be smaller than the size of the single 
large Buddha. That is why a distribution 
based on means is less variable than 
a distribution based on individual scores.
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 ● A distribution of means is 
a distribution composed 
of many means that are 
calculated from all possible 
samples of a given size, 
all taken from the same 
population.
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will minimize the effect of outliers. When an outlier is just one of four scores being 
sampled and averaged, the average won’t be as extreme as the outlier.

In this section, we learn how to create a distribution of means, as well as how to calculate 
a z score for a mean (more accurately called a z statistic when calculated for means rather 
than scores). We also learn why the central limit theorem indicates that, when conducting 
hypothesis testing, a distribution of means is more useful than a distribution of scores.

Creating a Distribution of Means
The central limit theorem underlies many statistical processes that are based on a 
distribution of means. A distribution of means is more tightly clustered (has a smaller 
standard deviation) than a distribution of scores.

EXAMPLE 6.10 In class, we conduct an exercise with our students that demonstrates the central limit 
theorem in action. We start by writing the numbers in Table 6-1 (see page 144) on 140 
individual index cards that can be mixed together in a hat. The numbers represent the 
heights, in inches, of 140 college students from the authors’ classes. As before, we treat 
these 140 students as the entire population.

1. First, we randomly pull one card at a time and record its score by marking it on 
a histogram. (In class, we create the histograms in this exercise on a white board 
or smart board.) After recording the score, we return the card to the container 
representing the population of scores and mix all the cards before pulling the 
next card. (Not surprisingly, this is known as sampling with replacement.) We con-
tinue until we have plotted at least 30 scores, drawing a square for each one so 
that bars emerge above each value. This creates the beginning of a distribution 
of scores. Using this method, we created the histogram in Figure 6-10.
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52 53 54 55 56 57 58 59 60 61 62 63 64 65 66 67 68 69 70 71 72 73 74 75 76 77

Height (in inches)

Frequency

FIGURE 6-10 
Creating a Distribution of Scores

This distribution is one of many that could be created by pulling 30 numbers, one at a time, and replacing the 
numbers between pulls, from the population of 140 heights. If you create a distribution of scores yourself from these 
data, it should look roughly bell-shaped like this one—that is, unimodal and symmetric.
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2. Now, we randomly pull three cards at a time, compute the mean of these three 
scores (rounding to the nearest whole number), and record this mean on a 
different histogram. As before, we draw a square for each mean, with each 
stack of squares resembling a bar. Again, we return each set of cards to the 
population and mix before pulling the next set of three. We continue until we 
have plotted at least 30 values. This is the beginning of a distribution of means. 
Using this method, we created the histogram in Figure 6-11.

The distribution of scores in Figure 6-10, similar to those we create when we do 
this exercise in class, ranges from 52 to 77, with a peak in the middle. If we had a larger 
population, and if we pulled many more numbers, the distribution would become more 
and more normal. Notice that the distribution is centered roughly around the actual 
population mean, 64.89. Also notice that all, or nearly all, scores fall within 3 standard 
deviations of the mean. The population standard deviation of these scores is 4.09. So 
nearly all scores should fall within this range:

64.89 2 3(4.09) 5 52.62 and 64.89 1 3(4.09) 5 77.16

In fact, the range of scores—52 through 77—in this population of 140 heights is 
very close to this range.

Is there anything different about the distribution of means in Figure 6-11? Yes, 
there are not as many means at the far tails of the distribution as in the distribution of 
scores—we no longer have any values in the 50s or 70s. However, there are no changes 
in the center of the distribution. The distribution of means is still centered around the 
actual mean of 64.89. This makes sense. The means of three scores each come from 
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FIGURE 6-11 
Creating a Distribution of Means

Compare this distribution of means to the distribution of scores in Figure 6-10. The mean is the same and it is 
still roughly bell-shaped. The spread is narrower, however, so there is a smaller standard deviation. This particular 
distribution is one of many similar distributions that could be created by pulling 30 means (the average of three 
numbers at a time) from the population of 140 heights.
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the same set of scores, so the mean of the individual sample means should be the same 
as the mean of the whole population of scores.

Why does the spread decrease when we create a distribution of means rather than a 
distribution of scores? When we plotted individual scores, an extreme score was plotted 
on the distribution. But when we plotted means, we averaged that extreme score with 
two other scores. So each time we pulled a score in the 70s, we tended to pull two 
lower scores as well; when we pulled a score in the 50s, we tended to pull two higher 
scores as well.

What do you think would happen if we created a distribution of means of 10 scores 
rather than 3? As you might guess, the distribution would be even narrower because 
there would be more scores to balance the occasional extreme score. The mean of 
each set of 10 scores is likely to be even closer to the actual mean of 64.89. What if 
we created a distribution of means of 100 scores, or of 10,000 scores? The larger the 
sample size, the smaller the spread of the distribution of means. ●

Characteristics of the Distribution of Means
Because the distribution of means is less variable than the distribution of scores, the 
distribution of means needs its own standard deviation—a smaller standard deviation 
than we used for the distribution of individual scores.

The data presented in Figure 6-12 allow us to visually verify that the distribution 
of means needs a smaller standard deviation. Using the population mean of 64.886 and 
standard deviation of 4.086, the z scores for the end scores of 60 and 69 are 21.20 and 
1.01, respectively—not even close to 3 standard deviations. These z scores are wrong 
for this distribution. We need to use a standard deviation of sample means rather than 
a standard deviation of individual scores.

FIGURE 6-12 
Using the Appropriate Measure of Spread

Because the distribution of means is narrower than the distribution of scores, it has a smaller standard deviation. This 
standard deviation has its own name: standard error.
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Language Alert! We use slightly modified language and symbols 
when we describe distributions of means instead of distributions of 
scores. The mean of a distribution of means is the same as the mean 
of a population of scores, but it uses the symbol mM (pronounced 
“mew sub em”). The m indicates that it is the mean of a population, 
and the subscript M indicates that the population is composed of sam-
ple means—the means of all possible samples of a given size from a 
 particular population of individual scores.

We also need a new symbol and a new name for the standard deviation of the 
distribution of means—the typical amount that a sample mean varies from the popu-
lation mean. The symbol is sM (pronounced “sigma sub em”). The subscript M again 
stands for mean; this is the standard deviation of the population of means calculated 
for all possible samples of a given size. The symbol has its own name: Standard error is 
the name for the standard deviation of a distribution of means. Table 6-2 summarizes the 
alternative names that describe these related ideas.

Fortunately, there is a simple calculation that lets us know exactly how much smaller 
the standard error, sM, is than the standard deviation, s. As we’ve noted, the larger 
the sample size, the narrower the distribution of means and the smaller the standard 
deviation of the distribution of means—the standard error. We calculate the standard 
error by taking into account the sample size used to calculate the means that make up 
the distribution. The standard error is the standard deviation of the population divided 
by the square root of the sample size, N. The formula is:

sM 5
s

!N

MASTERING THE CONCEPT

6-5: A distribution of means has the same mean as 
a distribution of scores from the same population, 
but a smaller standard deviation.

TABLE 6-2  Parameters for Distributions of Scores Versus Means

When we determine the parameters of a distribution, we must consider whether the distribution is composed 
of scores or means.

Distribution
Symbol  

for Mean
Symbol  

for Spread
Name  

for Spread

Scores m s Standard deviation

Means mM sM Standard error

 ● Standard error is the name 
for the standard deviation of 
a distribution of means.

EXAMPLE 6.11Imagine that the standard deviation of the distribution of individual scores is 5 and we 
have a sample of 10 people. The standard error would be:

sM 5
s

!N
5

5

!10
5 1.58

The spread is smaller when we calculate means for samples of 10 people because 
any extreme scores are balanced by less extreme scores. With a larger sample size of 

MASTERING THE FORMULA

6-3:  The formula for standard 
error is:

sM 5
s

!N
. 

We divide the standard deviation 
for the population by the square 
root of the sample size.
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200, the spread is even smaller because there are many more scores close to the mean 
to balance out any extreme scores. The standard error would then be:

sM 5
s

!N
5

5

!200
5 0.35

A distribution of means faithfully obeys the central limit theorem. Even if the 
population of individual scores is not normally distributed, the distribution of means 
will approximate the normal curve if the samples are composed of at least 30 scores. 
The three graphs in Figure 6-13 depict (a) a distribution of individual scores that is 
extremely skewed in the positive direction, (b) the less skewed distribution that results 
when we create a distribution of means using samples of 2, and (c) the approximately 
normal curve that results when we create a distribution of means using samples of 25. 
We have learned three important characteristics of the distribution of means:

1. As sample size increases, the mean of a distribution of means remains the same.
2. The standard deviation of a distribution of means (called the standard error) is 

smaller than the standard deviation of a distribution of scores. As sample size 
increases, the standard error becomes ever smaller.

3. The shape of the distribution of means approximates the normal curve if the 
distribution of the population of individual scores has a normal shape or if the 
size of each sample that makes up the distribution is at least 30 (the central 
limit theorem). ●

A severely skewed
distribution of scores
in a population

(a)

A less severely skewed
distribution of means using
samples of 2 from
the same population

(b)

A normal distribution of
means using samples of 25
from the same population

(c)

FIGURE 6-13 
The Mathematical Magic of Large Samples

Even with a population of individual scores that are not normally distributed, the distribution of means approximates a 
normal curve as the sample gets larger.
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Using the Central Limit Theorem to Make Comparisons 
with z Scores
z scores are a standardized version of raw scores based on the population. But we sel-
dom have the entire population to work with, so we typically calculate the mean of 
a sample and calculate a z score based on a distribution of means. When we calculate 
the z score, we simply use a distribution of means instead of a distribution of scores. 
The z formula changes only in the symbols it uses:

z 5
(M 2 mM)

sM

Note that we now use M instead of X because we are calculating a z score for a 
sample mean rather than for an individual score. Because the z score now represents 
a mean, not an actual score, it is often referred to as a z statistic. Specifically, the  
z statistic tells us how many standard errors a sample mean is from the population 
mean.

MASTERING THE FORMULA

6-4: The formula for z based on 
the mean of a sample is:

z 5
(M 2 mM)

sM

We subtract the mean of the distri-
bution of means from the mean of 
the sample, then we divide by the 
standard error, the standard devia-
tion of the distribution of means.

EXAMPLE 6.12Let’s consider a distribution for which we know the population mean and standard 
deviation. Several hundred universities reported data from their counseling centers 
(Gallagher, 2009). (For this example, we’ll treat this sample as the entire population of 
interest.) The study found that an average of 8.5 students per institution were hospi-
talized for mental illness for over 1 year. For the purposes of this example, we’ll assume 
a standard deviation of 3.8. Let’s say we develop a prevention program to reduce the 
numbers of hospitalizations and we recruit 30 universities to participate. After 1 year, 
we calculate a mean of 7.1 hospitalizations at these 30 institutions. Is this an extreme 
sample mean, given the population?

To find out, let’s imagine the distribution of means for samples of 30 hospitalization 
scores. We would collect the means the same way we collected the means of three 
heights in the earlier example—just with far more means. The average of all those 
means would have the same mean as the population but the spread would be nar-
rower. The spread of the distribution is skinnier because any extreme hospitalization 
scores would now be part of a sample that likely included less extreme scores. So, 
the mean for each sample is less likely to be extreme than is an individual score. The 
distribution of all of these means, then, would be less variable than the distribution 
of scores. Here are the mean and standard error of the sample of universities, using 
proper symbolic notation:

mM 5 m 5 8.5

sM 5
s

!N
5

3.8

!30
5 0.694

At this point, we have all the information we need to calculate the z statistic:

z 5
(M 2 mM)

sM
5

(7.1 2 8.5)

0.694
5 22.02
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From this z statistic, we could determine how extreme the mean number of hospi-
talizations is in terms of a percentage. Then we could draw a conclusion about whether 
we would be likely to find a mean number of hospitalizations of 7.1 in a sample of 
30 universities if the prevention program did not work. The useful combination of a 
distribution of means and a z statistic has led us to a point where we’re prepared for 
inferential statistics and hypothesis testing. ●

CHECK YOUR LEARNING 

Reviewing the Concepts > According to the central limit theorem, a distribution of sample means based on 30 or 
more scores approximates the normal distribution, even if the original population is not 
normally distributed.

 > A distribution of scores has the same mean as a distribution of means. However, a 
distribution of scores contains more extreme scores and a larger standard deviation than 
a distribution of means; this is another principle of the central limit theorem.

 > z scores may be calculated from a distribution of scores or from a distribution of means. 
When we calculate a z score for a mean, we usually call it a z statistic.

 > For the measure of spread, the two calculations use different terms: standard deviation for 
a distribution of scores and standard error for a distribution of means.

 > Just as with z scores, the z statistic tells us about the relative position of a mean within a 
distribution; this can be expressed as a percentile.

Clarifying the Concepts 6-10 What are the main ideas behind the central limit theorem?

 6-11 Explain what a distribution of means is.

Calculating the Statistics 6-12 The mean of a distribution of scores is 57, with a standard deviation of 11. Calculate 
the standard error for a distribution of means based on samples of 35 people.

Applying the Concepts 6-13 Let’s return to the selection of 30 CFC scores that we considered in Check Your 
Learning 6-2(b):

3.5 3.5 3.0 4.0 2.0 4.0 2.0 4.0 3.5 4.5

4.5 4.0 3.5 2.5 3.5 3.5 4.0 3.0 3.0 2.5

3.0 3.5 4.0 3.5 3.5 2.0 3.5 3.0 3.0 2.5

a. What is the range of these scores?

b. Take three means of 10 scores each from this sample of scores, one for each row. 
What is the range of these means?

c. Why is the range smaller for the means of samples of 10 scores than for the 
individual scores themselves?

d. The mean of these 30 scores is 3.32. The standard deviation is 0.69. Using symbolic 
notation and formulas (where appropriate), determine the mean and standard error 
of the distribution of means computed from samples of 10.

Solutions to these Check Your 
Learning questions can be 
found in Appendix D.

Visit LaunchPad to access 
the e-Book and to test your 
knowledge with LearningCurve.
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REVIEW OF CONCEPTS

The Normal Curve
Three ideas about the normal curve help us to understand inferential statistics. First, the 
normal curve describes the variability of many physical and psychological characteristics. 
Second, the normal curve may be translated into percentages, allowing us to standardize 
variables and make direct comparisons of scores on different measures. Third, a distribution 
of means, rather than a distribution of scores, produces a more normal curve. The last idea 
is based on the central limit theorem, by which we know that a distribution of means will 
be normally distributed and less variable as long as the samples from which the means are 
computed are of a sufficiently large size, usually at least 30.

Standardization, z Scores, and the Normal Curve
The process of standardization converts raw scores into z scores. Raw scores from any nor-
mal distribution can be converted to the z distribution. A normal distribution of z scores is 
called the standard normal distribution. z scores tell us how far a raw score falls from its mean 
in terms of standard deviation. We can also reverse the formula to convert z scores to raw 
scores. Standardization using z scores has two important applications. First, standardized 
scores—that is, z scores—can be converted to percentile ranks (and percentile ranks can be 
converted to z scores and then raw scores). Second, we can directly compare z scores from 
different raw-score distributions. z scores work the other way around as well.

The Central Limit Theorem
The z distribution can be used with a distribution of means in addition to a distribution of 
scores. Distributions of means have the same mean as the population of individual scores 
from which they are calculated, but a smaller spread, which means we must adjust for 
sample size. The standard deviation of a distribution of means is called the standard error. 
The decreased variability is due to the fact that extreme scores are balanced by less extreme 
scores when means are calculated. Distributions of means are normally distributed if the 
underlying population of scores is normal, or if the means are computed from sufficiently 
large samples, usually at least 30 individual scores. This second situation is described by the 
central limit theorem, the principle that a distribution of sample means will be normally dis-
tributed even if the underlying distribution of scores is not normally distributed, as long as 
there are enough scores—usually at least 30—comprising each sample. The characteristics 
of the normal curve allow us to make inferences from small samples using standardized 
distributions, such as the z distribution.

SPSS®

SPSS lets us understand each variable, identify its skewness, 
and explore how well it fits with a normal distribution. Enter 
the 140 heights from Table 6-1.

We can identify outliers that might skew the normal curve 
by selecting Analyze S  Descriptive Statistics S  Explore. In 
the dialogue box, select Statistics S  Outliers. Click “Continue.” 
Choose the variable of interest, “Height,” by clicking it on the 
left and then using the arrow to move it to the right. Click 
“OK.” The screenshot shown here depicts part of the output.

The output provides basic descriptive information for the 
variable of interest (i.e., mean, standard deviation, median, min-
imum, maximum, range, etc.), and then provides a description 

of extreme scores: the top five extreme scores and the bot-
tom five extreme scores. By scrolling farther down in the 
output, SPSS (by default) will provide both a  stem-and-leaf 
plot and a box plot. Both of these visualizations identify  
extreme scores using a statistical definition—values more than 
1.5 interquartile ranges beyond the 25th or 75th percentiles. 
In addition to a frequency distribution, the box plot is a useful 
tool to visualize the shape (or skewness) in a distribution.

We encourage you to explore your data and the many 
features in SPSS, especially when you are using your own 
data. SPSS is much easier to learn when you know why every 
number was included in the study in the first place. It’s also 
much more interesting to test your own ideas!
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Source: SPSS Statistics

6.1 CONVERTING RAW SCORES TO z SCORES

Researchers reported that college students had healthier eating habits, on average, than 
did individuals who were neither college students nor college graduates (Georgiou et al., 
1997). The researchers found that the 412 college students in the study ate breakfast a 
mean of 4.1 times per week, with a standard deviation of 2.4. Imagine that this is the entire 
population of interest.

Using symbolic notation and the formula, how can we calculate the z score for a 
student who eats breakfast six times per week? We can calculate the z score as follows:

z 5
(X 2 m)

s
5

(6 2 4.1)

2.4
5 0.79

Now, how can we calculate the z score for a student who eats breakfast twice a week? 
We can calculate this z score as follows:

z 5
(X 2 m)

s
5

(2 2 4.1)

2.4
5 20.88

6.2 STANDARDIZATION WITH z SCORES AND PERCENTILES

Who is doing better financially—Katy Perry, with respect to the 10 most powerful celeb-
rities, or Tiger Woods, with respect to the 10 golfers with the highest incomes? In 2012, 

HOW IT WORKS
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www.Forbes.com listed the 10 most powerful celebrities in terms of earnings and media 
exposure, regardless of gender. Katy Perry ranked eighth on this list and earned $45 million 
that year. In 2012, www.Golfdigest.com listed the top 10 earners in golf. Woods topped 
the list, with $86.1 million. In comparison to his top 10 peers, did Woods really do better 
financially than Perry did in comparison to her top 10 peers?

For celebrities, the mean for the top 10 was $70.3 million, with a standard deviation 
of $41.4 million. Based on this, Kate Perry’s z score is:

z 5
(X 2 m)

s
5

(45 2 70.3)

41.4
5 20.61

We can also calculate a range for her percentile rank. Fifty percent of scores fall below 
the mean. About 34% fall between the mean and a z score of 21.0, so: 50 2 34 5 16% 
of scores fall below a z score of 21. Therefore, Katy Perry is somewhere between the 
16th and 50th percentiles among the top 10 most powerful celebrities.

For golf, the mean for the top 10 was $30.0 million, with a standard deviation of $21.1 
million. Based on this, Tiger Woods’s z score is:

z 5
(X 2 m)

s
5

(86.1 2 30)

21.1
5 2.66

We can also estimate his percentile rank. Fifty percent of scores fall below the mean; 
about 34% fall between the mean and 1 standard deviation above the mean; and about 
14% fall between 1 and 2 standard deviations above the mean: 50 1 34 1 14 5 98. Woods 
is above the 98th percentile among the top 10 golfers with the highest incomes.

Tiger Woods outearned Katy Perry when each was compared to the top 10 earners 
in their respective fields.

EXERCISES
The solutions to the odd-numbered exercises can be found 
in Appendix C.

Clarifying the Concepts

 6.1 Explain how the word normal is used in everyday con-
versation, then explain how statisticians use it.

 6.2 What point on the normal curve represents the most 
commonly occurring observation?

 6.3 How does the size of a sample of scores affect the shape 
of the distribution of data?

 6.4 Explain how the word standardize is used in everyday 
conversation, then explain how statisticians use it.

 6.5 What is a z score?
 6.6 Give three reasons why z scores are useful.
 6.7 What are the mean and the standard deviation of the  

z distribution?
 6.8 Why is the central limit theorem such an important 

idea for dealing with a population that is not normally 
distributed?

 6.9 What does the symbol mM stand for?

 6.10 What does the symbol sM stand for?
 6.11 What is the difference between standard deviation and 

standard error?
 6.12 Why does the standard error become smaller simply by 

increasing the sample size?
 6.13 What does a z statistic—a z score based on a distribu-

tion of means—tell us about a sample mean?
 6.14 Each of the following equations has an error. Iden-

tify, fix, and explain the error in each of the following 
equations.

a. sM 5
m

!N

b. z 5
(m 2 mM)

sM
 (for a distribution of means)

c. z 5
(M 2 mM)

s
 (for a distribution of means)

d. z 5
(X 2 m)

sM
 (for a distribution of scores)
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Calculating the Statistics

6.15 Create a histogram for these three sets of scores. Each 
set of scores represents a sample taken from the same 
population.

a. 6 4 11 7 7

b. 6 4 11 7 7 2 10 7 8 6 6 7 5 8

c. 6 4 11 7 7 2 10 7 8 6 6  7  5 8

 7 8  9 7 6 9  3 9 5 6 8 11  8 3

 8 4 10 8 5 5  8 9 9 7 8  7 10 7

d. What do you observe happening across these three 
distributions?

 6.16 A population has a mean of 250 and a standard devia-
tion of 47. Calculate z scores for each of the following 
raw scores:

a. 391

b. 273

c. 199

d. 160
 6.17 A population has a mean of 1179 and a standard devia-

tion of 164. Calculate z scores for each of the following 
raw scores:

a. 1000

b. 721

c. 1531

d. 1184
 6.18 For a population with a mean of 250 and a standard 

deviation of 47, calculate the z score for 250. Explain 
the meaning of the value you obtain.

 6.19 For a population with a mean of 250 and a standard 
deviation of 47, calculate the z scores for 203 and 297. 
Explain the meaning of these values.

 6.20 For a population with a mean of 250 and a standard 
deviation of 47, convert each of the following z scores 
to raw scores.

a. 0.54

b. 22.66

c. 21.00

d. 1.79
 6.21 For a population with a mean of 1179 and a standard 

deviation of 164, convert each of the following z scores 
to raw scores.

a. 20.23

b. 1.41

c. 2.06

d. 0.03

 6.22 By design, the verbal subtest of the Graduate Record 
Examination (GRE) has a population mean of 500 and 
a population standard deviation of 100. Convert the 
following z scores to raw scores without using a formula.

a. 1.5

b. 20.5

c. 22.0
6.23 By design, the verbal subtest of the Graduate Record 

Examination (GRE) has a population mean of 500 and 
a population standard deviation of 100. Convert the 
following z scores to raw scores using symbolic nota-
tion and the formula.

a. 1.5

b. 20.5

c. 22.0
 6.24 A study of the Consideration of Future Consequences 

(CFC) scale found a mean score of 3.20, with a standard 
deviation of 0.70, for the 800 students in the sample 
(Adams, 2012). (Treat this sample as the entire popula-
tion of interest.)

a. If the CFC score is 4.2, what is the z score? Use 
symbolic notation and the formula. Explain why 
this answer makes sense.

b. If the CFC score is 3.0, what is the z score? Use 
symbolic notation and the formula. Explain why 
this answer makes sense.

c. If the z score is 0, what is the CFC score? Explain.
 6.25 Using the instructions on page 152, compare the fol-

lowing “apples and oranges”: a score of 45 when the 
population mean is 51 and the standard deviation is 4, 
and a score of 732 when the population mean is 765 
and the standard deviation is 23.

a. Convert these scores to standardized scores.

b. Using the standardized scores, what can you  
say about how these two scores compare to each 
other?

 6.26 Compare the following scores:

a. A score of 811 when m 5 800 and s 5 29 against 
a score of 4524 when m 5 3127 and s 5 951

b. A score of 17 when m 5 30 and s 5 12 against a 
score of 67 when m 5 88 and s 5 16

 6.27 Assume a normal distribution when answering the fol-
lowing questions.

a. What percentage of scores falls below the mean?

b. What percentage of scores falls between 1 standard 
deviation below the mean and 2 standard deviations 
above the mean?
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c. What percentage of scores lies beyond 2 standard 
deviations away from the mean (on both sides)?

d. What percentage of scores is between the mean and 
2 standard deviations above the mean?

e. What percentage of scores falls under the normal 
curve?

 6.28 Compute the standard error (sM) for each of the fol-
lowing sample sizes, assuming a population mean of 
100 and a standard deviation of 20:

a. 45

b. 100

c. 4500
 6.29 A population has a mean of 55 and a standard deviation 

of 8. Compute mM and sM for each of the following 
sample sizes:

a. 30

b. 300

c. 3000
 6.30 Compute a z statistic for each of the following, assum-

ing the population has a mean of 100 and a standard 
deviation of 20:

a. A sample of 43 scores has a mean of 101.

b. A sample of 60 scores has a mean of 96.

c. A sample of 29 scores has a mean of 100.
 6.31 A sample of 100 people had a mean depression score of 

85; the population mean for this depression measure is 
80, with a standard deviation of 20. A different sample 
of 100 people had a mean score of 17 on a different 
depression measure; the population mean for this mea-
sure is 15, with a standard deviation of 5.

a. Convert these means to z statistics.

b. Using the z statistics, what can you say about how 
these two means compare to each other?

Applying the Concepts

 6.32 Normal distributions in real life: Many variables 
are normally distributed, but not all are. (Fortunately, 
the central limit theorem saves us when we conduct 
research on samples from nonnormal populations if the 
samples are larger than 30!) Which of the following are 
likely to be normally distributed, and which are likely 
to be non-normal? Explain your answers.

a. In the population of students admitted to the 
highly selective University of Toronto, scores on 
the federal or provincial literacy test (required for 
university admissions)

b. In the population of secondary school students 
in New Zealand, the number of daily calories 
consumed

c. In the population of employed adults in San  Antonio, 
Texas, the amount of time spent  commuting to 
work

d. In the population of North American university 
students, the number of frequent flyer miles earned 
in a year

6.33 Distributions and getting ready for a date: We 
asked 150 students in our statistics classes how long, in 
minutes, they typically spend getting ready for a date. 
The scores ranged from 1 minute to 120 minutes, and 
the mean was 51.52 minutes. Here are the data for 40 
of these students:

30 90 60 60 5 90 30 40 45 60

60 30 90 60 25 10 90 20 15 60

60 75 45 60 30 75 15 30 45 1

20 25 45 60 90 10 105 90 30 60

a. Construct a histogram for the 10 scores in the first 
row.

b. Construct a histogram for all 40 of these scores.

c. What happened to the shape of the distribu-
tion as you increased the number of scores from 
10 to 40? What do you think would happen 
if the data for all 150 students were included? 
What if we included 10,000 scores? Explain this 
phenomenon.

d. Are these distributions of scores or distributions of 
means? Explain.

e. The data here are self-reported. That is, our stu-
dents wrote down how many minutes they believe 
that they typically take to get ready for a date. This 
accounts for the fact that the data include many 
“pretty” numbers, such as 30, 60, or 90 minutes. 
What might have been a better way to operation-
alize this variable?

f. Do these data suggest any hypotheses that you 
might like to study? List at least one.

 6.34 z scores and the GRE: By design, the verbal sub-
test of the GRE has a population mean of 500 and a 
population standard deviation of 100 (the quantitative 
subtest has the same mean and standard deviation).

a. Use symbolic notation to state the mean and the 
standard deviation of the GRE verbal test.

b. Convert a GRE score of 700 to a z score without 
using a formula.
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c. Convert a GRE score of 550 to a z score without 
using a formula.

d. Convert a GRE score of 400 to a z score without 
using a formula.

 6.35 The z distribution and hours slept: A sample of 
150 statistics students reported the typical number of 
hours that they sleep on a weeknight. The mean num-
ber of hours was 6.65, and the standard deviation was 
1.24. (For this exercise, treat this sample as the entire 
population of interest.)

a. What is always the mean of the z distribution?

b. Using the sleep data, demonstrate that your answer 
to part (a) is the mean of the z distribution. (Hint: 
Calculate the z score for a student who is exactly 
at the mean.)

c. What is always the standard deviation of the z 
distribution?

d. Using the sleep data, demonstrate that your answer 
to part (c) is the standard deviation of the z distri-
bution. (Hint: Calculate the z score for a student 
who is exactly 1 standard deviation above or below 
the mean.)

e. How many hours of sleep do you typically get on 
a weeknight? What would your z score be, based 
on this population?

 6.36 The z distribution applied to admiration ratings: 
A sample of 148 of our statistics students rated their 
level of admiration for Hillary Clinton on a scale of 
1 to 7. The mean rating was 4.06, and the standard 
deviation was 1.70. (For this exercise, treat this sample 
as the entire population of interest.)

a. Use these data to demonstrate that the mean of the 
z distribution is always 0.

b. Use these data to demonstrate that the standard 
deviation of the z distribution is always 1.

c. Calculate the z score for a student who rated his 
admiration of Hillary Clinton as 6.1.

d. A student had a z score of 20.55. What rating did 
she give for her admiration of Hillary Clinton?

 6.37 z statistics and CFC scores: We have already dis-
cussed summary parameters for CFC scores for the 
population of participants in a study by Adams (2012). 
The mean CFC score was 3.20, with a standard devi-
ation of 0.70. (Remember that we treated the sample 
of 800 participants as the entire population.) Imagine 
that you randomly selected 40 people from this popula-
tion and had them watch a series of videos on financial 

  planning after graduation. The mean CFC score after 
watching the video was 3.62.

a. Why would it not make sense to compare the mean 
of this sample with the distribution of scores? Be 
sure to discuss the spread of distributions in your 
answer.

b. In your own words, what would the null hypoth-
esis predict? What would the research hypothesis 
predict?

c. Using symbolic notation and formulas, what are 
the appropriate measures of central tendency and 
variability for the distribution from which this sam-
ple comes?

d. Using symbolic notation and the formula, what is 
the z statistic for this sample mean?

 6.38 Converting z scores to raw CFC scores: A study 
using the Consideration of Future Consequences scale 
found a mean CFC score of 3.20, with a standard 
deviation of 0.70, for the 800 students in the sample 
(Adams, 2012).

a. Imagine that your z score on the CFC score is 21.2. 
What is your raw score? Use symbolic notation and 
the formula. Explain why this answer makes sense.

b. Imagine that your z score on the CFC score is 0.66. 
What is your raw score? Use symbolic notation and 
the formula. Explain why this answer makes sense.

 6.39 The normal curve and real-life variables, part I: 
For each of the following variables, state whether the 
distribution of scores would likely approximate a nor-
mal curve. Explain your answer.

a. Number of movies that a college student watches 
in a year

b. Number of full-page advertisements in a magazine

c. Human birth weights in Canada

 6.40 The normal curve and real-life variables, part II: 
For each of the following variables, state whether the 
distribution of scores would likely approximate a nor-
mal curve. Explain your answer.

a. Number of minutes that students check Facebook 
and other social media each week

b. Volume of water that people drink each day

c. The length, in minutes, of YouTube videos
6.41 The normal curve in the media: Statistics geeks 

rejoiced when the New York Times published an article 
on the normal curve (Dunn, 2013)! Biologist Casey 
Dunn wrote that “Many real-world observations can  
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be approximated by, and tested against, the same ex-
pected pattern: the normal distribution.” He described 
the normal curve as symmetric and bell-shaped with 
more observations gathered near the mean. He offered 
several examples: “The size of flowers, the physiological 
response to a drug, the breaking force in a batch of steel 
cables,” but also noted that there are important excep-
tions, including household income. In your own words, 
explain to someone who has never taken statistics why 
household income, unlike Dunn’s other examples, is 
not normally distributed.

 6.42 Percentiles and eating habits: As noted in How It 
Works 6.1, Georgiou and colleagues (1997) reported 
that college students had healthier eating habits, on 
 average, than did those individuals who were neither 
college students nor college graduates. The 412 stu-
dents in the study ate breakfast a mean of 4.1 times 
per week, with a standard deviation of 2.4. (For this 
exercise, again imagine that this is the entire population 
of interest.)

a. What is the approximate percentile for a student 
who eats breakfast four times per week?

b. What is the approximate percentile for a student 
who eats breakfast six times per week?

c. What is the approximate percentile for a student 
who eats breakfast twice a week?

 6.43 z scores and comparisons of sports teams: A 
common quandary faces sports fans who live in the 
same city but avidly follow different sports. How does 
one determine whose team did better with respect to 
its league division? In 2012, the Atlanta Braves baseball 
team and the Atlanta Falcons football team both did 
well. The Braves won 94 games and the Falcons won 
13. Which team was better in 2012? The question, 
then, is: Were the Braves better, as compared to the 
other teams in Major League Baseball (MLB), than the 
Falcons, as compared to the other teams in the  National 
Football League (NFL)? Some of us could debate this 
for hours, but it’s better to examine some statistics. 
Let’s operationalize performance over the season as the 
number of wins during regular season play.

a. In 2012, the mean number of wins for MLB teams 
was 81.00, with a standard deviation of 11.733. 
Because all teams were included, these are popula-
tion parameters. What is the Braves’ z score?

b. In 2012, the mean number of wins for all NFL 
teams was 7.969, with a standard deviation of 3.036. 
What is the Falcons’ z score?

c. Which team did better, according to these data?

d. How many games would the team with the lower 
z score have had to win to beat the team with the 
higher z score?

e. List at least one other way we could have oper-
ationalized the outcome variable (i.e., team 
performance).

 6.44 z scores and comparisons of admiration ratings: 
Our statistics students were asked to rate their admira-
tion of Hillary Clinton on a scale of 1 to 7. They also 
were asked to rate their admiration of actor, singer, and 
former American Idol judge Jennifer Lopez and their 
admiration of tennis player Venus Williams on a scale 
of 1 to 7. As noted earlier, the mean rating of Clinton 
was 4.06, with a standard deviation of 1.70. The mean 
rating of Lopez was 3.72, with a standard deviation of 
1.90. The mean rating of Williams was 4.58, with a 
standard deviation of 1.46. One of our students rated 
her admiration of Clinton and Williams at 5 and her 
admiration of Lopez at 4.

a. What is the student’s z score for her rating of 
Clinton?

b. What is the student’s z score for her rating of 
Williams?

c. What is the student’s z score for her rating of 
Lopez?

d. Compared to the other statistics students in our sam-
ple, which celebrity does this student most admire? 
(We can tell by her raw scores that she prefers 
 Clinton and Williams to Lopez, but when we take 
into account the general perception of these celeb-
rities, how does this student feel about each one?)

e. How do z scores allow us to make comparisons that 
we cannot make with raw scores? That is, describe 
the benefits of standardization.

6.45 Raw scores, z scores, percentiles, and sports 
teams: Let’s look at baseball and football again. We’ll 
look at data for all of the teams in Major League Baseball 
(MLB) and the National Football League (NFL), 
respectively.

a. In 2012, the mean number of wins for MLB teams 
was 81.00, with a standard deviation of 11.733. The 
perennial underdogs, the Chicago Cubs, had a z 
score of 21.705. How many games did they win?

b. In 2012, the mean number of wins for all NFL 
teams was 7.969, with a standard deviation of 3.036. 
The New Orleans Saints had a z score of 20.319.  
How many games did they win?

c. The Indianapolis Colts were just below the 84th 
percentile in terms of NFL wins. How many games 
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did they win? Explain how you obtained your 
answer.

d. Explain how you can examine your answers in parts 
(a), (b), and (c) to determine whether the numbers 
make sense.

 6.46 Distributions and life expectancy: Researchers 
have reported that the projected life expectancy for 
South African men diagnosed with human immunode-
ficiency virus (HIV) at age 20 who receive anti retroviral 
therapy (ART) is 27.6 years ( Johnson et al., 2013). 
Imagine that the researchers determined this by 
 following 250 people with HIV who were receiving 
ART and calculating the mean.

a. What is the dependent variable of interest?

b. What is the population?

c. What is the sample?

d. For the population, describe what the distribution 
of scores would be.

e. For the population, describe what the distribution 
of means would be.

f. If the distribution of the population were skewed, 
would the distribution of scores likely be skewed or 
approximately normal? Explain your answer.

g. Would the distribution of means be skewed or 
approximately normal? Explain your answer.

 6.47 Distributions, personality testing, and depression: 
The revised version of the Minnesota  Multiphasic 
 Personality Inventory (MMPI-2) is the most frequently 
administered self-report personality measure. Test-takers 
respond to more than 500 true/false statements, and 
their responses are scored, typically by a computer, on 
a number of scales (e.g., hypochondriasis, depression, 
psychopathic deviation). Respondents receive a T score 
on each scale that can be compared to norms. (You’re 
likely to encounter T scores if you take psychology 
classes, but it’s good to be aware that they are differ-
ent from the t statistic that you will learn about in a 
few chapters.) T scores are another way to standardize 
scores so that percentiles and cutoffs can be determined. 
The mean T score is always 50, and the standard de-
viation is always 10. Imagine that you administer the 
MMPI-2 to 95 respondents who have recently lost a 
parent; you wonder whether their scores on the depres-
sion scale will be, on average, higher than the norms. 
You find a mean score on the depression scale of 55 
in your sample.

a. Using symbolic notation, report the mean and stan-
dard deviation of the population.

b. Using symbolic notation and formulas (where 
appropriate), report the mean and standard error 
for the distribution of means to which your sample 
will be compared.

c. In your own words, explain why it makes sense 
that the standard error is smaller than the standard 
deviation.

 6.48 Distributions, personality testing, and social 
 introversion: See the description of the MMPI-2 in 
the previous exercise. The mean T score is always 50, 
and the standard deviation is always 10. Imagine that 
you administer the MMPI-2 to 50 respondents who 
do not use Instagram or any other social media; you 
wonder whether their scores on the social introversion 
scale will be, on average, higher than the norms. You 
find a mean score on the social introversion scale of 60 
in your sample.

a. Using symbolic notation, report the mean and stan-
dard deviation of the population.

b. Using symbolic notation and formulas (where 
appropriate), report the mean and standard error 
for the distribution of means to which your sample 
will be compared.

c. In your own words, explain why it makes sense 
that the standard error is smaller than the standard 
deviation.

 6.49 Distributions and the General Social Survey: The 
General Social Survey (GSS) is a survey of approxi-
mately 2000 adults conducted each year since 1972, for 
a total of more than 38,000 participants. During several 
years of the GSS, participants were asked how many 
close friends they have. The mean for this variable is 
7.44 friends, with a standard deviation of 10.98. The 
median is 5.00 and the mode is 4.00.

a. Are these data for a distribution of scores or a dis-
tribution of means? Explain.

b. What do the mean and standard deviation suggest 
about the shape of the distribution? (Hint: Compare 
the sizes of the mean and the standard deviation.)

c. What do the three measures of central tendency 
suggest about the shape of the distribution?

d. Let’s say that these data represent the entire popu-
lation. Pretend that you randomly selected a person 
from this population and asked how many close 
friends she or he had. Would you compare this per-
son to a distribution of scores or to a distribution 
of means? Explain your answer.

e. Now pretend that you randomly selected a sam-
ple of 80 people from this population. Would you 
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compare this sample to a distribution of scores or 
to a distribution of means? Explain your answer.

f. Using symbolic notation, calculate the mean and 
standard error of the distribution of means.

g. What is the likely shape of the distribution of 
means? Explain your answer.

 6.50 A distribution of scores and the General Social 
Survey: Refer to the previous exercise. Again, pretend 
that the GSS sample is the entire population of interest.

a. Imagine that you randomly selected one person 
from this population who reported that he had 18 
close friends. Would you compare his score to a 
distribution of scores or to a distribution of means? 
Explain your answer.

b. What is his z score? Based on this z score, what is 
his approximate percentile?

c. Does it make sense to calculate a percentile for this 
person? Explain your answer. (Hint: Consider the 
shape of the distribution.)

 6.51 A distribution of means and the General  Social 
Survey: Refer to Exercise 6.49. Again, pretend that the 
GSS sample is the entire  population of interest.

a. Imagine that you randomly selected 80 people from 
this population, and that they had a mean of 8.7. 
Would you compare this sample mean to a dis-
tribution of scores or to a distribution of means? 
Explain your answer.

b. What is the z statistic for this mean? Based on this 
z statistic, what is the approximate percentile for 
this sample?

c. Does it make sense to calculate a percentile for this 
sample? Explain your answer. (Hint: Consider the 
shape of the distribution.)

 6.52 Percentiles, raw scores, and credit card theft: 
Credit card companies will often call cardholders if the 
pattern of use indicates that the card might have been 
stolen. Let’s say that you charge an average of $280 a 
month on your credit card, with a standard deviation 
of $75. The credit card company will call you anytime 
your purchases for the month exceed the 98th percen-
tile. What is the dollar amount beyond which you’ll get 
a call from your credit card company?

 6.53 The z distribution and a rogue cardiologist: A car-
diologist in Munster, Indiana, has been accused of con-
ducting unnecessary heart surgeries (Creswell, 2015). 
Investigators found that the rates for one heart pro-
cedure were in the top 10% in the country for the 
city where this doctor worked. Lawyers countered 
that there were older and sicker people in this part of 

the country; yet other afflictions of the elderly—for 
 example, treatment for hip fractures—were no higher 
in this region. In your own words, explain how the z 
distribution might play a role in determining whether 
this cardiologist was conducting unnecessary surgeries.

 6.54 The z distribution and a “super recognizer”: 
According to a news article, “Friends call Constable 
[Gary] Collins Rain Man or Yoda or simply The Oracle. 
But to Scotland Yard, London’s metropolitan police force, 
he is known as a ‘super recognizer’” (Bennhold, 2015). 
Prosopagnosia, also known as face blindness, is a dis-
order in which the sufferer cannot recall faces, even 
of people they know well. About 2% of us experience 
face blindness. Collins is the opposite; he’s among the 
1% to 2% of us who recall almost every face they’ve 
ever seen. As you can imagine, this gives him an al-
most superhero ability to help solve crimes—a “Face-
book of the mind.” A snippet from a security camera, 
and Collins has a name for the suspect. Most of us, 
however, fall in between prosopagnosics and super 
recognizers.

a. Imagine a z distribution for face recognition abil-
ity. Give an estimate of the z score that Collins 
and other super recognizers are likely to fall above. 
Explain your answer.

b. Now give an estimate of the z score that people 
with face blindness are likely to fall below. Explain 
your answer.

c. Between approximately what z scores do most of 
us fall? Explain your answer.

Putting It All Together

 6.55 Probability and medical treatments: The three 
most common treatments for blocked coronary arteries 
are medication, bypass surgery, and angioplasty, which is 
a medical procedure that involves clearing out arteries 
and that leads to higher profits for doctors than do the 
other two procedures. The highest rate of angioplasty 
in the United States is in Elyria, a small city in Ohio. 
A 2006 article in The New York Times stated that “the 
statistics are so far off the charts—Medicare patients in 
Elyria receive angioplasties at a rate nearly four times 
the national average—that Medicare and at least one 
commercial insurer are starting to ask questions.” The 
rate, in fact, is three times as high as that of Cleveland, 
Ohio, which is located just 30 miles from Elyria.

a. What is the population in this example? What is 
the sample?
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b. How did probability play a role in the decision 
of Medicare and the commercial insurer to begin 
investigations?

c. How might the z distribution help the investigators 
to detect possible fraud in this case?

d. If the insurers determine that physicians in Elyria 
are committing fraud, but the insurers are wrong, 
what kind of error would they have made? Explain.

e. Does Elyria’s extremely high percentile mean that 
the doctors in town are committing fraud? Cite two 
other possible reasons for Elyria’s status as an outlier.

 6.56 Rural friendships and the General Social Survey: 
Earlier, we considered data from the GSS on numbers 
of close friends people reported having. The mean for 
this variable is 7.44, with a standard deviation of 10.98. 
Let’s say that you decide to use the GSS data to test 
whether people who live in rural areas have a differ-
ent mean number of friends than does the overall GSS 
sample. Again, treat the overall GSS sample as the en-
tire population of interest. Let’s say that you select 40 
people living in rural areas and find that they have an 
average of 3.9 friends.

a. What is the independent variable in this study? Is 
this variable nominal, ordinal, or scale?

b. What is the dependent variable in this study? Is this 
variable nominal, ordinal, or scale?

c. What is the null hypothesis for this study?

d. What is the research hypothesis for this study?

e. Would we compare the sample data to a distribu-
tion of scores or to a distribution of means? Explain.

f. Using symbolic notation and formulas, calculate 
the mean and standard error for the distribution 
of means.

g. Using symbolic notation and the formula, calculate 
the z statistic for this sample.

h. What is the approximate percentile for this sample?

i. Let’s say that the researchers concluded that people 
in rural areas have fewer friends than does the gen-
eral population (thus rejecting the null hypothesis). 
If they are incorrect, have they made a Type I or a 
Type II error? Explain.

 6.57 Cheating on standardized tests: In their book 
Freakonomics, Levitt and Dubner (2009) describe alleged 
cheating among teachers in the Chicago public school 
system. Certain classrooms had suspiciously strong per-
formances on standardized tests that often mysteriously 
declined the following year when a new teacher taught 
the same students. In about 5% of classrooms studied, 
Levitt and other researchers found blocks of correct an-
swers, among most students, for the last few questions, 
an indication that the teacher had changed responses to 
difficult questions for most students. Let’s assume cheat-
ing in a given classroom if the overall standardized test 
score for the class showed a surprising change from one 
year to the next.
a. How are the researchers operationalizing the vari-

able of cheating in this study? Is this a nominal, 
ordinal, or scale variable?

b. Explain how researchers can use the z distribution 
to catch cheating teachers.

c. How might a histogram or frequency polygon be 
useful to researchers who are trying to catch cheat-
ing teachers?

d. If researchers falsely conclude that teachers are 
cheating, what kind of error would they be com-
mitting? Explain.

 6.58 Which was better, the book or the movie: 
FiveThirtyEight is a popular blog that uses statistics 
in creative ways to better understand politics, sports, 
science and health, economics, and culture. In a re-
cent article (Hickey, 2015), the author uses z scores 
to standardize book reviews from www.goodreads.com 
(which uses a 1 to 5 scale) and movie reviews from 
www.imdb.com (which uses a scale of 0 to 100) for 
the top 500 movies that were based on novels.
a. Explain why converting to z scores would be nec-

essary to find out which story had a better book 
compared to a movie, or which story had a better 
movie compared to the book.

b. What might be some sampling biases (think back 
to Chapter 5) found in using these online ratings?

TERMS

normal curve (p. 142)
standardization (p. 146)
z score (p. 146)

z distribution (p. 152)
standard normal distribution (p. 152)
central limit theorem (p. 157)

distribution of means (p. 157)
standard error (p. 161)

Visit LaunchPad to access the e-Book and to 
test your knowledge with LearningCurve.
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FORMULAS

z 5
(X 2 m)

s
     (p. 149)

X 5 z(s) 1 m   (p. 151)

sM 5
s

!N
   (p. 161) z 5

(M 2 mM)

sM
   (p. 163)

SYMBOLS
z (p. 146)
mM (p. 161)
sM (p. 161)
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