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A

manager’s job often calls for making very complicated decisions.
Some decisions involve planning what products the business is to
make and determining what resources are needed to make these
products. In the modern business world, diversification of products
provides a company with stability in a climate of changing tastes and needs.
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So it is not surprising that companies would produce many products, some of
which share resource needs. For example, any bakery uses many resources—like
butter, sugar, eggs, and flour—to make its products such as cookies, cakes, pies,
and breads. Similarly, car manufacturers use many kinds of metals in the different
models of cars they make, and manufacturers of gasoline use different kinds of
crude oils to make their product.
Resources can include more than just raw materials. Farmland, time, machinery,
and a labor force with appropriate skills are also resources. Typically, resources are
limited: A farmer owns only so much land; there are only so many hours in a day;
in a year of drought the wheat crop is very small; a winter freeze may damage an
orange crop. Resource availability is also limited by location and competition.
Because resources are limited, management faces important questions: How
should the available resources be shared among the possible products and different
parts of the company’s operation? One goal of management is to maximize profit.
How can that determine how much of each product should be produced? There are
usually so many alternative product mixes that it is impossible to evaluate them all
individually. Despite this complexity, millions of dollars may ride on management’s
decision.
Many business and government agencies must deal with supply-and-demand
problems. The general idea is that goods or services can be provided by different
providers to individuals or businesses who need these goods or services. There are
varying costs to the suppliers to provide different recipients with these goods or
services. The goal is to find how to meet the demands from the supplies as cheaply
as possible. For example, what is the cheapest way for a company with several oil
refineries to provide oil distributors, in many different geographical locations, with
the oil they need? Perhaps surprisingly, ideas related to linear programming have
also been used to help decide whether tumors are malignant or benign.

4.1 Linear Programming and Mixture Problems:
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Combining Resources to Maximize Profit
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Here, we learn about linear programming, a management science technique
that helps a business allocate its resources. Whether those resources are at hand
or can be purchased, the goal is to decide on a particular mix of products that will
maximize profit or that will operate in ways that cut costs. For example, a large
medical center needs to stock resources such as bandages, syringes, and alcohol
wipes, as well as have different kinds of laborers, toilet paper, and paper towels
available when needed.
Linear Programming

definition

Linear programming is a tool for maximizing or minimizing a quantity, typically a
profit or a cost, subject to a set of constraints.

The technique is so powerful that it is estimated that much more computer
time is used solving linear programming types of problems than for any other
purpose for which business managers and decision makers use computers.
Linear programming is an example of “new” mathematics. It came into being,
along with many other management science techniques, during and shortly after
World War II, in the 1940s. It is quite young as intellectual ideas go. Yet, during
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The assembly of an
automobile requires
many complicated steps
and processes. The use
of linear-programming
techniques enables the
robots and humans to
carry out their tasks faster
and more accurately than
would be possible without
the use of mathematics.
This makes American cars
more competitive and
of a higher quality than
otherwise would be the
case. Plus Pix/age fotostock
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its short history, linear programming has changed the way businesses and
governments make decisions, from “seat-of-the-pants” methods based
on guesswork and intuition to using an algorithm based on available
data and guaranteed to produce an optimal decision.
Linear programming is but one operations research tool
belonging to a family of tools known as mathematical programming. Another such tool is integer programming. The difference between linear programming and integer programming
is that for linear programming, the quantities being studied
can take on values such as  5 3.14159 . . . or 7 _18 ; in integer
programming, the values are confined to whole numbers such
as 8, 50, or 1,102,362. Whole numbers are conceptually easier
than the broader group consisting of all numbers that can
be represented by decimals (1.32, 1.455555 . . .), yet integerprogramming problems have proved much harder to solve.
In the discussions that follow, we often describe “relaxed”
versions of integer-programming problems as linear-programming
problems. For example, it would make no sense to produce 3.24 dolls
to sell. So, strictly speaking, we must find an optimum whole number
of dolls to produce. If we are “lucky,” the linear-programming problem
associated with an integer-programming problem has an integer solution. In
this case, we have also found the correct answer to the integer-programming problem. Some other examples that fall into this category are discussed below.
Linear programming has saved businesses and governments billions of dollars.
Of all the management science techniques presented in this book, linear programming is far and away the most frequently used. It can be applied in a variety of
situations, in addition to the one we study in this chapter. Some of the problems
studied in Chapters 1, 2, and 3—for example, the traveling salesman (TSP) and
scheduling problems—can be viewed as linear-programming problems. Linear
programming is an excellent example of a mathematical technique useful for solving many different kinds of problems that at first do not seem to be similar problems at all. It has been suggested that without linear programming, management
science would never have been born as a special branch of knowledge.
Next, we study how to use linear programming to solve a special kind of
problem—a mixture problem. Realistic versions of such problems would be much
more involved. Our discussion is designed to give you the flavor of what is actually
done. Realistic examples of what follows are commonly used in the manufacture
of different kinds of breads from the grain flours available, and in the making of
different kinds of sausages from meats such as beef and pork.

127

Mixture Problem

definition

In a mixture problem, limited resources are combined into products so that the
profit from selling those products is as large as possible—a maximum.

Mixture problems are widespread because nearly every product in our economy is created by combining resources. A typical example would be how different
kinds of aviation fuel are manufactured using different kinds of crude oil.
Let’s analyze small versions of the kinds of problems that might confront
a toy or a beverage manufacturer. Both manufacturers can sell many different
products on which each company can make a profit. There could be dozens of
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possible products and many resources. A manufacturer must periodically look at
the quantities and prices of resources and then determine which products should be
produced in which quantities in order to gain the greatest, or optimum, profit (see
Spotlight 4.1). This is an enormous task that usually requires a computer to solve.
What does it mean to find a solution to a linear-programming mixture problem? A solution to a mixture problem is a production policy that tells us how many
units of each product to make.
Optimal Production Policy

definition

An optimal production policy has two properties:
It is possible; that is, it does not violate any of the limitations under which the
manufacturer operates, such as availability of resources.

2.

It gives the maximum profit.

C
o.

1.
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Common Features of Mixture Problems

an

Although our first mixture problem (Example 1) has only two products and one
resource, it does contain the essential features that are common to all mixture
problems:
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Linear programming is not limited to mixture problems.
Here are two case studies that do not involve mixture
problems, yet applying linear-programming techniques
produced impressive savings:
The Exxon Corporation spends several million dollars per day running refineries in the United States.
Because running a refinery takes a lot of energy,
energy-saving measures can have a large effect.
Managers at Exxon’s Baton Rouge plant had over
600 energy-saving projects under consideration.
They couldn’t implement them all because some
conflicted with others, and there were so many
ways of making a selection from the 600 that it was
impossible to evaluate all selections individually.
Exxon used linear programming to select an
optimal configuration of about 200 projects, resulting in millions of dollars in savings.

●

Edwards Lifesciences uses heart valves from pigs
to produce artificial heart valves for human beings.
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Resources. Definite resources are available in limited, known quantities for the
time period in question. The resource in Example 1 is containers of plastic.
Products. Definite products can be made by combining, or mixing, the
resources. In Example 1, the products are skateboards and dolls.

re
em

●

Pig heart valves come in different sizes. Shipments
of pig heart valves often contain too many of some
sizes and too few of others. However, each supplier
tends to ship roughly the same imbalance of valve
sizes in every order, so the company can expect
consistently different imbalances from the different suppliers. Thus, if they order shipments from
all the suppliers, the imbalances could cancel each
other out in a fairly predictable way. The amount
of cancellation will depend on the sizes of the
individual shipments. Unfortunately, there are too
many combinations of shipment sizes to consider
all combinations individually.
Edwards Lifesciences used linear programming to figure out which combination of shipment sizes would give the best cancellation
effect. This reduced the company’s annual cost by
$1.5 million.
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Recipes. A recipe for each product specifies how many units of each resource
are needed to make one unit of that product. Each skateboard in Example 1
uses five units of plastic, and each doll uses two units.
Profits. Each product earns a known profit per unit. (We assume that every
unit produced can be sold. More complicated mathematical models, which we
will not discuss here, are needed if we want to consider the possibility of items
being produced but not sold.)
Objective. The objective in a mixture problem is to find how much of each
product to make so as to maximize the profit without exceeding any of the
resource limitations.
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The examples we show are not designed to be realistic. Rather, our goal is to
demonstrate how ideas whose roots are in basic algebra and geometry can solve,
when scaled up to realistic versions, problems that save Americans much time and
money and make our government and American businesses more efficient.

Making Skateboards and Dolls

PRODUCTS

Patrik Giardino/Corbis
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A toy manufacturer can manufacture only skateboards, only dolls, or some mixture of skateboards
and dolls. Skateboards require 5 units of plastic and
can be sold for a profit of $1, while dolls require 2
units of plastic and can be sold for a $0.55 profit.
If 60 units of plastic are available, what numbers of
skateboards and/or dolls should be manufactured for
the company to maximize its profit?
Attacking this and other mixture problems
requires carrying out a series of steps that determine
the essence of the problem.
As a first step, we need to construct a mathematical model to take the “verbal” information
that we have been given and display it in a form
that makes it easier to convert into the mathematics necessary to solve the problem. This is done by
making a mixture chart for the information we are given (see Figure 4.1).
In the rows of this chart, we display the products we want to make, and in the
column of the chart, we display the resources and the profit margin information that

RESOURCE(S)
Containers of Plastic
60

PROFIT

Skateboards
(x units)

5

$1.00

Dolls
(y units)

2

$0.55

Figure 4.1 Mixture chart for Example 1.
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is available. In this case, we have two products, so we have two rows. We have one
resource, which accounts for there being one column.
The other column is reserved for profit information. Since this information is used in
a somewhat different way from the information about the resources, we will separate
the resource column(s) from the profit column by a double bar.
Because we do not know the number of skateboards the company should make,
we will use a letter x to represent the unknown number of skateboard units that the
company might manufacture. Similarly, y will represent the number of dolls that the
company might manufacture. We enter these letters as part of the labels of the rows
of our table.
We can now enter the numbers about resources in the columns based on the
information we have been given. In this case, there is one resource: plastic. Thus, for
the 5 units of plastic needed for a skateboard, we record a 5 in the skateboards row
and the containers of plastic column. Similarly, we enter a 2 in the second row and first
column because dolls require 2 units of plastic each. Because we have 60 units of plastic
available, we display this fact by placing the number 60 at the top of this column. We
complete the table with the information about profit. We enter $1 in the skateboards
row and profit column and $0.55 in the dolls row and profit column.

EXAMPLE 2

re
em

Making a Mixture Chart

.H
.F

Make a mixture chart to display (model) this situation: A clothing manufacturer has 60
yards of cloth available to make shirts and decorated vests. Each shirt requires 3 yards
of cloth and provides a profit of $5. Each vest requires 2 yards of cloth and provides a
profit of $3. A mixture chart is shown in Figure 4.2.

PROFIT

Shirts
(x units)

3

$5

Vests
(y units)

2

$3
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RESOURCE(S)
Yards of Cloth
60

Figure 4.2 Mixture chart for the clothing manufacturer.

Translating Mixture Charts into Mathematical Form
Consider again the mixture chart in Figure 4.1. What can we say about the numbers of skateboards and dolls that might be manufactured? Clearly, we cannot
make negative numbers of skateboards or dolls. Because we are using the letter
x to represent the number of skateboards we plan to make, we can write down
the algebraic expression that x $ 0. Here, we are using the standard symbol $ for
“greater than or equal to.”
Algebraic expressions that involve the symbol $ or its companion symbols #
(less than or equal to), . (greater than), and , (less than) are known as inequalities.
We can also write down an inequality for the y number of dolls we plan to make,
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based on the fact that we cannot make a negative number of dolls. Thus, we must
have y $ 0. We will use the phrase minimum constraints for these two inequalities, x $ 0 and y $ 0, which mean that we cannot manufacture negative numbers
of objects.
However, we also have only a limited number of units of plastic available.
How can we represent this information? Consulting the mixture table, we see that
we need 5 units of plastic for every skateboard we make. Thus, we will need 5x
(5 times x) units of plastic for the x skateboards we make. Similarly, we will need
2y (2 times y) units of plastic for the y dolls we make. Hence we will need 5x 1 2y
units of plastic for the mixture of skateboards and dolls we make. We added the
5x and 2y because we need to find the total plastic used when we make a mixture
of skateboards and dolls.
Reading from the table, we see that we are limited by having only 60 units of
plastic. So we can express the resource constraint imposed by the limited number
of units of plastic by writing that 5x 1 2y # 60. Here, we use the symbol for less
than or equal to, #, to express the fact that we cannot use more than the amount
of plastic we have available.
Notice that all the numbers in this inequality can be obtained from a column
of the mixture chart. One of the reasons that we construct a mixture chart is that
it helps speed up the conversion of the information about the problem we wish to
solve into inequalities. The setup phase of a realistic linear programming problem,
constructing the mathematical model of a manufacturing situation, is often the
hardest and most complex step in getting an answer.
In addition to the resource inequalities (of which realistic problems will often
have hundreds), there is one additional algebraic expression, this time an equality,
that the mixture table allows us to create. Using the mixture table, we can compute
the profit that will be produced when we manufacture different mixtures. For each
skateboard, we make a profit of $1, so if x skateboards are made, the profit is 1x
(1 times x). For each doll made, the profit is $0.55. So if y dolls are made, the profit
is 0.55y (0.55 times y). Denoting by P the total profit from making x skateboards
and y dolls, we get the equation
P 5 1x 1 0.55y

Algebra Review Appendix
Linear Equations in
Two Variables

©

20

Note that unlike the situation for the resources where we got an inequality, here we
get an expression for what the profit will be as we vary the numbers of skateboards
and dolls manufactured. Our goal is to find which values of x and y (skateboards and
dolls) make this profit as large as possible.

EXAMPLE 3

Revisiting Our Clothing Manufacturer

We can also translate the information in the mixture chart shown in Figure 4.2 into
inequalities and an equation for expressing the profit in terms of how many shirts and
vests are produced. Using the first column of the mixture chart and the fact that only
60 units of cloth are available, we can write
3x 1 2y # 60
And using the last column, we get the following expression for the profit P:
P 5 5x 1 3y
Now that we have the information from the original problems represented in mathematical terms, we will return our attention to finding a solution to the problems.
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Finding the best (largest profit) mixture of skateboards and/or dolls to make can be
carried out in two phases.
1.	Determine those mixtures of skateboards and/or dolls that can be manufactured
subject to the limited resources that are available. This step involves finding the
feasible set for the mixture problem.

Feasible Set or Feasible Region

definition

The feasible set, also called the feasible region, for a linear-programming problem
is the collection of all physically possible solution choices that can be made.
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We can use a geometric diagram such as the one in Figure 4.3 to help us understand the feasible set of options that the manufacturer of skateboards and dolls
has available. The geometric diagram we draw will have as many “dimensions” as
there are products being manufactured. We have two products represented by the
variables x and y, so we use a two-dimensional picture. Even diagrams involving
three variables are hard to draw and visualize. Though these diagrams helped with
developing algorithms for solving mixture problems, they are of little practical use
for realistic problems.
2.	Determine how to pick out, from the feasible set, the mixture (or mixtures) that
gives rise to the largest profit.

Representing the Feasible Region with a Picture
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After we have constructed inequalities using a mixture chart or have the inequalities that must be obeyed for a more general linear-programming problem, we can
draw a helpful picture to visualize the choices to be made in solving the problem.
This picture will show in a convenient way the different choices that are available
in solving the linear-programming problem at hand. To get the picture that will
help us, we need to draw graphs of the inequalities associated with the linearprogramming problem.
To draw the graph of an inequality, let’s first review how to draw the graph of
the equation of a straight line. Remember that two points can be used to uniquely
determine a straight line. Let’s use the equation associated with the less-than-orequal-to inequality

Algebra Review Appendix
Linear Inequalities in
Two Variables

5x 1 2y # 60

namely,
5x 1 2y 5 60
There are two points that are easy to find on this line: the x- and y-intercepts. When
x 5 0, this gives rise to one point on the line, and when y 5 0, we can find another
point. (See Figure 4.3.) When x 5 0, if we substitute this value in the equation
5x 1 2y 5 60, we get 5(0) 1 2y 5 60. Solving this equation, we discover that y 5 30.
Similarly, if we substitute y 5 0 in the equation 5x 1 2y 5 60, we get 5x 1 2(0) 5 60,
from which we conclude that x 5 12. We now have two points (0, 30) and (12, 0) that
lie on the line 5x 1 2y 5 60.
We are using the usual convention that when we write a pair such as
(3, 10), we are describing a point that has x 5 3 and y 5 10. We always list the
x-value (x-coordinate) first in such a pair and the y-value (y-coordinate) second.
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Furthermore, when a point (x, y) is represented in a diagram, larger values of x are
shown farther to the right (east) and larger values of y are shown farther up (north).
Using the two points we found on the line 5x 1 2y 5 60, we can draw the
graph shown in Figure 4.3a, where we have also displayed the point (3, 10). How
do we know that (3, 10) is not on the line? We can see this by replacing x by 3 and
y by 10 in the equation 5x 1 2y 5 60, getting 5(3) 1 2(10) 5 15 1 20 5 35. To have
been on the line, we would have to have had the value 60. Furthermore, we know
that the point (3, 10) is below the line 5x 1 2y 5 60 because when x 5 3, and we
replace x by this value in the equation 5x 1 2y 5 60, we get 5(3) 1 2y 5 60, which
means that y 5 45/2. Since 45/2 is greater than 10, the y-value for the point (3, 10),
we conclude that (3, 10) is below the line.
y
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5x + 2y = 60
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Figure 4.3 The feasible region for Example 3. (a) Graph of 5x 1 2y 5 60. (b) Shading of the
half-plane 5x 1 2y , 60, and where x $ 0, y $ 0.

©

20

16

W

Now that we know what the graph of the equation 5x 1 2y 5 60 looks like,
we can think through where points (x, y) that satisfy 5x 1 2y , 60 are located. The
points that are either on the line 5x 1 2y 5 60 or satisfy 5x 1 2y , 60 will satisfy
5x 1 2y # 60.
Any line, for example, 5x 1 2y 5 60, divides the xy-plane into three parts: those
points on the line and the points in one of two half-planes. In one of these halfplanes, we have the points for which 5x 1 2y , 60, and in the other, we have the
points for which 5x 1 2y . 60. How can we tell which of the two half-planes is
above the line 5x 1 2y 5 60 and which is below?
The key is the use of a test point (x, y) that is not on the line and whose half-planes
we wish to distinguish. We saw above that (3, 10) is not on the line 5x 1 2y 5 60 and
is below the line. This enables us to see that the half-plane for which 5x 1 2y , 60
consists of the points below the line 5x 1 2y 5 60.
To complete the drawing of the points that are feasible for the skateboard and
dolls manufacturing problem, we also have to know which points satisfy the constraints that state that the number of skateboards produced x cannot be negative
(x $ 0) and the number of dolls produced y cannot be negative (y $ 0). Each of
these inequalities corresponds to a half-plane, and we can again test which of the
half-planes associated with the line x 5 0 is determined by x $ 0.
This can be done using the point (3, 10) as a test point again. Because x 5 3 is
greater than 0, x $ 0 determines the half-plane to the right of the line x 5 0 (the
y-axis). Similarly, using the point (3, 10), we see that because y 5 10 is greater
than 0, y $ 0 determines the half-plane above the line y 5 0 (the x-axis).
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Putting this information together leads us to the conclusion that the collection of
points (x, y) that meets the three inequalities involved (x $ 0, y $ 0, 5x 1 2y # 60)
corresponds to the shaded region in Figure 4.3b. Remember that when graphing
equations, lines with equations like x 5 2 are vertical lines, whereas those like y 5 4
are horizontal lines.
Note that since the minimality conditions are always present in the kind of linearprogramming problems we are dealing with, the points that are feasible for these
problems are always in the upper right region (quadrant) that is created by the x-axis
and y-axis. Next, we draw the feasible region for the clothing manufacturing problem.

EXAMPLE 4

Drawing a Feasible Region

30
25

(0, 30)
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In the earlier clothing manufacturer example, we developed a resource constraint of
3x 1 2y # 60. Draw the feasible region corresponding to that resource constraint, using
the reality minimums of x $ 0 and y $ 0.
First we find the two points where the line 3x 1 2y 5 60 crosses the axes. When x 5
 60
0, we get 3(0) 1 2y 5 60, giving y 5 __
 5 30, which yields the point (0, 30). For y 5 0,
2
60
__
we get 3x 1 2(0) 5 60, or x 5  3  5 20, so we have the point (20, 0). We draw the line
connecting those points. Testing the point (0, 0), we find that the down side of the line
we have drawn corresponds to 3x 1 2y , 60. The feasible region is shown in Figure 4.4.

3x + 2y = 60

15

10

(20, 0)

W

5

16

(0, 0)

5

10

15

20

25

x
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Figure 4.4 Feasible region for the clothing manufacturer.
Self Check 1

Draw the feasible region associated with constraints given by the equations x  0,
y  0, 5x  2y  60, and x  10.
■

4.2 Finding the Optimal Production Policy
Our next step is that we still must find the optimal production policy, a point within
the feasible region that gives a maximum profit. There are a lot of points in that
region. If you consider points with only whole numbers as values for x or y, there
are many points, but, in fact, either x or y or both could be some fractional number.
There are so many points in this feasible region that to consider the profit at each
one of them would require us to calculate profits from now until we grow very
old, and still the calculations would not be done. Here is where the genius of the
linear-programming technique comes in, with the corner point principle, which
we define in terms of our mixture problems.
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Corner Point Principle
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t h e o re m

The corner point principle states that in a linear-programming problem, the
maximum value for the profit formula always corresponds to a corner point of
the feasible region.
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The corner point principle is probably the most important insight into the
theory of linear programming. Later in this chapter, we will explain why this principle works. The geometric nature of this principle explains the value of creating a
geometric model from the data in a mixture chart.
The corner point principle gives us the following method to solve a linearprogramming problem:
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1. Determine the corner points of the feasible region.
2. Evaluate the profit at each corner point of the feasible region.
3. Choose the corner point with the highest profit as the production policy.
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Let’s look at the feasible region that we drew in Figure 4.3 on page 133. It is a
triangle having three corners; namely, (0, 0), (0, 30), and (12, 0). Now all we need
to do is find out which of these three points gives us the highest value for the
profit formula, which in this problem is $1.00x 1 $0.55y. We display our calculations in Table 4.1. The maximum profit for the toy manufacturer is $16.50, and that
happens if the manufacturer makes 0 skateboards and 30 dolls. The point (0, 30) is
called the optimal production policy.
Table 4.1 Calculation of the Profit Formula for Skateboards and Dolls
Corner Point

Value of the Profit Formula: $1.00x 1 $0.55y
$1.00(0) 1 $0.55(0) 5    $0.00 1      $0.00 5   $0.00

(0, 30)

$1.00(0) 1 $0.55(30) 5   $0.00 1 $16.50 5 $16.50

16

W

(0, 0)

(12, 0)
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$1.00(12) 1 $0.55(0) 5 $12.00 1      $0.00 5 $12.00

Optimal Production Policy

t h e o re m

An optimal production policy corresponds to a corner point of the feasible region
where the profit formula has a maximum value.

EXAMPLE 5

Finding the Optimal Production Policy

Our analysis of the clothing manufacturer problem resulted in a feasible region with
three corner points: (0, 0), (0, 30), and (20, 0). Which of these maximizes the profit
formula, $5x 1 $3y, and what does that corner represent in terms of how many shirts
and vests to manufacture?
The evaluation of the profit formula at the corner points is shown in Table 4.2. The
maximum profit of $100 occurs at the corner point (20, 0), which represents making
20 shirts and no vests.
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Table 4.2 Evaluating the Profit Formula in the Clothing Example
Corner Point

Value of the Profit Formula: $5x 1 $3y

(0, 0)

$5(0) 1 $3(0) 5

  $0 1    $0 5    $0

(0, 30)

$5(0) 1 $3(30) 5

  $0 1 $90 5   $90

(20, 0)

$5(20) 1 $3(0) 5 $100 1     $0 5 $100

General Shape of Feasible Regions
The shape of a feasible region for a linear-programming mixture problem has
some important characteristics, without which the corner point principle would
not work:

an
d
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1. The feasible region is a polygon in the first quadrant, where both x $ 0 and
y $ 0. This is because the minimum constraints require that both x and y be
nonnegative.
2. The region is a polygon that has neither dents (as in Figure 4.5a) nor holes (as in
Figure 4.5b). Figure 4.5c is a typical example. Such polygons are called convex.
y

Figure 4.5 A feasible
region may not have
(a) dents or (b) holes.
Graph (c) shows a typical
feasible region.
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The Role of the Profit Formula: Skateboards and Dolls
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In practice, there are often different amounts of resources available in different
time periods. The selling price for the products can also change. For example,
if competition forces us to cut our selling price, the profit per unit can decrease.
To maximize profit, it is usually necessary for a manufacturer to redo the mixture
problem calculations whenever any of the numbers change.
Suppose that business conditions change, and now the profits per skateboard
and doll are, respectively, $1.05 and $0.40. Let us keep everything else about the
skateboards and dolls problem the same. The change in profits would give us a
new profit formula of $1.05x 1 $0.40y. When we evaluate the new profit formula
at the corner points, we get the results shown in Table 4.3. This time, the optimal
Table 4.3 A Different Profit Formula: Skateboards and Dolls
Corner Point
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Value of the Profit Formula: $1.05x 1 $0.40y

(0, 0)

$1.05(0)   1 $0.40(0)   5   $0.00    1 $0.00 5   $0.00

(0, 30)

$1.05(0)   1 $0.40(30) 5   $0.00 1 $12.00 5 $12.00

(12, 0)

$1.05(12) 1 $0.40(0)   5 $12.60     1   $0.00 5 $12.60
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production policy, the point that gives the maximum value for the profit formula, is
the point (12, 0). To get the maximum profit of $12.60, the toy manufacturer should
now make 12 skateboards and 0 dolls.
We see from this example that the shape of the feasible region, and thus the corner points we test, are determined by the constraint inequalities. The profit formula
is used to choose an optimal point from among the corner points, so it is not surprising that different profit formulas might give us different optimal production policies.
We started the exploration of skateboard and doll production with the idea that
a toy manufacturer has a product line with either one to two products. But both
linear-programming solutions we have found tell the manufacturer that to maximize profit, make just one product. This is probably not an acceptable result for
the manufacturer, who might want to produce both products for business reasons
other than profit, such as establishing brand loyalty. And it certainly would be very
difficult for the manufacturer to be ready to switch back and forth between producing either skateboards or dolls every time the profit formula changed. Linear
programming is a flexible enough technique that it can accommodate the desire for
there to be both products in the optimal production policy. This is done by specifying that there be nonzero minimum quantities for each period.

an

Summary of the Pictorial Method Using a Feasible Region
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Let’s stop and summarize the steps we are following to find the optimal production policy in a mixture problem:
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1. Read the problem carefully to identify the resources and the products.
2. Make a mixture chart showing the resources (associated with limited
quantities), the products (associated with profits), the recipes for creating the
products from the resources, the profit from each product, and the amount
of each resource on hand. If the problem has nonzero minimums, include a
column for those as well.
3. Assign an unknown quantity, x or y, to each product. Use the mixture chart
to write down the resource constraints, the minimum constraints, and the
profit formula.
4. Graph the line corresponding to each resource constraint and determine which
side of the line is part of the feasible region. If there are nonzero minimum
constraints, graph lines for them also, and determine which side of each is in
the feasible region. Sketch the feasible region by finding the common points
in the half-planes from all the resource constraints plus the minimum constraints. (This process is called finding the “intersection” of the half-planes.)
5. Find the coordinates of all the corner points of the feasible region. Some of
these may have been calculated so that you can graph the individual lines.
Proceed in order around the boundary of the feasible region. Be sure that
every point you consider is really a corner point of the feasible region.
6. Evaluate the profit formula for each of the corner points. The production policy
that maximizes profit is the one that gives the biggest value to the profit formula.

Two Products and Two Resources: Skateboards and Dolls
We return to the toy manufacturer now to consider two limited resources instead
of one. The second limited resource will be time, the number of person-minutes
available to prepare the products. Suppose that there are 360 person-minutes of
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labor available and that making one skateboard requires 15 person-minutes and
making one doll requires 18 person-minutes. We will continue to use the original
values regarding containers of plastic, the first of our two profit formulas, and to
keep the problem relatively simple, we use the zero minimum constraints: x $ 0
and y $ 0. We need a new mixture chart. In general, we will include a column for
minimums in a mixture chart only if there are any nonzero minimum constraints.
In Figure 4.6, we have the mixture chart for this problem. Using the mixture chart,
we can write the two resource constraints:
5x 1 2y # 60   for containers of plastic
and
15x 1 18y # 360   for person-minutes

C
o.

We can also write the profit formula: $1.00x 1 $0.55y.

re
em
2

$1.00

18

$0.55

The half-plane corresponding to the plastic resource is shown in Figure 4.7a.
We now need to graph the half-plane corresponding to the time constraint.
We find where the line 15x 1 18y 5 360 intersects the two axes by substituting first
x 5 0 and then y 5 0 into that equation.
The line corresponding to the time constraint contains the two points (0, 20)
and (24, 0). When we insert the point (0, 0) into the inequality 15x 1 18y , 360,
we get 15(0) 1 18(0) , 360, or 0 , 360, which is true, so (0, 0) is on the side of the

(0, 30)
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(y units)
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Algebra Review Appendix

5

PROFIT

W

for Skateboards and Dolls
(two resources).

PRODUCTS

Figure 4.6 Mixture chart

Skateboards
(x units)
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RESOURCE(S)
Containers of Plastic
Person-minutes
60
360

25
20

20

5x + 2y = 60

15

15
10

(0, 0)

5 10 15
(a)

(0, 20)

(0, 20)
15x + 18y = 360

(0, 0)

20
15

(0, 30)
5x + 2y = 60
(?, ?)
15x + 18y = 360
(24, 0)

5

5
x

25

10

(24, 0)

10

(12, 0)

5

y
30

y

5 10 15 20 25
(b)

x

(0, 0)

5 10 15 20 25
(12, 0)
(c)

x

Figure 4.7 Feasible region for skateboards and dolls (two resources). (a) Half-plane for the
plastic resource constraint. (b) Half-plane for the time resource constraint. (c) Intersection of the
two half-planes.
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line that we shade. Putting all this together, we get the half-plane in Figure 4.7b
as the correct half-plane for the time resource constraint.
We are not permitted to exceed the supply of even a single resource. Therefore,
the feasible region must be made up of points that are shaded twice—both in the
half-plane for the plastic resource constraint, shown in Figure 4.7a, and in the
half-plane for the time resource constraint in Figure 4.7b. For the procedure with
several half-plane constraints, we build our feasible region by finding the intersection, or overlap, of the individual half-planes in the problem. In Figure 4.7c, we
show the result of intersecting the half-planes from the two resource constraints.
Because this problem has minimums that are zeroes, the shaded region in Figure 4.7c is in fact the feasible region for the problem.
The next step that we need to carry out to use the pictorial method for solving
this problem is to find the corner points of the feasible region. This is carried out by
doing the algebra necessary to solve two linear equations in two unknowns. This
leads to the points (0, 0), (0, 20), (6, 15), and (12, 0). Three of these points have a
zero value for one or more of the unknowns, so the calculations are easy.
To find the coordinates of the point (6, 15), it is necessary to solve for the point
that satisfies both of the equations 5x 1 2y 5 60 and 15x 1 18y 5 360. To solve
these two equations simultaneously, you must multiply one or both of the equations by a number to create equivalent equations, so that when added together,
one of the variables will cancel out. One way to do this is to multiply the first of
these equations by 23, obtaining the equation 215x 2 6y 5 2180. When this is
added to the second equation, the x term “drops out” and we can solve 12y 5 180,
to get y 5 15. Now it is an easy matter to substitute this value into either of the
original equations to get the x value of 6.
We are ready to finish the problem. In Table 4.4 we have evaluated the profit
formula at the four corner points of the feasible region. The optimal production
policy for the toy manufacturer would be to make 6 skateboards and 15 dolls, for
a maximum profit of $14.25.

W

Table 4.4 The Profit at the Four Corner Points
Corner Point

16

Value of the Profit Formula: $1.00x 1 $0.55y

(0, 0)
(0, 20)

©

(6, 15)

20

$1.00(0)   1 $0.55(0)   5    $0.00 1     $0.00 5   $0.00

(12, 0)

$1.00(0)    1 $0.55(20) 5 $0.00 1 $11.00 5 $11.00
$1.00(6)   1 $0.55(15) 5   $6.00 1      $8.25 5 $14.25
$1.00(12) 1 $0.55(0)   5 $12.00 1     $0.00 5 $12.00

Here is another mixture problem example of how the pictorial method using a
feasible region works from start to finish.

EXAMPLE 6

Mixtures of Two Fruit Juices: Beverages

A juice manufacturer produces and sells two fruit beverages: 1 gallon of cranapple is
made from 3 quarts of cranberry juice and 1 quart of apple juice; and 1 gallon of appleberry is made from 2 quarts of apple juice and 2 quarts of cranberry juice. The manufacturer makes a profit of 3 cents on a gallon of cranapple and 4 cents on a gallon of
appleberry. Today, there are 200 quarts of cranberry juice and 100 quarts of apple juice
available. How many gallons of cranapple and how many gallons of appleberry should
be produced to obtain the highest profit without exceeding available supplies? We use
zeroes as “reality minimums.” The mixture chart for this problem is shown in Figure 4.8.

Comap_10e_ch04.indd 139

02/09/15 9:40 AM

140

C h a p t e r

|

4

Linear Programming and the Transportation Problem

PRODUCTS

RESOURCE(S)
Cranberry
Apple
200 quarts
100 quarts

PROFIT

Cranapple
(x gallons)

3 quarts

1 quart

3 cents/gallon

Appleberry
(y gallons)

2 quarts

2 quarts

4 cents/gallon

Figure 4.8 A mixture chart for Example 6.
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For each resource, we develop a resource constraint reflecting the fact that the
manufacturer cannot use more of that resource than is available. The number of quarts
of cranberry juice needed for x gallons of cranapple is 3x. Similarly, 2y quarts of cranberry are needed for making y gallons of appleberry. So if the manufacturer makes
x gallons of cranapple and y gallons of appleberry, then 3x 1 2y quarts of cranberry
juice will be used. Because there are only 200 quarts of cranberry available, we get the
cranberry resource constraint 3x 1 2y # 200. Note that the numbers 3, 2, and 200
are all in the cranberry column. We get another resource constraint from the column
for the apple juice resource: 1x 1 2y # 100. We also have these minimum constraints:
x $ 0 and y $ 0.
Finally, we have the profit formula. Because 3x is the profit from making x units
of cranapple and 4y is the profit from making y units of appleberry, we get the profit
formula 3x 1 4y.
We summarize our analysis of the juice mixture problem. Maximize the profit formula, 3x 1 4y, given these constraints:
cranberry:    3x 1 2y # 200
apple:     1x 1 2y # 100
minimums:   x $ 0 and y $ 0
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Remember, in a mixture problem, our job is to find a production policy (x, y), that makes
all the constraints true and maximizes the profit.
Figure 4.9a shows the result of graphing the constraint associated with the cranberry resource, while Figure 4.9b shows the result of graphing the constraint associated
with the apple resource, taking into account that the amounts of these resources used

y

y

y

(0, 100)

3x + 2y = 200
1x + 2y = 100

3x + 2y = 200
(0, 50) 1x + 2y = 100
(66.7, 0)

(50, 25)

(100, 0)
x

(0, 0)

(0, 50)

Cranberry constraint
(a)

x

(0, 0)
Apple constraint
(b)

(0, 0)

(66.7, 0)

x

Combine (a) and (b)
(c)

Figure 4.9 Feasible region for Example 6.
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cannot be negative. When these two diagrams are superimposed, we get the diagram in
Figure 4.9c. Now, to carry out the pictorial method, we need to find the profits associated with the four corner points shown. This is done in Table 4.5.

Table 4.5 Finding the Optimal Production Policy for Beverages
Corner Point

Value of the Profit Formula: 3x 1 4y cents

(0, 0)

3(0)

(0, 50)

3(0)    1 4(50) 5 200 cents

(50, 25)

3(50)   1 4(25) 5 250 cents

(66.7, 0)

3(66.7) 1 4(0)

1 4(0)   5 0 cents

C
o.

5 200 cents (rounded)

an
d

When we evaluate the profit formula at the four corner points, we see that the
optimal production policy is to make 50 gallons of cranapple and 25 gallons of appleberry, for a profit of 250 cents.

Self Check 2
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Maximize the profit function P  5x  3y for the feasible region associated with
constraints given by the equations x  0, y  0, 5x  2y  60, and x  10 (see Self
■
Check 1 on page 134).

4.3 Why the Corner Point Principle Works
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In finding solutions to our mixture problems, we have been using the corner point
principle, which says that the highest profit value on a convex polygonal feasible
region is always at a corner point. A feasible region has infinitely many points,
making it impossible to compute the profit for each point. The corner point principle gives us a finite set of points, making the calculation possible.
You can visualize a mathematical proof of the corner point principle by imagining that each point of the plane is a tiny light bulb that is capable of lighting up. For
the juice mixture example, whose feasible region is shown in Figure 4.9c, imagine
what would happen if we ask this question: Will all points with profit 5 360 please
light up? What geometric figure do these lit-up points form?
In algebraic terms, we can restate the profit question in this way: Will all points
(x, y) with 3x 1 4y 5 360 please light up? As it happens, this version of the profit
question is one that mathematicians learned to answer hundreds of years before
linear programming was born.
The points that light up make a straight line because 3x 1 4y 5 360 is the equation of a straight line. Furthermore, it is a routine matter to determine the exact position of the line. We call this line the profit line for 360; it is shown in Figure 4.10. For
numbers other than 360, we would get different profit lines. Unfortunately, there are
no points on the profit line for 360 that are feasible—that is, which lie in the feasible
region. Therefore, the profit of 360 is impossible. If the profit line corresponding to a
certain profit value doesn’t touch the feasible region, then that profit value isn’t possible.
Because 360 is too big, perhaps we should ask the profit line for a more modest amount, say, 160, to light up. You can see that the new profit line of 160 in
Figure 4.10 is parallel to the first profit line and closer to the origin. This is no
accident: All profit lines for the profit formula 3x 1 4y have the same coefficients
for x and y—namely, 3 for x and 4 for y. Because the slope of the line is determined
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Figure 4.10 The profit
line for 360 lies outside
the feasible region,
whereas the profit line for
160 passes through the
region.

100

Profit = 360
50

Profit = 160
(50, 25)
(40, 10)
50

x

100
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by those coefficients, they all have the same slope. Changing the profit value from
360 to 160 has the effect of changing where the line intersects the y-axis, but it
does not affect the slope. These different profit lines are parallel to each other.
The most important feature of the profit line for 160 is that it has points in
common with the interior of the feasible region. For example, (40, 10) is on that
profit line because 3(40) 1 4(10) 5 160; in addition, (40, 10) is a feasible point.
This means that it is possible to make 40 gallons of cranapple and 10 gallons of
appleberry and that if we do so, we will have a profit of 160.
Can we do better than a 160 profit? As we slowly increase our desired profit
from 160 toward 360, the location of the profit line that lights up shifts smoothly
upward away from the origin. So long as the line continues to cross the feasible
region, we are happy to see it move away from the origin because the more it
moves, the higher the profit represented by the line. We would like to stop the
movement of the line at the last possible instant, while the line still has one or
more points in common with the feasible region. It should be obvious that this
will occur when the line is just touching the feasible region either at a corner point
(Figure 4.11a) or along a line segment joining two corners (Figure 4.11b). That
point or line segment corresponds to the production policy or policies with the
maximum achievable profit. This is just what the corner point principle says: The
maximum profit always occurs at a corner or along an edge of the feasible region.

Profit line
Profit line

(a)

x

(b)

x

Figure 4.11 The highest profit will occur when the profit is just touching the feasible region,
either (a) at the corner point or (b) along a line segment, which will include corner points.
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EXAMPLE 7

Adding Nonzero Minimums: Beverages

1

Appleberry
(y gallons)

2

2
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3

PROFIT

20

2 cents

an

Cranapple
(x gallons)

MINIMUMS

re
em

PRODUCTS

RESOURCE(S)
Cranberry Juice Apple Juice
200 quarts
100 quarts
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Suppose that in Example 6, the profit for cranapple changes from 3 cents per gallon to
2 cents and the profit for appleberry changes from 4 cents per gallon to 5 cents. You
can verify that this change moves the optimal production policy to the point (0, 50); no
cranapple is produced. This result is not surprising: Appleberry is giving a higher profit
and the policy is to produce as much of it as possible. But suppose the manufacturer
wants to incorporate nonzero minimums into the linear-programming specifications so
that there will always be both cranapple, x, and appleberry, y, produced. Specifically,
the manufacturer decides that x $ 20 and y $ 10 are desirable minimums. Figure 4.12
is the mixture chart showing the new profit formula and the nonzero minimums, along
with the unchanged rest of the beverage problem.

10

5 cents

Figure 4.12 Mixture
chart for Example 7.

16

W

.H
.F

The feasible region for beverages in Example 6 is shown in Figure 4.13a. The feasible
region for beverages in this example is shown in Figure 4.13b. You can verify that, starting at the lower-left corner of the new feasible region and moving clockwise around
its boundary, we have corner points (20, 10), (20, 40), (50, 25), and (60, 10). (One of
those points was also a corner point of the old feasible region. Can you explain why?)
Table 4.6 shows the evaluation of the profit formula at these corner points. For this
modified problem, the optimal production policy is to produce 20 gallons of cranapple
and 40 of appleberry, for a maximum profit of 240 cents.
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3x + 2y = 200

(0, 50)

y
100

1x + 2y = 100

x = 20

80
60

(50, 25)

(20, 40)

1x + 2y = 100

40
20

(0, 0)

(66.7, 0)

x

(0, 0)
(20, 10)

(a)

20

(50, 25)
3x + 2y = 200
y = 10

60
40
(60, 10)
(b)

80

100

x

Figure 4.13 Feasible region for Examples 6 and 7. (a) Zero minimums. (b) Nonzero minimums.

Comap_10e_ch04.indd 143

02/09/15 9:40 AM

144

C h a p t e r

4

|

Linear Programming and the Transportation Problem
Table 4.6 Profit Evaluation for Beverages
Corner Point

Value of the Profit Formula: 2x 1 5y

(20, 10)

2(20) 1 5(10) 5     40 1   50 5 90 cents

(20, 40)

2(20) 1 5(40) 5     40 1 200    5 240 cents

(50, 25)

2(50) 1 5(25) 5 100 1 125 5 225 cents

(60, 10)

2(60) 1 5(10) 5 120 1   50   5 170 cents
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One final note about this solution concerns the resources. The point (20, 40) is on
the resource constraint line for the apple juice resource, so it represents using up all the
available apple juice. We can see this by inserting the apple juice resource constraint:
1(20) 1 2(40) 5 100 is true. However, (20, 40) is below the line for the cranberry juice
resource, indicating that there will be slack, or leftover, amounts of cranberry juice.
Specifically, substituting (20, 40) into the cranberry juice constraint gives 3x 1 2y 5
3(20) 1 2(40) 5 60 1 80 5 140, which is 60 quarts less than the 200 quarts available.
The slack is 60 quarts of cranberry juice. Dealing with slack can be an important consideration for manufacturers. Can you see why?
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4.4 Linear Programming: Life Is Complicated
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Every algorithm for solving a linear-programming problem has the following three
characteristics, which hold true regardless of the number of products or the number of resources in the problem:
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1. The algorithm can distinguish between “good” production policies—those in
the feasible set that satisfy all the constraints—and those that violate some
constraint(s) and are thus not feasible. There are usually many good points,
each of which corresponds to some production policy; for example, “Make x
units of product 1 and y units of product 2.”
2. The algorithm uses some geometric principles—one of which is the corner
point principle—to select a special subset of the feasible set.
3. The algorithm evaluates the profit formula at points in the special subset to
find which corner point actually gives the maximum profit.

©

The various algorithms for linear programming differ in how they process the
feasible set and in how quickly the algorithm finds the production policy—corner
point—that gives the optimal profit.
In practical linear-programming problems, the feasible region will not be as
simple as the ones we have examined here. There are two ways the feasible region
can be more complex:

y

x
Figure 4.14 A feasible
region with many corners.
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1. Sometimes, as in Figure 4.14, we have a great many corners. The more corners
there are, the more calculations we need to determine the coordinates of
all of them and the profit at each one. The number of corners literally can
exceed the number of grains of sand on the earth. Even with the fastest
computer, computing the profit of every corner is impossible.
2. It is not possible to visualize the feasible region as a part of two-dimensional
space when there are more than two products. Each product is represented
by an unknown, and each unknown is represented by a dimension of space.
If we have 50 products, we would need 50 dimensions and couldn’t visualize
the feasible region.
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Another type of complication can occur even in simple two-dimensional regions:
Corner points can have fractional coordinates, not the integer ones we see in the
specially constructed problems in this text. Making 3.75 skateboards and 5.45 dolls
is not possible. As mentioned earlier, integer programming, a special type of linear
programming, is used when it is not realistic to use fractional answers.
We have looked at some simple mixture problems to illustrate the power of linear programming to solve optimization problems. Solving similar problems scaled
up to a realistic level is widely applied by governments, businesses, and humanitarian organizations to make the world a better place that runs more smoothly.

The Simplex Method

Figure 4.15 The simplex
method can be compared
to an ant crawling
along the edges of a
polyhedron, looking for
the “target”—the optimal
corner point.
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Several methods are used for the typically large linear-programming problems
solved in practice. The oldest method is the simplex method, which is still the
most commonly used. Devised by the American mathematician George Dantzig
(see Spotlight 4.2 on page 146), this ingenious mathematical invention makes it
possible to find the best corner point by evaluating only a tiny fraction of all the
corners. With the use of the simplex method, a problem that might be impossible
to solve if each corner point had to be checked can be solved in a few minutes or
even a few seconds on a typical business computer.
The operation of the simplex method may be likened to the behavior of an ant
crawling on the edges of a polyhedron (a solid with flat sides) looking for an optimal corner point—one that gives the highest profit (Figure 4.15). The ant cannot
see where the optimal corner is. As a result, if it were to wander along the edges
randomly, it might take a long time to reach that corner. The ant will do much
better if it has a temperature clue to let it know it is getting warmer (closer to the
optimal corner) or colder (farther from the optimal corner).
Think of the simplex method as a way of calculating these temperature hints.
We begin at any corner. All neighboring corners are evaluated to see which
ones are warmer and which are colder. A new corner is chosen from among the
warmer ones, and the evaluation of neighbors is repeated—this time checking
neighbors of the new corner. The process ends when we arrive at a corner point,
all of whose neighbors are colder than it is.
Part of what the simplex method has going for it is that it works faster in practice than its worst-case behavior would lead us to believe. Although mathematicians have devised artificial cases for which the simplex method bogs down in
unacceptable amounts of arithmetic, the examples arising from real applications
are never like that. This may be the world’s most impressive counterexample to
Murphy’s law, which says that if something can go wrong, it will.
Although the simplex method usually avoids visiting every corner, it may
require visiting many intermediate ones as it moves from the starting corner to
the optimal one. The simplex method has to search along edges on the boundary of the polyhedron. If it happens that there are a great many small edges lying
between the starting corner and the optimal one, the simplex method must operate like a slow-moving bus that stops on every block.
Many computer programs are available that will use the simplex method to produce an optimal production policy if we just supply the computer with the constraint
inequalities and profit formula. Simplex method programs can be found in a variety
of places, including electronic spreadsheets, packages of mathematics programs
designed for business applications or finite mathematics courses, and large “allpurpose” mathematics packages. A graphical solution is possible only for problems
limited to two products; these special exercises involve more than two products.
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George Dantzig (left), sometimes referred to as the
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“father” of linear programming, shown with Leonid
Khachiyan (right) who developed an important new
approach to solving linear-programming problems. Sadly,
though much younger than Dantzig, Khachiyan died a
few weeks before him.
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One of the things that still amazes me is to see
a program run on the computer—and to see the
answer come out. If we think of the number of
combinations of different solutions that we’re trying
to choose the best of, it’s akin to the stars in the
heavens. Yet we solve them in a matter of moments.
This, to me, is staggering. Not that we can solve
them—but that we can solve them so rapidly and
efficiently.
The simplex method has been used now for
roughly 70 years. There has been steady work going
on trying to use different versions of the simplex
method, nonlinear methods, and interior methods. It
has been recognized that certain classes of problems
can be solved much more rapidly by special algorithms than by using the simplex method. If I were
to say what my field of specialty is, it is in looking at
these different methods and seeing which are more
promising than others. There’s a lot of promise in
this—there’s always something new to be looked at.
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Initially, all the work we did had to do with military
planning. During World War II, we were planning
on a very extensive scale. The civilian population
and the military were all performing scheduling and
planning tasks, perhaps on a larger scale than at any
time in history. And this was the case up until about
1950. From 1950 on, the whole emphasis shifted
from military planning to practical planning for the
civilian population, and industry picked it up.
The first areas of industry to use linear programming were the petroleum refineries. They used it for
blending gasoline. Nowadays, all of the refineries in
the world (except for one) use linear-programming
methods. They are one of the biggest users of it,
and it’s been picked up by every other industry you
can think of—the forestry industry, the steel industry. You could fill up a book with all the different
places it’s used.
The question of why linear programming wasn’t
invented before World War II is an interesting one. In
the postwar period, various technologies just evolved
that had never been there before. Computers were
one example. These technologies were talked about
before. You can go back in history and you’ll find
papers on them, but these were isolated cases that
never went anywhere. . . .
The problems we solve nowadays have thousands of equations, sometimes a million variables.
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George Dantzig, who died in 2005, spent most of
his career as a professor of operations research and
computer science at Stanford University. He is credited
with inventing the linear-programming technique called
the simplex method. Since its invention in the 1940s,
the simplex method has provided solutions to linearprogramming problems that have saved both industry and the military time and money. Here Dantzig
talks about the background of his famous technique:
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The Father of Linear Programming Recalls Its Origins
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An Alternative to the Simplex Method
In 1984, Narendra Karmarkar, a mathematician working at AT&T Bell Laboratories,
devised an alternative method for linear programming that finds the optimal corner point in fewer steps than the simplex algorithm by making use of search routes
through the interior of the feasible region. The applications of Karmarkar’s algorithm are important to a lot of industries, including telephone communications
and the airlines (see Spotlight 4.3). Routing millions of long-distance calls, for
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lot of large businesses. The difference between his
method and Narendra Karmarkar’s is speed. Finding
fast solutions to linear-programming problems is
also essential. With an algorithm like Karmarkar’s,
which is 50 to 100 times faster than the simplex
method, we could do a lot of things that we
couldn’t do otherwise. For example, some applications could be real-time applications, as opposed
to batch applications. So instead of running a job
overnight and getting an answer the next morning, we could actually key in the data or access the
database, generate the matrix, and come up with a
solution that could be implemented a few minutes
after keying in the data.
A good example of this kind of application is
what we call a major weather disruption. If we get a
major weather disruption at one of the hubs, such as
Dallas or Chicago, then a lot of flights may get canceled, which means we have a lot of crews and airplanes in the wrong places. What we need is a way
to put that whole operation back together again so
that the crews and airplanes are in the right places.
That way, we minimize the cost of the disruption, as
well as passenger inconvenience.
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Finding an optimal solution means finding the best
solution. Let’s say you are trying to minimize a cost
function of some kind. For example, we may want
to minimize the excess costs related to scheduling
crews, hotels, and other costs that are not associated with flight time. So we try to minimize that
excess cost, subject to a lot of constraints, such as
the amount of time a pilot can fly, how much rest
time is needed, and so forth.
An optimal solution, then, is either a minimumcost solution or a maximizing solution. For example,
we might want to maximize the profit associated with
assigning aircrafts to the schedule; so we assign large
aircraft to high-need segments and small aircraft to
low-load segments.
The simplex method, which was developed
some 50 years ago by George Dantzig, has been
very useful at American Airlines and, indeed, at a
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Finding Fast Algorithms Means Better Airline Service
Linear-programming techniques have a direct impact on
the efficiency and profitability of major airlines. Thomas
Cook, once director of operations research at American
Airlines, made these comments concerning why optimal solutions are essential to the airline business:
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example, means deciding how to use the resources of long-distance landlines,
repeater amplifiers, and satellite terminals to best advantage. The problem is similar to the juice company’s need to find the best use of its stocks of juice to create
the most profitable mix of products.
Many airlines use software based on Karmarkar’s algorithm to reduce fuel costs
and deal with delays caused by storms.
In the 1980s, scientists at Bell Labs applied Karmarkar’s algorithm to a
problem of unprecedented complexity: deciding how to economically build
telephone links between cities so that calls can get from any city to any other,
possibly being relayed through intermediate cities. Figure 4.16 shows a graph
theory model (with color coding to show the intensity of traffic) for a portion
of the Internet as it existed in the 1990s. Now, the number of ways to route
Internet traffic has become unimaginably large, so picking the most efficient
way to route email or other data packages is very difficult without using OR
techniques.
Now that cell phones and Internet phone services are increasingly being used
instead of landlines, new kinds of linear- and integer-programming problems and
solutions have emerged to help provide better communications services. A typical
example is using linear programming to determine the optimal locations for cell
phone tower placement to achieve the best service. Integer programming is also
being used to improve Wi-Fi and sensor network service.
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Figure 4.16 A map of
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NCSA/Science Source

the United States showing
Internet traffic among a
collection of major sites,
with the volume of traffic
color coded. Routing
traffic (email, data packets,
streaming video) over
immense networks such
as these can sometimes
benefit from sophisticated
linear-programming
techniques and high-speed
computers.
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4.5 A Transportation Problem: Delivering Perishables
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A supermarket chain gets bread deliveries from a bakery chain that does its baking
in different places. Each supermarket store needs a certain number of loaves each
day, and the supplier bakes, in total, enough breads to exactly meet the demands.
Figure 4.17 shows the cost to ship a loaf from a particular baking location to the
store involved. How many breads should be shipped from each locale to each of
the stores to stay within the demands and to minimize the cost?
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Figure 4.17 A graph
theory representation of
a supply-and-demand
transportation problem
that involves shipping
breads from bakeries to
stores.
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Similarly, after a long holiday weekend, a car rental company will have extra
cars in some cities and too few cars in other cities. It is faced with the problem of
reshuffling the cars at minimal cost so that each city has the right number of cars.
Companies that provide bicycles for use at specific hire/drop locations in urban
areas face similar issues. Problems such as these go under the general name of
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transportation problems, and they form a special class of linear-programming
problems that can be solved by a specialized method.

Transportation Problem

Definition

A group of suppliers must meet the needs of users of these supplies. There is a
cost for shipping from a particular supplier to a particular user (demander). The
transportation problem involves minimizing the total shipping cost of meeting the
required demands from the supplies available.

EXAMPLE 8
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Delivering Bread
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Imagine that we have three bakeries and three stores, though the ideas we develop will
also solve problems where the number of stores and bakeries are not the same. The
three stores require 3 dozen, 7 dozen, and 1 dozen loaves of bread, respectively, while
the three bakeries can supply 8 dozen, 1 dozen, and 2 dozen loaves, respectively. The
information given so far can be displayed in Figure 4.18, where the “suppliers” are represented by the rows of the table (labeled with Roman numerals) and the “demanders”
are represented by the columns (labeled with Hindu-Arabic numerals).
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Equal totals

representation of
a specific problem
involving meeting the
demands of three stores
for breads from the
supplies available at three
bakeries. Shipping costs
between bakeries and
stores are also shown.

The numbers of breads available and the numbers being required are shown on the
right side and bottom of the table and will be referred to as rim conditions. Each entry
of the table shown in Figure 4.18 is known as a cell. It is convenient to have a name
for each of these cells. For example, the cell in the third row and second column will be
denoted (III, 2). The first number always corresponds to a row, the second to a column.
Thus cell (I, 2) refers to Bakery I and Store 2.
In deciding which bakeries should ship to which stores, it seems natural to take into
account the costs of shipping a dozen breads from a particular bakery to a particular
store. If Bakery I is farther from Store 2 than is Bakery II, it seems reasonable that the
shipping cost for I will be higher than for II when shipping to that particular store.
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However, the costs of shipping may also involve time considerations. (The distance
to a store may be shorter, but it may be that this route is a very slow one.) Also, it may
take extra time for a truck coming from I to park when making the next delivery.
The numbers we use in our diagrams are “aggregate” costs. The nice thing about
what we are doing is that the solution method works independently of the way the
costs are arrived at or computed. These costs (see Figure 4.18) are shown in the upperright-hand corner of a cell. Thus the number 9 shown in cell (I, 2) means that it costs
nine units to ship a bread from Bakery I to Store 2. Our goal will be to supply the stores
with the breads they require from the supplies available at the bakeries so that the total
cost of providing the breads to the stores is as small as possible (a minimum).

Figure 4.19 A possible

Stores
2

1

©

solution to meeting the
needs of three stores
for bread from supplies
available at three
bakeries. The circled
numbers show the
amounts shipped from
the bakeries to the stores.
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The tools for solving transportation problems like these were developed during World War II in conjunction with getting supplies from different ports in the
United States to different ports in Europe (mostly the United Kingdom) as efficiently as possible. (The U.S. ports were like the bakeries, and the British ports
were like the stores that needed the breads.)
We can think of finding a solution to a problem like this as a special kind of
linear-programming problem because we can express the objective of minimizing
the cost using a linear relationship. The constraints that express that the rim conditions are met can also be expressed using linear equations. However, it turns out
there are algorithms that make it possible to solve problems of this kind that are
rather larger than general linear-programming problems which can be solved by
hand. These algorithms are intuitively appealing.
We can divide the problem of finding a solution to a transportation problem into
two phases, as we did for general linear-programming problems. First, find a solution that is feasible (that is, a solution that does not violate any of the constraints
of the problem). Second, if the current solution is not optimal, we move to a better
one. Thus, we will first find a solution that meets the constraints and then try to
find an improved solution. If there is no better solution than the one we have, under
suitable circumstances we show that there is never a better one. Thus, the solution
that we have found is an optimal solution. We will work our way through a simple
example that is typical of what is required in general transportation problems.
Let’s turn to the table shown in Figure 4.19, where certain numbers have been
inserted with circles around them.

8
l

2

1

Comap_10e_ch04.indd 150

12
1

10
3

1

3

8

8

1

lll

3

6
15

Bakeries ll

3
9

5

1

1

2

7

1

Rim
conditions

02/09/15 9:40 AM

4.5 A Transportation Problem: Delivering Perishables 
Tableau

151

D ef i n i t i o n

A table showing costs and rim conditions for a transportation problem is known as
a tableau.
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When we see a circled number such as the 6 in row I, column 2, this means that
we plan to ship six breads to Store 2 from Bakery I. Similarly, the circled number 1
in row III and column 3 means we plan to ship one bread from Bakery III to Store
3. The cells that have no circled numbers are thought of as having zero entries; no
breads are being shipped between these stores and these bakeries. Note, for example, that the row sum of the circled numbers in the first row is 8. This means that all
the breads available at Bakery I are being shipped to some store.
Similarly, the fact that the circled entries in column 2 add up to 7 means that
all the breads needed by Store 2 are being supplied to it. You can verify that all the
row sums and column sums add to exactly the numbers that we want to ship from
each bakery to each store. Note that 11 breads have been shipped by the bakeries
and received by the stores. When this happens, the circled numbers are said to be
a feasible solution to the problem.
How much will it cost to ship these amounts of breads (see Figure 4.19) to the
stores? The number can be computed by multiplying the circled numbers by the cost
shown in the associated cell. For example, to ship two breads from Bakery I to Store 1
costs 2(8) 5 16 because the cost associated with the cell in which the 2 appears is 8. The
cost of shipping six breads from Bakery I to Store 2 is 6(9) 5 54. To get the total cost of
this “shipment plan,” we sum all the shipped amounts by the associated costs to get

.H
.F

2(8) 1 6(9) 1 1(15) 1 1(3) 1 1(5) 5 16 1 54 1 15 1 3 1 5 5 93
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However, at this point we do not know if there is a cheaper way to ship the
breads to the stores. Notice that the number of cells with circled numbers is exactly
equal to the number of rows m plus the number of columns n minus 1. This is the
general pattern with transportation problems. Cells that are used for shipping are
circled. On occasion, we ship a zero amount because the procedure works only
when m 1 n 2 1 cells are circled.
If we look at the pattern of circled numbers in the tableau in Figure 4.20, we
see that there is a difficulty even though 11 breads are involved (the sum of all the
circled numbers).
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The numbers in the first row add to 6, which means that at Bakery I there will
be breads left over that have not been shipped. In row 2, the sum of the circled
numbers is 2, but this means that something is wrong. How can Bakery II, which
has a supply of only 1 bread, ship 2 breads? Furthermore, column 3 sums to 3,
which means that 3 breads have been shipped to Store 3 despite the fact that it
only requested 1 bread! These facts add up to the realization that this assignment
of numbers to the cells violates the rules we are requiring. This proposed shipment
plan also violates our rule that we are not allowed to circle more than five cells.
How can we find a solution that meets the constraints of the problem (the rim
conditions)? We will show two ways to do this. The first is “fast and dirty” but typically does not find a very good solution with which to start. The second (developed in
the exercises) usually gives a better “initial” solution but is a little harder to carry out.
This pair of approaches displays a common tension in problem solving: the
ease of getting started but requiring more work later on, or more work at the
start, which often proves to be a good investment of extra effort because less work
is needed to find an optimal solution. If we know in advance the method being
chosen to solve a problem, we can often find an example where this particular
method does poorly. Mathematicians work hard to find methods that work well
on the kinds of problems that come up in genuine applications.
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The easier approach involves what is called the Northwest Corner Rule. This rule
is simple because it is based on the geometry of the table that is involved and does
not even look at the costs associated with the cells in the table, which in the long
run cannot be a good idea, because these costs come into play when trying to get
an optimal solution.
How does the Northwest Corner Rule work? The algorithm carries out the
following procedure until exactly one cell remains in the “altered tableau.”
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Northwest Corner Rule

P r oc e dur e
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1.  Locate that cell of the current tableau that is as far to the top and to the left as
possible (that is, in the northwest corner). Ship via this cell the smaller of the
two rim values (call the value s) associated with the row and column of this cell.
(Indicate that this cell is being used by putting a circle around the entry in the
tableau.)
2.  Cross out the row or column that had rim value s and reduce the other rim value
for this cell by s.
3.  When a single cell remains, there will be a tie for the rim conditions of both the
row and column involved, and this amount is entered into the cell and circled.

Note that it is possible (when there is more than one cell at the start) for there
to be a tie when Step 1 above is applied. In this case, we simultaneously fulfill the
rim conditions for a row and column. If this happens, we can always choose to
cross out, say, the column (not both the row and column) and reduce to 0 the rim
condition for the row involved. Now when the algorithm is applied, one has a rim
value of 0 for the northwest corner cell. This now requires that 0 be shipped via
that cell. Even though this will not change the cost, it is necessary to put a 0 in this
cell and circle it. Here we have usually designed the examples to avoid ties so as to
make it easier to get the essential ideas across.
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Using the Northwest Corner Rule

Applying the Northwest Corner Rule to our original tableau (see Figure 4.18), we get the
sequence of tableaux in Figure 4.21 as we cross out the rows or columns, where for clarity the costs associated with the cells are suppressed. The last diagram in the sequence
shows the results on the original tableau, with the cost restored. Note that, at the steps
in between, the costs played no role. It is a good idea to check that the circled numbers
in each row and column really add up to the rim value for that row and column and
that exactly m 1 n 2 1 cells are filled.
We can now compute the cost of the associated solution that we have found (feasible solution), which obeys the rim conditions. As we did previously, we add up the
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cost multiplied by the amount shipped for each cell with a circled entry. We get the
following calculation:
3(8) 1 5(9) 1 1(1) 1 1(3) 1 1(5) 5 78
This shows a cost that is smaller than the solution we found earlier. That solution
involved a cost of 93. But is this solution the cheapest one? The fact that this feasible
solution was found without using the costs on the cells suggests that no, it is not very
likely this solution is cheapest.

Improving the Feasible Solution
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The next phase of the transportation problem algorithm attempts to answer the
question of how to tell if the feasible solution found by using the Northwest
Corner Rule is the best. If this solution is not the best, we should be able to find a
way to improve it.
Suppose that we decided to ship an additional bread from Bakery II to Store 3.
Now, this would violate the fact that we had shipped exactly the right numbers of
breads before this new additional shipment, so we have shipped 1 bread too many
from Bakery II. We can compensate for this by reducing from 1 to 0 the bread
shipped from Bakery II to Store 2. But this now means that Store 2 has not gotten all
the breads it needs. We can take care of this by shipping 1 more bread from Bakery
III to Store 2, but again we now have 1 extra bread shipped from Bakery III. We can
compensate for this by reducing the number of breads shipped via cell (III, 3)—that
is, from Bakery III to Store 3. This step will ensure that the rim conditions will hold
for the circled numbers. This is because we have located a circuit—(II, 3), (II, 2),
(III, 2), (III, 3), (II, 3)—where, if we increase and decrease the breads alternately
going around that circuit, we maintain the rim conditions (see Figure 4.22).
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Check for yourself that the tableau on the right in Figure 4.22 with the circled
entries meets the rim conditions. On the left, we show the circuit of cells with plus
and minus signs (1 and 2) where we have increased the amounts in the cells
with 1 and decreased the amounts in the cells with 2 by 1 unit. (Note that to
keep a total of five cells circled, we have set one of the circled cells to 0, because
when we reduce the amounts of bread shipped in cells (II, 2) and (III, 3), we get
a tie of value 0.)
We now have to ask whether this new solution is cheaper or more expensive
than the one we started with. We can figure out whether this is a better or worse
solution by tracking the costs of moving from the previous solution to the new one.
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We went around a circuit where we increased a cost, decreased a cost (because
we reduced the number of breads in that cell), increased a cost, and then decreased
a cost before coming back to where we started, having traversed a circuit of length 4.
The net effect of this collection of cost changes is 112 2 1 1 3 2 5 5 19. Thus, these
changes, while producing a new feasible solution, give a more costly solution!
Perhaps increasing the amount shipped via a different circuit of cells would
be better. Suppose we try the same process for cell (I, 3) (Figure 4.23)—that is,
increase the shipping of breads from Bakery I to Store 3. To see if this is worthwhile, check the circuit formed by shipping more via cell (I, 3). It takes a bit of
practice to find the circuit that this cell forms. In the case of cell (I, 3), the circuit we
get is (I, 3), (I, 2), (III, 2), (III, 3), (I, 3). The cost of moving around this circuit is 13
2 9 1 3 2 5 5 28. We will refer to this number as the indicator value for this cell.
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with a negative indicator
value, we can find a
cheaper way of meeting
the demands from the
supplies.
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The indicator value of a cell C (not currently a circled cell) is the cost change
associated with increasing or decreasing the amounts shipped in a circuit of cells
starting at C. It is computed by summing with alternating signs the costs of the cells
in the circuit.

©

The 28 means that we can lower the cost of shipping breads by using a different pattern of meeting the demands from the supplies. We have computed the
saving for shipping one bread more via cell (I, 3), but perhaps we might be able to
save even more by shipping even more breads via this cell. To determine whether
we could, we look at the circuit that begins at cell (I, 3). To maintain a feasible
solution, we have to increase the amounts shipped via some cells of this circuit
and decrease the amounts shipped via others. Because we cannot decrease the
amount shipped via any cell below zero, the minimum value of any cell that must
be reduced is the maximum amount that can be shipped via cell (I, 3). In this case,
it means that only one bread can be shipped via cell (I, 3), thereby lowering the
cost from the previous solution by 8.
When we looked to improve the solution shown in Figure 4.21 (page 153),
we have now seen that by shipping via cell (I, 3), we can get a better solution.
However, there might be several cells in the solution shown in Figure 4.21 that
would lead to improvement. Which one should we choose? The answer is that
we should adopt a greedy point of view. If there are several cells with a negative
indicator value, pick the one that is “most negative” to improve the solution.
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Given a current feasible solution (one that satisfies the rim condition), we
check each cell that does not have a circled number for improvement if we ship
via that cell. If a cell leads to a positive indicator value with the circuit associated
with it, no improvement is possible. If a cell has a negative indicator value associated with the circuit for that cell, we can get an improvement. We select as the cell
to increase that cell with the largest negative indicator value. We now have a new
feasible solution that is cheaper than the one we started with and can repeat our
procedure just described starting from this new feasible solution.
It turns out that there was no better cell than (I, 3) (using this greedy approach)
to get an improved solution. We will take the current best solution and see if we
can improve it more. It turns out that for the current tableau (Figure 4.23), all the
cells have a positive indicator except for cell (III, 1):

C
o.

Indicator for cell (III, 1):     11 2 3 1 9 2 8 5 21
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Because the minimum of the circled numbers in the cell with a negative label is
2 in cell (III, 2), we can increase by 2 the amount shipped in cell (III, 1) and get a
new solution, as shown in Figure 4.24.
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20

16

Now, for this tableau, all the empty cells have positive indicator values.
Indicator (II, 1):
Indicator (II, 3):
Indicator (III, 2):
Indicator (III, 3):

115 2 1 1 9 2 8 5 15
112 2 3 1 9 2 1 5 17
13   2 9 1 8 2 1 5 1
15   2 3 1 8 2 1 5 9

This means that the current solution is optimal. The cost of this solution is
1(8) 1 6(9) 1 1(3) 1 1(1) 1 2(1) 5 8 1 54 1 3 1 1 1 2 5 68

It turns out that if all the cells associated with a feasible solution have positive indicator values, then the solution that one has reached is optimal. (Cells with a zero indicator value show that there are other solutions that achieve the same optimal value.)
How to Recognize an Optimal Solution

Th eo r e m

We are given a transportation problem with m suppliers and n demanders where the
amount of the supplies equals the amount of demands. A collection of m 1 n 2 1
circled cells is optimal (i.e., the circled cells determine a minimum cost solution) if the
indicator value associated with each of the empty cells is positive. If some indicator
cells are positive and some are zero, there are multiple solutions for an optimal value.
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This theorem is the analog of the result for linear programming that states that
if a corner point is feasible, and if no neighbor of the corner point has a better value
of the objective function, then the corner point we are at is already an optimal one.
Note that there may be other optimal solutions that use a different number of cells
than m 1 n 2 1, but we can never do any better in terms of the cheapness of a
solution than what we have described above.
For those interested in the exciting fact that one piece of mathematics is often
useful for other mathematics, we see an example of that here. The reason that
an empty cell gives rise to a unique circuit with which we can try to improve the
current solution of a transportation problem is the fact that when an edge not in
a tree is added to a tree, it creates a unique circuit (see Chapter 3). Because we
have m rows and n columns, a tree associated with a graph on m 1 n vertices has
m 1 n 2 1 edges, exactly the number of cells we need to fill in a transportation
problem!

an
d

4.6 Improving on the Current Solution

an

Now we will describe a method guaranteed to find an optimal solution to a transportation problem.

De f i n i t i o n

re
em

The Stepping Stone Method

.H
.F

The stepping stone method consists of taking some feasible solution of a transportation
problem and improving this solution, if it is not optimal, by shipping an additional
amount using a cell with a negative indicator value.

EXAMPLE 10

W

Applying the Stepping Stone Method

©
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We will work out another small example to illustrate the technique of applying the
Northwest Corner Rule to get an initial solution, and then improving this solution if
it is not optimal. Again, we do so by computing the indicator values of the cells and
improving the current solution by shipping using a cell with a negative indicator value.
We start with an initial tableau where there are two mines that can supply ore
to three companies that extract ore. There are 10 units of ore being mined and the
extractors need 10 units to run at full capacity. The initial tableau for the problem is
displayed in Figure 4.25.

1
7

Extractors
2
1

Figure 4.25 A
3
3

l

7

Mines

9

5

12
3

ll
2
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the ore. The shipping
costs are indicated.
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Using the Northwest Corner Rule, we find an initial feasible solution as shown in
Figure 4.26. When applying the Northwest Corner Rule, we eliminate a row or column
as follows: first column 1, then column 2, then row I, and we are now left with a single
cell. The cost of the feasible solution shown is
2(7) 1 4(1) 1 1(3) 1 3(12) 5 14 1 4 1 3 1 36 5 57

1
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Figure 4.26 The Northwest Corner Rule has been used to find a possible way to meet the

an

demands from the supplies for the tableau in Figure 4.25.
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The two empty cells we have are (II, 1) and (II, 2). We compute the indicator value for
each of these cells:
	Indicator for cell (II, 1):   19 2 12 1 3 2 7 5 27
	Indicator for cell (II, 2):   15 2 12 1 3 2 1 5 25

W

.H
.F

Because cell (II, 1) has a more negative indicator value, we can reduce the cost more by
using that cell. Increasing by 2 (because this is the minimum of circled numbers with
negative signs in the computation of the indicator) the amount of metal shipped via cell
(II, 1) and cell (I, 3) and reducing by 2 the amount in cells (I, 1) and (II, 3), we obtain the
new tableau in Figure 4.27. This has cost

20

16

4(1) 1 3(3) 1 2(9) 1 1(12) 5 4 1 9 1 18 1 12 5 43
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2
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©

4
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3
7
12
1
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4

Figure 4.27 An improved solution based on the negative indicator value for cell (II, 1) in
Figure 4.26.

Note that as a partial check on our work, if we multiply the indicator (27) by 2, this is
214 and 57 2 43 5 14, so we reduced the cost of our first solution by 14, as expected.
We now repeat this procedure for this new tableau. We must compute the indicator
value of cells (I, 1) and (II, 2).
	Indicator for cell (I, 1):    17 2 9 1 12 2 3 5 17
	Indicator for cell (II, 2):   15 2 12 1 3 2 1 5 25
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Thus, it turns out that we can increase by 1 the amount shipped by (II, 2) and get the
tableau in Figure 4.28.
From this tableau, we need to compute the indicator values for the cells (I, 1) and
(II, 3). We obtain
	Indicator for cell (I, 1):    17 2 9 1 5 2 1 5 12
	Indicator for cell (II, 3):   112 2 3 1 1 2 5 5 15
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Figure 4.28 An

12
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improved solution, which
turns out to be optimal,
based on the negative
indicator value for cell
(II, 2) in Figure 4.27.
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Not surprisingly, the cell (II, 2) has a positive indicator value because in the previous
tableau, that cell was the one that, when we shipped less via it, enabled us to reduce
the cost. The fact that both of these indicator values are positive means that the current
shipping schedule is an optimal one; that is, using a shipping schedule that ships via only
four cells, we cannot find any other solution with the same value.

Self Check 3

W

Two dairies supply three supermarket chains with the demands for sour cream as
shown in the table below. Also indicated in a cell is the cost of shipping between
pairs of sites.

16

1

6

9

3
7
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Supplies
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ll

4
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3
Demands

6

(a) Use the Northwest Corner Rule to obtain a feasible solution, and compute the

cost of this feasible solution.
(b) If the feasible solution in part (a) is not optimal, find an optimal solution.

■

Transportation problems arise in a very large range of situations including
shipping milk from dairies to supermarkets, vegetables to health food stores, and
vitamins to your local drug store. The next time you sit down to breakfast, think
about how many mathematics problems were solved for you to have a healthy
breakfast!
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Review Vocabulary

Feasible region The set of all feasible points—that

is, possible solutions to a linear-programming problem.
For problems with just two products, the feasible
region is a part of the plane. Also called feasible set.
(p. 132)
Indicator value of a cell The change in cost due to

shipping an increased or decreased amount, using
the cells in a transportation tableau that form a circuit
consisting of circled cells together with a selected cell
that is not circled. When an indicator value is negative, a
cheaper solution can be found by shipping using this cell.
(p. 155)

region where the profit formula has a maximum value.
(p. 128)
Profit line In a two-dimensional, two-product, linearprogramming problem, the set of all points that yield the
same profit. (p. 141)
Resource constraint An inequality in a mixture problem

that reflects the fact that no more of a resource can be
used than what is available. (p. 131)
Rim conditions The supplies available (listed in a column
at the right of a transportation tableau) and demands
required (listed in a row at the bottom of a transportation
tableau) in a transportation problem. The supplies
available are usually taken to meet exactly the demands
required. (p. 149)

16

W

.H
.F

Linear programming A set of organized methods of
management science used to solve problems of finding
optimal solutions, while at the same time respecting
certain important constraints. The mathematical
formulations of the constraints in linear-programming
problems are linear equations and inequalities. Mixture
problems usually are solved by some type of linear
programming. (p. 126)

Optimal production policy A corner point of the feasible

C
o.

the best one) to a linear-programming problem. With
just two products, we can think of a feasible point as a
point on the plane. (p. 142)

an
d

Feasible points A possible solution (but not necessarily

starting from a tableau with rim conditions. The amounts
to be shipped between the suppliers and demanders
are indicated by circling numbers in the cells in the
tableau. The number of cells circled after applying the
method will equal the number of rows plus the number
of columns minus 1. The method depends on locating at
each stage the “northwest corner” of the original tableau
or a part of it. (p. 152)

an

corner point of the feasible region that yields the optimal
solution. ( pp. 134, 135)

re
em

Corner point principle This principle states that there is a

Minimum constraint An inequality in a mixture

©

20

problem that gives a minimum quantity of a
product. Negative quantities can never be produced.
(p. 131)
Mixture chart A table displaying the relevant data

in a linear-programming mixture problem. The table
has a row for each product and a column for each
resource, for any nonzero minimums, and for the
profit. (p. 129)
Mixture problem A problem in which a variety of

resources available in limited quantities can be
combined in different ways to make different
products. It usually is desirable to find the way
of combining the resources that produces the most
profit. (p. 127)
Northwest Corner Rule A method for finding an initial,

but rarely optimal, solution to a transportation problem
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Simplex method One of a number of algorithms for

solving linear-programming problems. (p. 145)

Stepping stone method A method for solving a
transportation problem that improves the current
solution, when it is not optimal, by increasing the
amount shipped using a cell with a negative indicator
value. (p. 157)
Tableau A table for a transportation problem indicating

the supplies available and demands required, as well
as the cost of shipping from a supplier to a demander.
The amounts to be shipped from different suppliers
to different users are indicated by circled cells in the
tableau. The number of such circled cells is always the
number of rows plus the number of columns diminished
by 1 for the tableau. (p. 151)
Transportation problem A special type of linearprogramming problem where we have sources of
supplies and users of, or demand for, these supplies.
There is a cost to ship an item from a supplier to a
demander. The goal is to minimize the total shipping cost
to meet the demands from the supplies. (p. 149)
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Self Check Answers
1.

The cost of this solution is 65. The indicator value for the
cell (II, 1) is 27, and the indicator value for the cell (II, 2)
is 24.

(0, 30)

(b) Consequently, this solution is not as cheap as
possible. Using two iterations of the stepping stone
method, we reach the following tableau, which is optimal
(cost of 43).

25
20
5x + 2y = 60

15
10

1

(10, 5)
(12, 0)

(0, 0)

2
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(10, 0)
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3. (a) Applying the Northwest Corner Rule gives rise
to the feasible solution shown here.

9

1

2. The maximal profit occurs at the feasible point
(0, 30) and has value P equal to 90. The values of P at
the other corner points are 0, 65, and 50.

3

2
6

an
d

5

C
o.

y
30

©

Skills Check

1. Where do the lines 3x 1 5y 5 26 and 2x 1 3y 5 16
intersect?

4. The lines x 1 3y 5 12 and y 5 3 intersect at the
point with x-coordinate _____ and y-coordinate _____.

(a) At the point (2, 4)

5.

(b) At the point (6, 2)

(a) intersect at (3, 2).

(c) At the point (4, 2)

(b) intersect at (23, 22).

2. The x-coordinate and y-coordinate of the point
where the line x 5 22 intersects the line 5y 2 3x 5 29
are _____ and _____, respectively.

(c) are parallel.

3. The y-coordinate of the point whose x value is 3 on
the line 3x 1 2y 5 12 is

The two lines 2x 1 3y 5 12 and 6x 1 9y 5 7

6. The x-coordinate and y-coordinate of the points
where the line 7x 1 2y 5 28 crosses the x-axis and y-axis,
respectively, are _____ and _____.

(a) 3/2.

7. Which of these points lie in the region 4x 1 3y $ 24,
x $ 0, y $ 0?

(b) 3.

(a) Points (2, 5) and (3, 4)

(c) 2.

(b) Points (5, 2) and (3, 4)
(c) Points (5, 2) and (2, 5)
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8. The difference between the set of those pairs (x, y)
that satisfy x 1 2y  8 and x 1 2y  8 is that the second
inequality holds for points on the line _____, whereas the
first inequality does not hold for points on this line.
9. A tart requires 3 oz of fruit and 2 oz of dough; a pie
requires 13 oz of fruit and 7 oz of dough. There are 140 oz
of fruit and 90 oz of dough available. Each tart earns 6
cents profit; each pie earns 25 cents profit. The profit
formula for this situation, if x represents the numbers
of pies produced and y represents the number of tarts
produced, is given by P (in cents) 5 ____ x 1 ____ y.
10. If the profit P for making x large and y small shovels
is (P 5 7x 1 6y), then the profit made if it were feasible
to manufacture 6 small shovels and 8 large shovels
would be _________________.
11. The cost C of manufacturing x pounds of flour
blend X and y pounds of flour blend Y is given as C 5
9x 1 4y. If a company is using linear programming to
minimize the cost of making the blends X and Y and this
happens when x 5 11 and y 5 9, which of the following
statements must hold?
(a) x 5 11 and y 5 9 cannot be an interior point of the
feasible region.
(b) x 5 11 and y 5 9 cannot be a corner point.

(c) 3x 1 2y # 6
13x 1 7y # 25
x $ 0, y $ 0
15. Graph the feasible region identified by the following
inequalities:
2x 1 4y # 20
4x 1 2y # 16
x $ 0, y $ 0
Which of these points is not in the feasible region of the
graph drawn?
(a) (2, 4)
(b) (5, 0)

C
o.

|

(c) (4, 0)

16. Suppose the feasible region has four corners, at
points (0, 0), (5, 0), (0, 3), and (3, 2). If the profit
formula is $3x 2 $2y, the maximum value for the
profit is _______________________________.
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17. Suppose that the feasible region has four corners, at
points (0, 0), (4, 0), (0, 3), and (3, 2). For which of these
profit formulas is the profit maximized by producing a
mix of products?

re
em

162

(a) $x 1 $2y

(b) $2x 2 $2y

12. Producing a bench (x) requires 3 boards, and
producing a table (y) requires 5 boards. There are 25
boards available. The resource constraint associated with
this situation is _____ x 1 _____ y # 25.

18. The corner point principle cannot be applied to find
the optimal answer for the value of the profit P 5 3x 1 7y,
where the feasible region is shown in the diagram, because
the feasible region is not __________________.

16

W
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(c) x 5 11 and y 5 9 is the only point where the
minimum can occur.

(c) $2x 2 $y

©

20

13. For the feasible region of a linear-programming
problem defined by the inequalities x  0, y  0, and
2x 1 5y  10, which of the following pairs of points lies
within the feasible region?
(a) (5, 0) and (1/2, 2)
(b) (0, 2) and (0, 0)
(c) (2, 1) and (3, 1)
14. A tart requires 3 oz of fruit and 2 oz of dough; a
pie requires 13 oz of fruit and 7 oz of dough. There are
140 oz of fruit and 90 oz of dough available. Each tart
earns 6 cents profit; each pie earns 25 cents profit. What
are the resource inequalities of this situation?

19. The shaded region in the accompanying diagram is
an example of a region
(a) that is not convex.
(b) that is not bounded by straight-line segments.
(c) whose area is not bounded.

(a) 3x 1 2y # 140
13x 1 7y # 90
x $ 0, y $ 0
(b) 3x 1 13y # 140
2x 1 7y # 90
x $ 0, y $ 0
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20. Suppose that the feasible region has five corners,
at points (1, 1), (2, 1), (3, 2), (2, 4), and (1, 5). Which of
these points is not in the feasible region?

27. When the Northwest Corner Rule is applied to the
accompanying transportation problem tableau, the cells
that remain empty are

(a) (1, 3)

1

2

3

3

(b) (2, 2)
(c) (0, 0)

2

2
1

5

8
2
Demands

(b) There is only one point of intersection.

(b) cell (II, 2) and cell (I, 2).

(c) There is at least one point of intersection,
and sometimes more than one point of
intersection.

(c) cell (I, 2) and cell (II, 3).

an
d

(a) cell (I, 2) and cell (I, 3).

an

28. The circled cells in the accompanying tableau
give a solution that satisfies the rim conditions. The
cost associated with this solution is ________________.

re
em
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23. Consider the feasible region identified by
the inequalities x $ 0, y $ 0, 3x 1 y # 10, and
x 1 2y # 6. The corner point of this region, which
is not (0, 0), that has x-coordinate 0 has
y-coordinate ___________________.

16

W

24. Suppose the feasible region has five corners,
at points (1, 1), (2, 1), (3, 2), (2, 4), and (1, 5). If the
profit formula is $5x 2 $3y, the corner point which
maximizes the profit has x-coordinate ____ and
y-coordinate ____.

©

20

25. Consider the feasible region for a linearprogramming problem involving the inequalities
x $ 0, y $ 0, 3x 1 y # 10, and x 1 2y # 5. The
corner point for this feasible region that has no
zero coordinates has x-coordinate ______ and
y-coordinate ______.
26. Given the feasible region for a linear-programming
problem defined by the inequalities x  0, y  0,
and 2x 1 y  15, the feasible point where x 5 y
with the largest possible value for a y-coordinate has
coordinates

(c) (0, 15).
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(a) There are no points of intersection.

(b) (3, 3).

Supplies

12

ll

22. How does the line representing the maximum
feasible profit intersect the feasible region?

(a) (5, 5).

7

l

21. Given the feasible region for a linear-programming
problem defined by the inequalities x  0, y  0, and
2x 1 y  12, the feasible point where x 5 y with the
largest possible x-coordinate has x-coordinate ______
and y-coordinate ______.
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29. The circled cells in the accompanying tableau satisfy
the rim conditions. When the indicator value for cell (I, 2)
is computed,
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1

(a) the result being negative, this tableau does not give
a minimal cost solution.

2
6

(b) the result being positive, this tableau has no minimal
cost solution.

l

5

5

(c) the result being positive, the current solution is
optimal.

2
ll

30. The indicator value associated with cell (I, 2) of the
accompanying tableau is _________________________.

Chapter 4 Exercises

Find the x- and y-intercepts of the line 6y 1 5x 5 30.

4. Using intercepts, the points where the lines cross the
axes, graph each line.

W

(b) x 5 2

16

(c) y 5 5

(b) 3x 1 5y 5 30

©

(a) 2x 1 3y 5 12

20

5. Using intercepts, the points where the lines cross the
axes, graph each line.

(c) 4x 1 3y 5 24
6. (a) Graph the lines x 5 2, y 5 3, x 5 4, and y 5 7
on the same set of axes.
(b) The points where the four lines meet form what
kind of geometric figure (shape)?
7. Graph both lines on the same axes. Put a dot
where the lines intersect. Use algebra to find the x- and
y-coordinates of the point of intersection.
(a) 4x 1 6y 5 18 and x 5 0
(b) 5x 1 3y 5 45 and y 5 25
(c) 5x 1 3y 5 45 and x 5 3
8. Graph both lines on the same axes. Put a
dot where the lines intersect. Use algebra to find
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the x- and y-coordinates of the point of intersection.
(a) x 5 3 and y 5 22

(b) 3x 1 5y 5 45 and x 5 25
(c) 5x 1 3y 5 45 and x 5 23

9. Graph both lines on the same axes. Put a dot
where the lines intersect. Use algebra to find the x- and
y-coordinates of the point of intersection.
(a) x 1 y 5 10 and x 1 2y 5 14

(b) y 2 2x 5 0 and x 5 2

.H
.F

3. Graph the lines x + y = 10, x = 3, and y = 4 on the
same set of axes. For each pair of these three lines, find
the x- and y-coordinates where the lines intersect.

1

an
d

1. Find the coordinates of all points where the lines
x 1 y 5 8, y 5 5, and x 5 1 intersect.

2

an

Problems: Combining Resources to
Maximize Profit

(a) 7x 1 6y 5 42

Demands

Challenge  

4.1	Linear Programming and Mixture

2.
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em
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10. Graph the line and half-plane corresponding to the
inequality, a typical constraint from a mixture problem.
(a)

x$6

(c) 5x 1 3y # 15

(b)

y$4

(d) 4x 1 5y # 30

11. Graph the line and half-plane corresponding to the
inequality, a typical constraint from a mixture problem.
(a)

x$2

(c) 3x 1 2y # 18

(b)

y$8

(d) 7x 1 2y # 42

For each description in Exercises 12–14, write one or
more suitable resource-constraint inequalities. The
unknown to use for each product is given in parentheses.
12. (a) One bridesmaid’s bouquet (x) requires 2 roses,
and one corsage (y) requires 4 roses. There are 28 roses
available.
(b) Maintaining a large tree (x) takes 1 hr of pruning
time and 30 min of shredder time; maintaining a small
tree (y) takes 30 min of pruning time and 15 min of
shredder time. There are 40 hr of pruning time and 2 hr
of shredder time available.
13. (a) Manufacturing one package of hot dogs (x)
requires 6 oz of beef, and manufacturing one package of
bologna (y) requires 4 oz of beef. There are 300 oz of beef
available.
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(b) It takes 30 ft of 12-in. board to make one bookcase
(x); it takes 72 ft of 12-in. board to make one table (y).
There are 420 ft of 12-in. board available.
14. Manufacturing one salami (x) requires 12 oz of beef
and 4 oz of pork. Manufacturing one bologna (y) requires
10 oz of beef and 3 oz of pork. There are 40 lb of beef
and 480 oz of pork available.
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27. x $ 0; y $ 0; 2x 1 y # 4; 4x 1 4y # 12
28. x $ 0; y $ 2; 5x 1 y # 14; x 1 2y # 10
29. x $ 4; y $ 0; 5x 1 4y # 60; x 1 y # 13
30. Determine whether the points (4, 2) and/or (1, 3)
are points of the given feasible regions of Exercises 27
and 29.

In Exercises 15–20, graph the feasible region, label each
line segment bounding it with the appropriate equation,
and give the coordinates of every corner point.

31. Determine the maximum value of P given by P 5
3x 1 2y subject to the constraints x $ 0, y $ 0, x # 7,
and y # 5.

15. x $ 0; y $ 0; 2x 1 y # 10

32. A linear-programming problem has constraints
given by x $ 0, y $ 0, 5x 2 y # 15, and 4y 1 x # 24.

16. x $ 0; y $ 0; x 1 2y # 12; x 1 2y # 8

(a) What are the corner points of the feasible region for
this LP problem?

18. x $ 10; y $ 0; 3x 1 5y # 120

(b) Sketch a graph of the feasible region.
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17. x $ 0; y $ 0; 2x 1 5y # 60

20. x $ 2; y $ 6; 3x 1 2y # 30

re
em

In Exercises 21–22, determine whether the points
(2, 4) and/or (10, 6) are points of the given feasible
regions of:
21. Exercises 15, 17, and 19.
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22. Exercises 16, 18, and 20.
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23. In the toy problem, x represents the number of
skateboards and y the number of dolls. Using the
version of that problem whose feasible region is
presented in Figure 4.3b, with the profit formula
$2.30x 1 $3.70y, write a sentence giving the maximum
profit and describing the production policy that gives
that profit.

©

24. In the toy problem, x represents the number
of skateboards and y the number of dolls. Using
the version of that problem whose feasible region
is presented in Figure 4.3b, with the profit formula
$5.50x 1 $1.80y, write a sentence giving the maximum
profit and describing the production policy that gives
that profit.
25. Graph both lines on the same axes. Put a dot
where the lines intersect. Use algebra to find the x- and
y-coordinates of the point of intersection.
(a) 5x 1 4y 5 22 and x 1 2y 5 8
(b) x 1 y 5 7 and 4x 1 3y 5 24
In Exercises 26–29, graph the feasible region, label each
line segment bounding it with the appropriate equation,
and give the coordinates of every corner point.
26. x $ 0; y $ 0; 3x 1 y # 9; x 1 y # 7
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4.2 Finding the Optimal Production Policy
4.3 Why the Corner Point Principle Works
4.4	Linear Programming: Life Is

an

19. x $ 0; y $ 4; x 1 y # 20

Complicated

33. A linear-programming problem has constraints
given by x $ 0, y $ 0, x # 4, and 4y 1 13x # 60.
(a) Which, if any, of the constraints involve vertical and
horizontal lines?
(b) Sketch a graph of the feasible region.
(c) What are the corner points of the feasible region?
(d) If profit is given by the expression P 5 3x 1 7y:
(i)

What is the profit associated with the point (3, 1)?

(ii) Which corner points have higher profit than (3, 1)?
34. Nuts Galore sells two spiced nut mixtures: Grade A
and Grade B. Grade A requires 7 oz of peanuts for every
8 oz of almonds. Grade B requires 9 oz of peanuts for
every 8 oz of almonds. There are 630 oz of peanuts and
640 oz of almonds available. Grade A makes Nuts
Galore a profit of $1.70, and Grade B makes a profit of
$2.40 per unit assembled. How many units of Grade A
and Grade B nut mixtures should be made to maximize
the company’s profit, assuming that all units made can
be sold?
35. Find the maximum value of P where P 5 3x 1 2y
subject to the constraints x $ 3, y $ 2, x 1 y # 10, and
2x 1 3y # 24.
36. Find the maximum value of P where P 5 3x 2 2y
subject to the constraints x $ 2, y $ 3, 3x 1 y # 18, and
6x 1 4y # 48.
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37. Find the maximum value of P where P 5 5x 1 2y
subject to the constraints x $ 2, y $ 4, and x 1 y # 10.
38. Given profit P 5 21x 1 11y subject to the constraints
x $ 0, y $ 0, 7x 1 4y # 13:
(a) Graph the feasible region.
(b) Determine a corner point where there is an optimal
solution. (Warning: The corner point where the optimal
solution occurs may not have integer values for both
x and y.)
39. (a) Referring to Exercise 38, use the usual rounding
rule to round the x-coordinate and the y-coordinate
of the point where the optimal linear-programming
solution occurs. Call the point with these coordinates Q.
(b) Determine whether Q’s coordinates define a feasible
point by checking them against the constraints.
(c) Evaluate the profit value P at point Q. How does the
profit value compare with the point where the optimal
value occurred in Exercise 38?
(d) Let R be the point with coordinates (0, 3). Is R in
the feasible region? Evaluate P at point R and compare
the result with the answer at Q and where the optimum
linear-programming value occurred.

41. A car maintenance shop must decide how many
oil changes and how many tune-ups can be scheduled
in a typical week. The oil change takes 20 min, and the
tune-up requires 100 min. The maintenance shop makes
a profit of $15 on an oil change and $65 on a tune-up.
What mix of services should the shop schedule if the
typical week has 8000 min available for these two types
of services? How, if at all, do the maximum profit and
optimal production policy change if the shop is required
to schedule at least 50 oil changes and 20 tune-ups?
42. A clerk in a bookstore has 90 min at the end of each
workday to process orders received by mail or on voice
mail. The store has found that a typical mail order brings
in a profit of $30 and a typical voice-mail order brings in
a profit of $40. Each mail order takes 10 min to process
and each voice-mail order takes 15 min. How many of
each type of order should the clerk process? How, if at
all, do the maximum profit and optimal processing policy
change if the clerk must process at least three mail orders
and two voice-mail orders?

43. In a certain medical office, a routine office visit
requires 5 min of doctors’ time and a comprehensive
office visit requires 25 min of doctors’ time. In a typical
week, there are 1800 min of doctors’ time available. If
the medical office clears $30 from a routine visit and $50
from a comprehensive visit, how many of each should
be scheduled per week? How, if at all, do the maximum
profit and optimal production policy change if the office
is required to schedule at least 20 routine visits and 30
comprehensive ones?
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(e) Explain the significance of the situation here for
solving maximization problems where P 5 ax 1 by (with
a and b known in advance) is subject to linear constraints
but where the variables must be nonnegative integers
rather than arbitrary nonnegative decimal numbers.

many of each garment should be made to maximize
profit? If there are no minimum quantities, how, if at all,
does the optimal production policy change?
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Exercises 40–51 each have several steps leading to a
complete solution to a mixture problem. Practice a
specific step of the solution algorithm by working out just
that step for several problems. The steps are:

20

(a) Make a mixture chart for the problem.

©

(b) Using the mixture chart, write the profit formula and
the resource- and minimum-constraint inequalities.
(c) Draw the feasible region for those constraints and
find the coordinates of the corner points.
(d) Evaluate the profit information at the corner points
to determine the production policy that best answers the
question.
(e) (Requires technology) Compare your answer with
the one you get from running the same problem on a
simplex algorithm computer program.
40. A clothing manufacturer has 600 yd of cloth available
to make shirts and decorated vests. Each shirt requires 3 yd
of material and provides a profit of $5. Each vest requires
2 yd of material and provides a profit of $2. The manufacturer
wants to guarantee that under all circumstances, there
are minimums of 100 shirts and 30 vests produced. How
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44. A bakery makes 600 specialty breads—multigrain or
herb—each week. Standing orders from restaurants are
for 100 multigrain breads and 200 herb breads. The profit
on each multigrain bread is $8 and on herb bread, $10.
How many breads of each type should the bakery make
to maximize profit? How, if at all, do the maximum profit
and optimal production policy change if the bakery has
no standing orders?
45. A student has decided that passing a mathematics
course will, in the long run, be twice as valuable as
passing any other kind of course. The student estimates
that passing a typical math course will require 12 hr a
week to study and do homework. The student estimates
that any other course will require only 8 hr a week. The
student has 48 hr available for study per week. How
many of each kind of course should the student take?
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49. The maximum production of a soft-drink bottling
company is 5000 cartons per day. The company
produces regular and diet drinks and must make at least
600 cartons of regular and 1000 cartons of diet per day.
Production costs are $1.00 per carton of regular and
$1.20 per carton of diet. The daily operating budget is
$5400. How many cartons of each type of drink should
be produced if the profit is $0.10 per regular and $0.11
per diet? How, if at all, do the maximum profit and
optimal bottling policy change if the company has no
minimum required production?
50. Wild Things raises pheasants and partridges to
restock the woodlands and has room to raise 100 birds
during the season. The cost of raising one bird is $20 per
pheasant and $30 per partridge. The Wildlife Foundation
pays Wild Things for the birds; the latter clears a profit of
$14 per pheasant and $16 per partridge. Wild Things has
$2400 available to cover costs. How many of each type of
bird should they raise? How, if at all, do the maximum
profit and optimal restocking policy change if Wild
Things is required to raise at least 20 pheasants and
10 partridges?

re
em

46. The firm WebsAreUs creates and maintains websites
for client companies. There are two types of websites:
“Hot” sites change their layout frequently but keep their
content for long times; “cool” sites keep their layout for a
while but frequently change their content. Maintaining a
hot site requires 1.5 hr of layout time and 1 hr for content
changes. Maintaining a cool site requires 1 hr of layout
time and 2 hr for content changes. Every day, WebsAreUs
has 12 hr available for layout changes and 16 hr for
content changes. Net profit is $50 for a set of changes
on a hot site and $250 for a set of changes on a cool
site. To maximize profit, how many of each type of site
should WebsAreUs maintain daily? How, if at all, do the
maximum profit and optimal policy change if the company
must maintain at least two hot and three cool sites daily?
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Exercises 46–49 require finding the point of intersection
of two lines, each corresponding to a resource constraint.

48. Jerry Wolfe has a 100-acre farm that he is dividing
into one-acre plots, on each of which he builds a house.
He then sells the house and land. It costs him $20,000
to build a modest house and $40,000 to build a deluxe
house. He has $2,600,000 to cover these costs. The profits
are $25,000 for a modest house and $60,000 for a deluxe
house. How many of each type of house should he build
to maximize profit? How, if at all, do the maximum profit
and optimal production policy change if Wolfe is required
to build at least 20 of each type of house?

an

(Hint: The profit could be viewed as 2 “value points” for
passing a math course and 1 “value point” for passing
any other course.) How, if at all, do the maximum value
and optimal course mix change if the student decides to
take at least two math courses and two other courses?
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47. A paper recycling company uses scrap cloth and
scrap paper to make two different grades of recycled
paper. A single batch of grade A recycled paper is
made from 25 lb of scrap cloth and 10 lb of scrap paper,
whereas one batch of grade B recycled paper is made
from 10 lb of scrap cloth and 20 lb of scrap paper. The
company has 100 lb of scrap cloth and 120 lb of scrap
paper on hand. A batch of grade A paper brings a profit
of $500, whereas a batch of grade B paper brings a profit
of $250. What amounts of each grade should be made?
How, if at all, do the maximum profit and optimal
production policy change if the company is required to
produce at least one batch of each type?
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51. Lights Aglow makes desk lamps and floor lamps, on
which the profits are $2.65 and $4.67, respectively. The
company has 1200 hr of labor and $4200 for materials
each week. A desk lamp takes 0.8 hr of labor and $4 for
materials; a floor lamp takes 1.0 hr of labor and $3 for
materials. What production policy maximizes profit? How,
if at all, do the maximum profit and optimal production
policy change if Lights Aglow wants to produce at least
150 desk lamps and 200 floor lamps per week?
In Exercises 52–55, there are more than two products in
the problem. Although you cannot solve these problems
using the two-dimensional graphical method, you can
follow these steps:
(a) Make a mixture chart for each problem.
(b) Using the mixture chart, write the resource- and
minimum-constraint inequalities. Also write the profit
formula.
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(c) (Requires software) If you have a simplex method
program available, run the program to obtain the optimal
production policy.
52. A toy company makes three types of toys, each of
which must be processed by three machines: a shaper,
a smoother, and a painter. Each Toy A requires 1 hr in
the shaper, 2 hr in the smoother, and 1 hr in the painter,
and brings in a $4 profit. Each Toy B requires 2 hr in the
shaper, 1 hr in the smoother, and 3 hr in the painter,
and brings in a $5 profit. Each Toy C requires 3 hr in the
shaper, 2 hr in the smoother, and 1 hr in the painter,
and brings in a $9 profit. The shaper can work at most
50 hr per week, the smoother 40 hr, and the painter
60 hr. What production policy would maximize the toy
company’s profit?

In Exercises 56 and 57, use the fact that the corner point
approach can also solve minimization problems to
minimize the given expression for cost C.
56. Minimize C given by C 5 7x 1 8y over the feasible
region for Exercise 35.
57. Minimize C given by C 5 5x 1 11y over the feasible
region for Exercise 36.
58. Show by example that a feasible region that has
the nonnegativity constraints x $ 0, y $ 0, and x 1 y #
0.5 can have no feasible points with integer coordinates
other than (0, 0).
59. Courtesy Calls makes telephone calls for businesses
and charities. A profit of $0.50 is made for each business
call and $0.40 for each charity call. It takes 4 min (on
average) to make a business call and 6 min (on average)
to make a charity call. If there are 240 min of calling time
to be distributed each day, how should that time be spent
so that Courtesy Calls makes a maximum profit? What
changes, if any, occur in the maximum profit and optimal
production policy if they must make at least 12 business
and 10 charity calls every day?
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53. A rustic furniture company handcrafts chairs,
tables, and beds. It has three workers, Chris, Sue, and
Juan. Chris can work only 80 hr per month, but Sue
and Juan can each put in 200 hr. Each of these artisans
has special skills. To make a chair takes 1 hr of Chris’s
time, 3 from Sue, and 2 from Juan. A table needs 3 hr
from Chris, 5 from Sue, and 4 from Juan. A bed
requires 5 hr from Chris, 4 from Sue, and 8 from Juan.
Even artisans are concerned about maximizing their
profit, so what product mix should the company stick
with if it gets $100 profit per chair, $250 per table, and
$350 per bed?

$1.40, $1.20, and $1.00. One pound of Excellent is 16
oz of Colombian; it is not a blend at all. One pound
of Southern consists of 12 oz of Brazilian and 4 oz
of Colombian. One pound of World requires 6 oz of
African, 8 oz of Brazilian, and 2 oz of Colombian. One
pound of Special is made up of 10 oz of African and 6 oz
of Brazilian. What product mix should the gourmet coffee
distributor prepare to maximize profit?

C
o.

|

an
d

4

an

C h a p t e r

re
em

168

Arina P. Habich/Shutterstock

©

20

16

W

54. A candy manufacturer has 1000 lb of chocolate,
200 lb of nuts, and 100 lb of fruit in stock. The
Special Mix requires 3 lb of chocolate, 1 lb each of
nuts and fruit, and it brings in $10. The Regular Mix
requires 4 lb of chocolate, 0.5 lb of nuts, and no
fruit, and brings in $6. The Purist Mix requires 5 lb
of chocolate, no nuts or fruit, and brings in $4. How
many boxes of each type should be produced
to maximize profit?

55. A gourmet coffee distributor has on hand 17,600 lb
of African coffee, 21,120 oz of Brazilian coffee, and
12,320 oz of Colombian coffee. It sells four blends—
Excellent, Southern, World, and Special—on which
it makes these per-pound profits, respectively: $1.80,
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60. A refinery mixes high-octane and low-octane
fuels to produce regular and premium gasolines. The
profits per gallon on the two gasolines are $0.30 and
$0.40, respectively. One gallon of premium gasoline is
produced by mixing 0.5 gal of each of the fuels. One
gallon of regular gasoline is produced by mixing
0.25 gal of high octane with 0.75 gal of low octane.
If there are 500 gal of high octane and 600 gal of low
octane available, how many gallons of each gasoline
should the refinery make? How, if at all, do the
maximum profit and optimal production policy change
if the refinery is required to produce at least 100 gal of
each gasoline?
61. A toy manufacturer makes bikes, for a profit of
$12, and wagons, for a profit of $10. To produce a bike
requires 2 hr of machine time and 4 hr painting time. To
produce a wagon requires 3 hr machine time and 2 hr
painting time. There are 12 hr of machine time and 16
hr of painting time available per day. How many of each
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1

toy should be produced to maximize profit? How, if at
all, do the maximum profit and optimal production policy
change if the manufacturer must produce at least two
bikes and two wagons daily?

17

2
2

4 Supplies

4.6 Improving on the Current Solution

3

62. Apply the Northwest Corner Rule, thereby
finding a feasible solution that obeys the rim
conditions, to the following transportation problem
tableaux.

lll

3
Demands
(a)
2
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6
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(b)

2
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63. The accompanying tableau represents the shipping
costs and supply-and-demand constraints for supplies of
purified water to be shipped to companies that resell the
water to office buildings.

an

9

Supplies

6
4

7

Demands
(b)

7

(c) For each tableau, give a possible real-world setting
for the problem.
(d) For each tableau, find the cost of shipping using the
cells that were circled when you applied the Northwest
Corner Rule.
64. The accompanying tableau represents the shipping
costs and supply-and-demand constraints for supplies of
purified water to be shipped to companies that resell the
water to office buildings.

3

(d) For each tableau, find the cost of shipping using
the cells that were circled when you used the Northwest
Corner Rule.

10

ll

1

2
13

3
1

2

l

2

(c) For each tableau, give a possible real-world setting
for the problem.

Comap_10e_ch04.indd 169

5

l

re
em

7

2

1

Supplies

3

ll

Demands
(a)

1

2
9

9

C
o.

1

5

l
1

4

3
6

6

an
d

11

9

ll

Perishables

2

1
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4.5	A Transportation Problem: Delivering

1
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1

(a) Find the Northwest Corner Rule initial solution.
(b) Determine the indicator value for each noncircled cell.
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(c) Is the current solution optimal? If not, find a cheaper
solution.

(c) For each diagram, give a possible real-world setting
for the problem.

65. (a) Apply the Northwest Corner Rule, thereby
finding a feasible solution that obeys the rim conditions,
to the accompanying tableau which arose from meeting
the demands of fruit stands for peaches from supplies
available from local orchards.

(d) For each diagram, find the cost of shipping using the
cells that were circled when you applied the Northwest
Corner Rule.

6

(f) Compare the cost of the Northwest Corner feasible
solutions you found for each of these two situations. Are
you surprised by what you found?
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67. The accompanying tableau arose by applying the
Northwest Corner Rule.

1

4

ll

l

1

2
Demands

(b) Determine the cost associated with the solution that
you found.
(c) Compute the indicator value for each noncircled
cell.
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2
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The accompanying graph was constructed so that
there is one edge for each circled vertex in the
tableau above.

l

1

2

3

ll
(a) Verify that the graph is a tree.

(c) Show that this circuit corresponds to the one
that is used to find the indicator value of the
empty cell.

1

6

ll

3

1

(b) Show that for each empty cell in the tableau, adding
to the graph the unique edge that corresponds to the
empty cell creates one circuit.
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66. Apply the Northwest Corner Rule, thereby finding
a feasible solution that obeys the rim conditions for the
following transportation problem diagrams.

2
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em
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(e) Can you describe how the two diagrams are
related?

68. (a) For each row of the following tableau, compute
the minimum cost for that row. Now select the row R
that among all the rows has the smallest row minimum.
In a way similar to the Northwest Corner Rule, use the
cheapest cell in row R and ship as much as possible via
that cell, crossing out a row or a column, and adjust the
rim conditions and repeat the process. This is known as
the minimum row entry method. Use the minimum row
entry method to find an initial solution to the following
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transportation problem, which shows the costs of
returning rental cars from cities that have more cars than
necessary to cities that have too few cars.
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70. (a) Apply the Northwest Corner Rule to the
following tableau.
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(c) Compute the indicator value for each noncircled
cell.

3
5

(d) Does the Northwest Corner Rule give rise to an
optimal solution?
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(b) Determine the cost associated with the solution you
found.
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(b) If the solution you find using the Northwest Corner
Rule is not optimal, then apply the stepping stone
algorithm to find an optimal solution.
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69. (a) For each of the following tableaux, find an
initial solution using the Northwest Corner Rule.

1
Demands
(iii)
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(c) Compare the cost found in part (b) with the cost of
the initial solution obtained using the Northwest Corner
Rule.

1

Supplies

4
4

2

(b) Compute the cost of the solution you find using the
minimum row entry method.
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3
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71. For each of the situations below, explain whether it
seems reasonable to try to model it as a transportation
problem.
(a) A supermarket chain is arranging to control costs in
supplying the delivery of vegetables from its suppliers to
its many branch stores.
(b) A mining company is trying to control the costs of
repaving the roads that form the road network within the
mine premises.
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(c) A company is operating oil refineries to produce
gasoline, as well as gasoline stations, to keep the cost of
gasoline at the pump down.
72. Apply the Northwest Corner Rule to find a feasible
solution for the transportation problem given in the
accompanying tableau, and find the cost of shipping
using this feasible solution (circled cells).

1

2
1

3
3

6

5

7

9

( a) Indicate the points at which the lines cut the
coordinate axes.
( b) Indicate the points of intersection of the three
lines.

5

6 Supplies

76. Two dairies supply three supermarket chains with
the demands for milk, as shown in the table below. Also
indicated in a cell is the cost of shipping between pairs of
sites.

4

ll

74. Graph on the same set of axes the equations x 5 3,
y 5 5, and 2x 1 3y 5 17. In the diagram:

75. If maximal profit is given by P 5 3x 1 5y, what is
the maximal value of P for the constraints x  0, y  0,
x  3, y  7, and x 1 y  11?
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(b) Apply your Southeast Corner Rule to the tableau in
Exercise 72. Compare the costs of the feasible solutions
that resulted from using the two different rules.

3
7

1

7

2

Supplies

5
4

3
Demands

6

(a) Use the Northwest Corner Rule to obtain a feasible
solution.
(b) If the feasible solution in part (a) is not an optimal
one, find an optimal solution.
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(c) What are the pros and cons of the Southeast Corner
Rule compared with the Northwest Corner Rule?
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73. (a) We developed a Northwest Corner Rule to
find a feasible solution to a transportation problem. Can
you formulate a Southeast Corner Rule to find a feasible
solution to a transportation problem by reasoning in
an analogous way to how we developed the Northwest
Corner Rule?
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Writing Projects
1. Interview a local businessperson who is in charge
of deciding the product mix for a business. Must this
business take into consideration situations other than
minimum and resource constraints? If so, what are these
considerations? Find out what methods the person
uses to make production policy decisions. Is linear
programming used? Are other methods used? If so, what
are they? Write a report of your findings, and add some
of your own conclusions about the usefulness of linear
programming for this business.
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2. In economics, it is often useful to distinguish
between a firm that has a monopoly (for example, is the
only supplier of a product) and firms that supply only a
small share of the market. How would the presence of a
monopoly affect the relation between production and price?
Would the presence of a monopoly tend to ensure the
fixed-profit assumption of linear programming, or would it
make it more likely that the interplay of supply and demand
would have to be considered in order to have a truly
realistic model? Write an essay addressing these issues.
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Suggested Readings

DOLAN, ALAN, and JOAN ALDUS, Networks and
Algorithms: An Introductory Approach, Wiley, NY, 1993.
A graph theoretical approach to network optimization
problems, including the transportation problem.

Note: Simplex software can be found in Maple
(keyword is ”simplex”), Mathematica (keyword is
“Linear Programming”), in both Lotus 1-2-3 and
MSExcel via Solver, and in other software packages,
especially those intended for quantitative mathematics
courses focusing on business applications.
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GASS, SAUL I. Decision Making, Models, and Algorithms,
Krieger, Melbourne, FL, 1991. This book demonstrates
how to use linear programming and related ideas to solve
a variety of industrial and governmental problems.

HARDWICK, I., Decision and Discrete Mathematics, Albion
Publishing, Chichester, England, 1996. A survey of situations that can be modeled using graphs in the area of
operations research. It treats the simplex method for
solving linear-programming problems and the transportation problem.

C
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ANDERSON, DAVID R., DENNIS J. SWEENEY, and
THOMAS A. WILLIAMS. An Introduction to Management
Science: Quantitative Approaches to Decision Making, West,
St. Paul, MN, 1985. A business management text with
seven chapters on linear programming.

Suggested Websites

an

www-gap.dcs.st-and.ac.uk/~history/Biographies/
Dantzig_George.html This site contains biographical
information about George Dantzig, who, by developing
the simplex method, greatly expanded the use and
applicability of linear programming.
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www.informs.org This website is maintained by the
Institute for Operations Research and the Management
Sciences, the main professional organization in these
fields in the United States. It contains information
on (and/or links to) news items about operations
research and management science and employment
opportunities and summer internships; it also has a
student newsletter. Much of the material is written in a
nontechnical style.

en.wikipedia.org/wiki/Linear_programming This
website outlines the theory of linear programming.
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www.hsor.org/what_is_or.cfm?name=linear
_programming This website discusses how linear
programming fits into the broader subject of operations
research.

www.neos-guide.org/content/lp-faq This site is
the “frequently asked questions” section of an online
newsgroup for people interested in linear programming.
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CASE Study

University of California, Berkeley

David Gale

Students who go to medical school complete their
training to become physicians with clinical work called
residencies in hospitals. Hospitals need residents for
carrying out their medical missions, and students need
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hospital assignments to finish their clinical training to
become physicians. Rather than develop the theory in
detail, we will describe what Shapley and Gale discovered, and what Roth did to embellish what they had
done, for the greater effectiveness of this system. The
example will of necessity be small whereas the practical version is quite a bit more complex, but all of the
essential ideas will be described.
Imagine there are five hospitals that need residents
and five residents who need hospital residency assignments. We will assume that the students can rank the
hospitals from their first choice to their least favorite
(fifth choice) and that hospitals can rank the residents
from 1 to 5 (1 being high and 5 being low) without ties.
Hospitals might be indifferent among residents, and students might be indifferent among some hospital choices.
While this more general possibility is allowed in the actual
system Roth helped develop, here we make a simpler
assumption. It might also be that some students would
rather not have a residency at all than go to a particular
hospital, and some hospitals might rather have no resident join their facility than accept a particular resident.
We will make the modeling assumption that this
will not be permitted for hospitals or residents. In our
example, shown below, we have generated two tables,
one for the five hospitals and one for the five residents,
which show each hospital’s preferences for residents and
each resident’s preferences for the hospitals, without ties.
How can one interpret Table 1 below? Resident 3,
for example, likes Hospital 1 the best and Hospital 4 the
least. Resident 3’s fourth choice is Hospital 5. Similarly,
Hospital 2 likes resident 4 the least and Resident 1 the
most. Hospital 2 likes Resident 2 second. Note that residents can have identical views about the hospitals and
hospitals can have identical views about some of the
residents, though that does not occur in this example.
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We started this section of the book with a description
of some of the many complexities that are involved with
running a medical center. Our goal in the prior chapters
has been to try to demonstrate the way that relatively
elementary mathematical ideas can be used to make our
society work better. In this closing section, we will look
briefly at a very recent example of this kind that makes it
possible for medical centers to carry out their work better. At the same time, we will again show how elementary mathematics makes this possible; the mathematical
work involved here has many applications beyond helping hospitals serve patients better. Furthermore, the work
we will describe won two of the three mathematicians
who developed this work, Lloyd Shapley and Alvin Roth,
the Nobel Memorial Prize in Economics for 2012. It is
likely that the third person involved, David Gale, would
also have shared that prize had he not died in 2008.
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*This case study can be read independently of much of
Chapters 1–4.
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Table 1 Residents Rank the Hospitals
First

Second

Third

Fourth

Fifth

r1

h2

h3

h1

h5

h4

r2

h2

h1

h3

h5

h4

r3

h1

h2

h3

h5

h4

r4

h5

h3

h4

h2

h1

r5

h4

h3

h5

h1

h2
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Second

Third

Fourth

Fifth

h1

r2

r1

r3

r5

r4

h2

r1

r2

r3

r5

r4

h3

r5

r1

r3

r2

r4

h4

r4

r5

r1

r2

r3

h5

r3

r4

r5

r1

r2

Gale–Shapley Deferred Acceptance
Procedure (Algorithm)
Before starting the details of the procedure, here is
a very brief description of the idea. In “rounds,” the
women (men) make proposals to the men (women). If a
man (woman) gets one or more proposals, he (she) will
temporarily accept the best of these proposals based
on the rankings that he (she) has. Those who don’t get
matched in some round try again in the next round.
Think of the hospitals as setting up tables in front
of a room. The process will proceed in rounds, with the
residents “proposing” to the hospitals based on their
preferences in Table 1 above. The algorithm is known as
the deferred acceptance algorithm, and the idea is that
at each stage (round), if more than one “suitor” shows
up at a hospital desk, the hospital selects the highestranked resident from the hospital’s point of view, on a
“temporary” basis, and the rejected students will move
on to the next round. If in a future round a resident
“proposes” who is superior to the currently accepted
choice, the hospital will accept temporarily the highestranking choice available and send other “suitors” to
the next round. The procedure terminates when there
is one resident located at each hospital desk; when this
happens, one will have a stable matching. It is worth
noting at the start that if all of the residents have different first choices of hospitals, then the procedure
terminates right in the first round.
So let us carry out this process for the example above.
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What is wrong with just matching any hospital with
any student, as long as each of the hospitals is assigned
one student and one student is assigned one hospital?
For example, what about the matching M (a particular way of pairing hospitals to residents), where
Resident 1 (r1) is paired with Hospital 4 (h4), r2 with
h5, r3 with h1, r4 with h2, and r5 with h3? Since h4
is r1’s last choice, and h4 prefers r4 or r5 to r1, we see
that r1 would rather be paired with h1 than h4 and
that h1 would rather be paired with r1 than r3, who is
its partner in the current assignment. Thus, r1 and h1
would rather be paired with each other than with their
current “mates.” The proposed set of assignments is
not “stable” because there is a pair (in this example, r1
and h1) who would rather be together than with the
“mate” to whom each is assigned in M. In the language
of the mathematics of two-sided markets, which is
what we are dealing with here, r1 and h1 are called a
blocking pair for matching M. They would be happier
together than with their assigned partners in M.
So M is not an ideal matching, and we have come
up with one notion of what makes one matching better than some others: the idea of a stable matching.
Summarizing what we learned from the example, a
Hospital h–Resident r pair is called a blocking pair for
matching M if h and r are not paired in M but would
prefer to be paired to each other than to whom they
are paired in M. A matching M is unstable if there is
some blocking pair for M. A matching M* is stable if
there are no blocking pairs for M*. What David Gale and
Lloyd Shapely showed is that for any m hospitals and m
residents with tables such as those above (strict rankings
and no one would rather be unpaired than paired with
someone in particular), there must always be at least one
stable matching. Not only did they show this, but they
showed an easy-to-understand procedure for finding,

C
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typically, at least two different such matchings (though
in some cases there is only one stable matching).
While the problem being discussed has been
described in terms of matching hospitals and residents,
more often than not the problem is often described in
terms of pairing men and women—perhaps as dancing
partners at a college dance—a setting with suggestive
terminology if lacking the “seriousness” of the setting
we started with. So in describing the procedure, or
algorithm, that Gale and Shapley developed, I will use a
blend of terminology suggestive of matching men and
women and/or hospitals and residents.
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for Residencies

an

Table 2 Hospitals Rank the Students Applying
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Round 1
Residents 1 and 2 (r1 and r2) head for the table of
Hospital 2 (h2); r3 heads for the table of h1; r4 goes to
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r1

h4

h5

r5

r4

Note that r2 and h3 are unmatched.

Round 2

h2

r2

r1

h3

h5

r5

r4

16

Note that r3 and h3 are unmatched.

h4

W

Round 2

h1

20

Round 3

©

At the start of Round 3, only r3 is not yet matched. So
r3 goes to the next highest choice in his/her ranking
after h1, namely h2.
Now, h2 has the choice of r3 or r1. From h2’s perspective, r1 is better than r3, so again r1 is temporarily
accepted and r3 is sent out to find another hospital. We
now have the following:

Round 3

h1

h2

r2

r1

h3

h4

h5

r5

r4

Note that r3 and h3 are unmatched.

Round 4
At this point, r3 is unmatched, so r3 goes to his next
highest choice after h2, which is h3. Since h3 had no

Comap_10e_ch04.indd 176

h4

h5

r2

r1

r3

r5

r4

The matching of h1 to r2, h2 to r1, h3 to r3, h4 to
r5, and h5 to r4 is stable! The reason is that no resident
has any hope of having a hospital ranked higher than
the one he/she is matched with—because at every
stage, residents try to form a match with the hospital
highest on their list and only go on to other hospitals
when they are rejected. So we cannot have any blocking pairs for this matching. In this example, at the end
of all rounds except the last, we had only one resident
who was unmatched; but often there will be several
residents seeking a hospital in the next round.
Why can’t we run this algorithm with the residents
manning the tables and the hospitals proposing? The
answer is we can! Here, in fewer words, are the results
of doing that:
Round 1

.H
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Resident 2 (r2) is disappointed about being rejected by
his/her first choice, h2, but in Round 2 proceeds to the
next highest choice on his/her list, which is h1.
Hospital 1 (h1) is pleased to have r3 at its table
and the newly arrived r2. Since h1 prefers r2 to r3, it
chooses r2 over r3 and sends r3 “packing”—off to the
next round. Thus, at the end of Round 2 we have the
following situation:

h3

C
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r3

h3

h2
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h2

Round 4

h1

an

Round 1

h1

resident, h3 gladly accepts r3. At this stage, each hospital has a resident and each resident has a hospital.

re
em

h5’s table and r5 to h3’s table. Note that no one appears
at the table of h3. For the moment, h1, h4, and h5
accept r3, r5, and r4, respectively. What does h2 do? It
is tickled pink to see its first choice, r1, arrive among the
two people who would be pleased to come to h2, so it
accepts r1 and sends r2 into the second round. So at this
stage, the result of Round 1 can be expressed as follows:

Round 1

r1

r2

r3

r4

r5

h2

h1

h5

h4

h3

Everyone is matched because there were different
first choices by each of the hospitals. Thus, we have the
matching M (hospitals propose) that pairs h1 to r2, h2
to r1, h3 to r5, h4 to r4, and h5 to r3.
This matching must be stable in that no hospital
can do better in this process because at each stage
it goes on to a lower choice only if a high choice has
rejected the hospital. In fact, here, each hospital got its
first choice.
We can see that the two matchings are not the
same, though sometimes they can be identical. Can
anything be said about these two stable matchings?
	First of all, it is worth observing that although the
Gale–Shapley deferred acceptance algorithm can be
used to find two special stable matchings, there can be
many more stable matchings. The details of an algorithm to find all stable matchings are not outlandishly
complex, but they will not be discussed here.
To see the special nature of the two matchings we
have found, let us look at how pleased the matched
parties are with the choice they got.
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h3

h4

h5

1

1

3

2

2

r1

r2

r3

r4

r5

1

2

3

1

1

Hospitals Propose

Rank of resident it got

Rank of hospital it got

h1

h2

h3

h4

h5

1

1

1

1

1

r1

r2

r3

r4

r5

1

2

4

3

2

Men Rank the Women
First

Second

Third

Fourth

m1

w1

w2

w3

w4

m2

w2

w1

w4

w3

m3

w3

w4

w1

w2

m4

w4

w3

w2

w1

First

Second

Third

Fourth

w1

m4

m3

m2

m1

w2

m3

m4

m1

m2

w3

m2

m1

m4

m3

w4

m1

m2

m3

m4

Women Rank the Men
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What is going on? Among all stable matchings, the
one in which the hospitals propose is the very best one
from the hospitals’ perspectives but the worst stable
marriage from the residents’ perspectives. Among all
stable marriages, the one in which the residents propose is the best that the residents can do but the worst
from the hospitals’ perspectives. Here, best and worst
are measured in terms of the ranks of the hospitals and
residents for the “other side” of the market.
The National Residents Matching Program (NRMP)
was a voluntary, two-sided market system to match hospitals to residents. Though it was established prior to the
work of Gale and Shapley, it used an algorithm that produced stable marriages. In Great Britain, similar matching
markets sometimes broke down because they did not produce stable marriages. Alvin Roth’s major contribution was
to deal with complications that were causing the NRMP
difficulties. In particular, many married medical students
wanted residencies in the same hospital or at hospitals in
the same city, and this caused difficulties for the way the
NRMP operated. Roth helped develop an algorithm that
overcame the “couples” issue and used matching market
ideas to match students with schools (“school choice”).
The algorithm is also used for pairing kidneys that
become available (due to an organ donor’s death or
a volunteer donor) to people in need of a transplant.
New uses of two-sided markets are being developed
regularly. For example, recently these ideas are being
used to pair computers to Wi-Fi networks.

Below are the rankings of four men and four women.
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Rank of hospital it got

h2
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Rank of resident it got

h1

an

Residents Propose

1.	Use the Gale–Shapley deferred acceptance algo-

rithm to find the male optimal stable marriage.
2.	Use the Gale–Shapley deferred acceptance algo-

rithm to find the female optimal marriage.
3.	For the male optimal stable marriage, find the

rank of each woman in the matching.
4.	For the female optimal stable marriage, find the

rank of each man in the matching.
Note that there are in fact eight other stable marriages
for this example!

Suggested Reading and Website
To learn more about the mathematical ideas discussed
here, and their applications, consult the following:
ROTH, A. and M. SOTOMAYOR. Two-Sided Matching:
A Study in Game-Theoretic Modeling and Analysis,
Cambridge University Press, New York, 1992.
www.nrmp.org This web page describes the National
Resident Matching Program that is used to match hospitals with residents in the United States.
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