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Ever wonder how gambling can be a business? A business needs predict-
able revenue from the service it offers, even when the service is a game 
of chance. Individual gamblers can never say whether a day at the casino 
will turn a profit or a loss, but the casino itself takes few chances. Casinos 
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C h a p t e r  8   |  Probability: The Mathematics of Chance342

are consistently profitable, and state governments make money both from running 
lotteries and from selling licenses for other forms of gambling.

It is striking that an individual roll of the dice, spin of the wheel, or flip of a coin 
is a total unknown, but the aggregate result of thousands of chance outcomes can 
be known with near certainty. To illustrate, Figure 8.1 shows the outcomes of four 
rolls of a die. Based on Figure 8.1, it is impossible to predict the outcome of the fifth 
roll. Figure 8.2, however, shows a histogram of 10,000 rolls of a die—and a very 
predictable pattern. The frequencies are nearly equal for each possible outcome  
1, 2, 3, 4, 5, and 6.

The casino need not load the dice, mark the cards, or alter the roulette 
wheel. It knows that in the long run, each dollar bet will yield its five cents or 
so of revenue. It is, therefore, good business to concentrate on free floor shows 
or inexpensive bus fares to increase the flow of dollars bet. The flow of profit 
will follow.

A casino is not the only business that relies on the fact that a chance outcome 
many times repeated is quite predictable. For example, although a life insur-
ance company does not know which of its policyholders will die next year, it can 
predict quite accurately how many will die. It sets its premiums according to this 
knowledge, just as the casino sets its jackpots. These are just two of the many 
types of companies and people that rely on chance behavior being predictable 
in the long run.

We begin this chapter with an introduction to the nature of randomness and 
probability, including how to use rules to calculate numerical values of prob-
abilities. Then we examine further ways to model and calculate probabilities by 
gaining tools for counting the number of possibilities and by modeling real-life 
phenomena with discrete and continuous models. The mean and standard 
deviation, first introduced in Chapter 5, will be expanded to probability models. 
The chapter concludes with a discussion of a central result of inferential sta-
tistics known as the central limit theorem, which tells us about how the sample 

Roll 1 Roll 2 Roll 3 Roll 4

Figure 8.1 Outcomes 
from rolling a die four 
times.
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Figure 8.2 Histogram of 
10,000 rolls of a die.
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8.1 Random Phenomena and Probability 343

mean behaves regardless of the shape of the population from which it was 
calculated.

8.1 Random Phenomena and Probability
Roll a die or choose a simple random sample (SRS) from a population. The results 
can’t be predicted in advance. When you roll the die, you know you will get a  
1, 2, 3, 4, 5, or 6. You expect each of these outcomes to be equally likely, but you 
don’t know for certain which outcome will occur the next time you roll the die. 
An instructor chooses a random sample of three students from each class to put 
homework problems on the board. Because the selection is random, each possible 
size-3 sample is equally likely to be selected. Suppose that one day Josh comes 
to class without having done his homework. If the class is small, his chances of 
getting chosen are pretty good. On the other hand, if the class is large, he is not 
as likely to be in the selected sample. Josh won’t know if he will be caught unpre-
pared for class until the sample is actually drawn.

Rolling a die and choosing a random sample are both examples of random 
phenomena.

A phenomenon or trial is said to be random if individual outcomes are uncertain 
but the long-term pattern of many individual outcomes is predictable.

Random Definit iOn

In statistics, random does not mean “haphazard.” Randomness is actually a 
kind of order, an order that emerges in the long run, over many repetitions. Take 
the example of tossing a coin. The result can’t be predicted in advance because the 
result will vary from coin toss to coin toss. But there is nonetheless a regular pat-
tern in the results, a pattern that emerges clearly only after many repetitions. This 
remarkable fact is the basis for the idea of probability.

 Heads Up When Tossing a Coin: Long-Run Frequency 
Interpretation of Probability

When you toss a coin, there are only two possible outcomes: heads or tails. figure 8.3 
shows the results of tossing a coin 5000 times twice. Let’s focus on trial A, the red graph. 
for trial A, the first four tosses result in tail, head, tail, tail. After four tosses, the propor-
tion of heads is 1/4 5 0.25. notice that corresponding to the first 100 tosses, there is quite 
a bit of fluctuation in the proportions. now, compare the amount of fluctuation about 
the horizontal black line for relatively few tosses, say between 1 and 100 tosses, with the 
amount of fluctuation corresponding to relatively many tosses, say between 2000 and 
5000 tosses. Comparatively, there is very little fluctuation in the latter interval.

next, compare the proportions of heads for trial A (red graph) in figure 8.3 with 
those plotted for trial B (blue graph). trial B starts with five straight heads, so the propor-
tion of heads is 1 until the sixth toss. notice that the proportion of tosses that produces 
heads for both trials A and B is quite variable at first. trial A starts low and trial B  
starts high. As we make more and more tosses, however, the proportions of heads for 

EXAMPLE 1

Comap_10e_ch08.indd   343 8/31/15   5:37 PM

© 20
16

 W
. H

. F
ree

man
 an

d C
o.



C h a p t e r  8   |  Probability: The Mathematics of Chance344

Figure 8.4 tacks sitting 
point down and point up.

The Probability applet (see Applet Exercise 1, page 399) animates Figure 8.3. 
It allows you to choose the probability of a coin landing on heads and simulate 

a specific number of tosses of a coin with that probability. Try it. 
You will see that the proportion of heads gradually settles down 
close to the probability. Equally important, you will also see that 
the proportion in a small or moderate number of tosses can be far 
from the probability. Probability describes only what happens in the 
long run. Random phenomena are irregular and unpredictable in 
the short run.

We might suspect that a coin has probability 0.5 of coming up 
heads just because the coin has two sides. However, such suspicions 
are not always correct. For example, suppose we flip a tack, which can 
land either point up or point down, as shown in Figure 8.4. Would the 

probability of the tack landing point up still be 0.5? (To find out, complete Exercise 
3 on page 390.) Since probability describes what happens in a great many trials, 

The probability of any outcome of a random phenomenon is the proportion of 
times the outcome would occur in a very long series of repetitions. Probabilities 
can be expressed as decimals, percentages, or fractions.

Probability Definit iOn

Fractions, Percents, and 
Percentages

Algebra Review Appendix
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The first four tosses of Trial A
give 1 head, proportion 0.25.

Figure 8.3 the proportion of tosses of a coin that gives heads varies as we make more 
tosses. eventually, however, the proportion approaches 0.5, the probability of a head. 
this figure shows the results of two trials of 5000 tosses each. (the horizontal scale is 
transformed using logarithms to show both short- and long-term behavior.)

both trials get close to 0.5 and stay there. if we made yet a third trial at tossing the coin 
a great many times, the proportion of heads would again settle down to 0.5 in the long 
run. We say that 0.5 is the probability of a head. the probability 0.5 is marked by the 
horizontal line on the graph.
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8.1 Random Phenomena and Probability 345

you will need to observe the outcomes of many flips of a tack in order to pin down 
this probability.

Gamblers have known for centuries that the fall of coins, cards, and dice dis-
plays clear patterns in the long run. In fact, Spotlight 8.1 presents a question about 
a gambling game that launched probability as a formal branch of mathematics.

The idea of probability rests on the observed fact that the average result of 
many thousands of chance outcomes can be known with near certainty. But a 
definition of probability as “long-run proportion” is vague. Who can say what the 
“long run” is? We can always toss the coin another 1000 times. Instead, we give 
a mathematical description of how probabilities behave, based on our understand-
ing of long-run proportions. To see how to proceed, we return to the very simple 
random phenomenon of tossing a coin once. 

When we toss a coin, we cannot know the outcome in advance. What do we 
know? We are willing to say that the outcome will be either heads or tails. We 
believe that each of these outcomes is equally likely, hence each has probability   1 _ 2  . 
This description of coin tossing has two parts:

1. A list of possible outcomes

2. The probability for each outcome

We will see that this description is the basis for all the probability models in 
Section 8.4. Here is the vocabulary we use.

The sample space S of a random phenomenon is the set of all possible outcomes 
that cannot be broken down further into simpler components.

Sample Space Definit iOn

The Problem of Points

 
S

p O t L I G h

t8.1

in 1654, Antoine Gombaud, Chevalier de Méré, an 
amateur mathematician, posed the following problem, 
called the “Problem of Points”:

two players agree to play rounds of a game of chance 
in which each has an equal chance of winning. they 
both contribute an equal amount of money to a 
prize. the first player to win a preset number of 
rounds gets the prize. Unfortunately, the game is 
interrupted before completion of all the rounds. the 
question is: How should the prize be divided fairly?

Mathematicians Blaise Pascal and Pierre de fermat 
took up the challenge to solve this problem. this led 
to a series of correspondences between Pascal and 
fermat, the content of which laid the foundation for 
the modern theory of probability.

Blaise Pascal 
(1623–1662)

Pierre de Fermat 
(1601–1662)

in exercise 13 (page 391), you can solve a simpli-
fied version of the “Problem of Points.”
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C h a p t e r  8   |  Probability: The Mathematics of Chance346

A probability model is a mathematical description of a random phenomenon 
consisting of two parts: a sample space S and a way of assigning probabilities to 
events.

Probability Model Definit iOn

The sample space S can be very simple or very complex. When we toss a coin 
once, there are two possible outcomes, heads or tails. So the sample space is S 5 
{H, T}. If we draw a random sample of 1000 U.S. residents that are 18 years of age 
or over, as opinion polls often do, the sample space contains all possible choices of 
1000 of the 235 million adults in the country. This S is extremely large: 2.9  105803.

An event is any outcome or any set of outcomes of a random phenomenon. That 
is, an event is a subset of the sample space. A simple event is a set of a single 
outcome from the sample space. 

Event Definit iOn

Tossing Two Coins: The Importance of Sample Space

Probabilities can be hard to determine without detailing or diagramming the sample 
space. for example, e. P. northrop notes that even the great 18th-century french math-
ematician Jean le Rond d’Alembert tripped on the question “in two coin tosses, what 
is the probability that heads will appear at least once?” Because the number of heads 
could be 0, 1, or 2, d’Alembert reasoned (incorrectly) that each of those possibilities 
would have an equal probability of   1 _ 3  , and so he reached the (wrong) answer of   2 _ 3  .

What went wrong? Well, {0, 1, 2} could not be the fully detailed sample space because 
“1 head” can happen in more than one way. for example, if you flip a dime and a penny 
once apiece, you could display the sample space with a table, such as the one in figure 8.5.

Another way to generate 
these four outcomes is with the 
tree diagram shown in figure 8.6. 
each possible left-to-right pathway 

EXAMPLE 2

Figure 8.5 A table illustrating the outcomes 
of flipping two coins. As you can see, figure 
8.5 is a table with 2 rows and 2 columns, 
which displays 2  2 5 4 outcomes: {HH, Ht, 
tH, tt}.
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Figure 8.6 tree diagram illustrating 
outcomes of flipping two coins.
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8.1 Random Phenomena and Probability 347

through the branches generates an outcome. for example, going up (to dime “heads”) 
and then down (to penny “tails”) yields the outcome Ht.

either way, we can see that the sample space has 4, not 3, equally likely outcomes. 
With the table or tree diagram in view, you may already see that the correct probability 
of at least 1 head is not   2 _ 3  , but   3 _ 4  . 

Self Check 1

At an intersection, a driver has the choice of turning right or left or going straight 
(use R for right, L for left, and S for straight). You are standing at this intersection 
and watch the next two cars go through. Use a tree diagram to identify the sample 
space for the outcomes of this situation. ■

Pair-a-Dice: Outcomes for Rolling Two Dice

Rolling one six-sided die has an obvious sample space of six equally likely outcomes: 
{1, 2, 3, 4, 5, 6}. But many board games (and casino games) involve rolling two dice 
and noting the sum of the spots on the two sides that are facing up. We know from 
our experience playing games like Monopoly that the 11 possible sums (2, 3, 4, 5, 6, 
7, 8, 9, 10, 11, 12) are not equally likely because, for example, there are many ways to 
get a sum of 7 but only one way to get a sum of 12.

We start by identifying the sample space in order to find the exact probabilities and 
patterns of the various dice sums. Because of the large number of possible outcomes, 
the table in figure 8.7 is a more straightforward representation of the sample space S 
than a tree diagram would be. figure 8.7 shows 6  6 5 36 possible (and equally likely) 
ways to roll two dice. 

the longest rising diagonal of the table shows the six ways that the sum can equal 7. 
therefore, it makes sense that the probability of the sum being 7 is   6 __ 36   5   1 _ 6  .

EXAMPLE 3

Figure 8.7 table of the 36 outcomes for rolling two dice.

                                                     Green die
1                      2                     3                     4                     5                     6  
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C h a p t e r  8   |  Probability: The Mathematics of Chance348

Self Check 2

Using the table in Figure 8.7, how many possibilities are there for rolling a sum  
of 6? What is the probability of a sum of 6? ■

8.2 Basic Rules of Probability
Recall from Section 8.1 that a probability model consists of two parts: the sample 
space and a way of assigning probabilities to events. Events are usually designated 
by capital letters near the beginning of the alphabet; for example, event A. The 
notation P(A) is shorthand for “the probability that event A will occur.” There 
are many ways to assign probabilities, so we will need some basic rules that any 
assignment of probabilities to events must obey. These rules follow from the 
idea of probability as “the long-run proportion of repetitions on which an event 
occurs.” Here are the first two rules:

Rule 1.   Any probability is a number between 0 and 1 inclusive. Any propor-
tion is a number between 0 and 1 inclusive, so any probability is also a 
number between 0 and 1 inclusive. An event with probability 0 never 
occurs, an event with probability 1 always occurs, and an event with prob-
ability 0.5 occurs in half the trials in the long run.

Rule 2.   All possible outcomes together must have probability 1. Because 
some outcome must occur on every trial, the sum of the probabilities for 
all possible (simplest) outcomes must be exactly 1. 

Assigning Probabilities to Means of Transportation 

How do people in the United States get to work? table 8.1 shows the results of an 
American Community Survey by the U.S. Census Bureau. 

EXAMPLE 4

Means of Travel Frequency

Drive alone 107,460,210

Carpool 13,675,867

Public transportation 
(excluding taxis)

7,053,456

Walk 3,969,058

Work at home 6,143,943

Other 2,560,426

total 140,862,960

TAbLE 8.1  Survey Results from the American 
Community Survey, 2013

Because this is a U.S. Census Bureau survey, we can assume that the sample 
fairly represents the workers in the United States. Given the large sample size, the 
sample proportions should be good estimates of the probabilities for each category of 
transportation. table 8.2 turns the data from the survey into a probability model for 
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8.2 basic Rules of Probability 349

means of transportation to work. notice that the probabilities are all between 0 and 1 
(Rule 1) and that the sum of the probabilities is 1 (Rule 2).

Based on the probabilities in table 8.2, a randomly selected worker is almost 8 times 
more likely to drive alone to work than to carpool and more than 15 times more likely 
to drive alone than to use pubic transportation. 

When interpreting probabilities, particularly when they are small, it is helpful to 
make comparisons with something concrete, as we demonstrate in Spotlight 8.2.

Means of Travel Proportion/Probability

Drive alone 0.763

Carpool 0.097

Public transportation
(excluding taxis)

0.050

Walk 0.028

Work at home 0.044

Other 0.018

Sum 1

TAbLE 8.2  Probability Model for Means of Transportation 
to Work

Probability and Psychology

 
S

p O t L I G h

t8.2

Our judgment of probability can be affected by psycho-
logical factors. Our desire to get rich quick may lead us 
to overestimate the tiny probability of winning the lot-
tery. Our feeling that we are “in control” when we are 
driving may make us underestimate the probability of 
an accident. (this may be why some people prefer driv-
ing to flying, even though flying has a lower probability 
of death per miles traveled.)

the probability of winning (a share of) the 44-state 
Mega Millions jackpot is 1 in 258,890,850. this is less 
likely than picking out a particular sheet of printer paper 
from a stack 2.5 times the height of Mount everest, or 
guessing a particular second from a period of about  
8.2 years. Without concrete analogies, it is hard to 
grasp the meaning of very small probabilities, and 
some players may greatly overestimate their chances of 
winning, even if they buy lots of tickets. for example, 
suppose someone buys 20 $1 Mega Millions tickets 
every week for 50 years. She would have spent over 
$50,000, and yet her probability of winning at least one 
jackpot in that whole time would still be only about 1 in 
5000. for comparison, the probability of dying in a car 

accident during a lifetime of driving is about 50 times  
greater than this!

Andrew Gelman, professor of statistics and political 
science at Columbia University, reports that most peo-
ple say they would not switch to a situation in which 
they had a small probability p of dying and a large prob-
ability 1 2   p of gaining $1000. And yet, people will not 
necessarily spend that much for air bags for their cars. 
Becoming more aware of our inconsistencies and biases 
can help us make better use of probability when decid-
ing what risks to take.
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C h a p t e r  8   |  Probability: The Mathematics of Chance350

Sometimes it is easier to determine the probability of an event A indirectly by 
finding the probability of its logical opposite—that is, the event that A does not 
happen. The special name for this event is consistent with how the word comple-
ment is used in other contexts: the event that together with its opposite forms a 
complete whole—in this context, the “whole” is the entire sample space.

For example, in the dice game of craps, rolling a sum of 7 on two dice (the 
most common roll) is an outcome that instantly loses the round once it’s under-
way. Suppose we want to know the probability of rolling anything other than a 7. 
If we let event A be rolling a sum of 7, then we want P(AC), the probability of not 
rolling a sum of 7. The relationship between P(A) and P(AC) is given in Rule 3, the 
complement rule. 

Rule 3.  Complement Rule. The probability that an event does not occur is 
1 minus the probability that the event does occur. Continuing the dis-
cussion above, we know from Example 3 (page 347) that the probability 
of rolling a sum of 7 is   1 _ 6  . Therefore, the probability of not rolling a sum of 
7 is 1 2   1 _ 6   5   5 _ 6  . This is really just another way of saying that the probabil-
ity that an event occurs and the probability that it does not occur always  
add to 1, or 100% of the sample space. Referring back to the diagram in 
Figure 8.8, you can see how the complementary blue and white regions 
add up to fill the space inside the rectangle.

Another useful distinction to make when discussing two events is whether or 
not it is possible for the two events to happen simultaneously. If it is not possible, 
then the two events are said to be disjoint or mutually exclusive. An event and 
its complement are always mutually exclusive.

Two events are disjoint events if they have no outcomes in common. Disjoint events 
are also called mutually exclusive events.

Disjoint Events (Mutually Exclusive Events) Definit iOn

The complement of an event A is the event that A does not occur, written as AC. 
(The superscript C stands for complement. Some books use the notation A– or A 
or “not A.”) 

In the diagram in Figure 8.8, the area inside the rectangle represents the 
sample space. The area inside the circle represents event A, and the area inside the 
rectangle but outside of the circle is AC. 

Complement of an Event Definit iOn

Figure 8.8 Diagram of an event 
and its complement.

A Ac
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3518.2 basic Rules of Probability 

In the diagram in Figure 8.9, the two circular areas represent events A and B. 
Since there is no overlap in these areas, the two events are disjoint.

Rule 4, the addition rule, addresses how to assign probabilities to the event 
that either A or B occurs in situations where events A and B are mutually 
exclusive.

Rule 4.  Addition Rule for Disjoint Events. If two events are disjoint, 
the probability that one or the other occurs is the sum of their 
individual probabilities. Return to Example 4 (page 348). Suppose we 
want to determine the probability that a person drives to work either 
alone (event A) or in a carpool (event B). In other words, we want to 
determine P(A or B). From the survey data, we can calculate the num-
ber of workers who fell into events A or B: 107,460,210 1 13,675,867 5 
121,136,077. So we estimate the probability from the sample proportion: 

121,136,077/140,862,960  0.860. 

Instead of estimating the “long-run” proportion from the data, we can 
apply the addition rule for disjoint events. Simply add the corresponding 
probabilities from Table 8.2: 

P(A or B) 5 P(A) 1 P(B) 5 0.763 1 0.097 5 0.860

B     A

Figure 8.9 Diagram of 
two disjoint events.

Self Check 3

Use Table 8.2 (page 349) to determine the following probabilities:

(a) The probability that a randomly selected worker in the United States either 
uses public transportation or walks to work. 

(b) The probability that a randomly selected worker in the United States does not 
drive to work (either alone or in a carpool). ■

Sometimes we are interested in determining the probability that either A or B 
occurs in cases where A and B are not disjoint. We return to the situation in which a 
red and green die are rolled together (for the sample space, see Figure 8.7, page 347). 
Consider the following events:

A 5 red die shows “1”

B 5 red and green dice add up to 7

Suppose we want to determine P(A or B). This situation is depicted by the diagram 
in Figure 8.10. There is an overlap in these two events: The outcome that red shows 
“1” and green shows “6” belongs to both A and B. So we can’t use Rule 4 to deter-
mine the probability that “either A or B occurs.” Unlike in usual everyday usage, 
the mathematical use of “or” is inclusive, which means that the event “A or B” 
happens so long as at least one of the two events happens. In set theory, this is 
called “the union of A and B,” and it includes A’s and B’s “separate property” 
(the red and blue areas in the diagram) as well as their “community property” 
(the area where red and blue are blended). Rule 5 will provide the adjustment 
needed to deal with the overlap of A and B. 

Rule 5.  General Addition Rule. The probability that one event or the 
other occurs is the sum of their individual probabilities minus the 
probability of their intersection. This general addition rule makes sense 

B     A

Figure 8.10 events A 
and B are not disjoint.
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C h a p t e r  8   |  Probability: The Mathematics of Chance352

if we look at Figure 8.10. Simply adding the probabilities of the two events 
A and B would overshoot the answer because we would be incorrectly 
counting the overlap twice. The way to adjust for this is to subtract the 
overlap so that it is counted exactly once. Now, we return to events A and 
B above. Their intersection corresponds to rolling “red 5 1, green 5 6,” 
which has a   1 __ 36   probability. Therefore, 

P(A or B) 5   6 ___ 36   1   6 ___ 36   –   1 ___ 36   5   11 ___ 36  

We now state Rules 1 through 5 more concisely using more formal mathemati-
cal notation. As you apply these rules, remember that they are just another form of 
true facts about long-run proportions.

Rule 1.   The probability P(A) of any event A satisfies 0 # P(A) # 1.

Rule 2.   If S is the sample space in a probability model, then P(S) 5 1.

Rule 3.   The complement rule: P(AC ) 5 1 2 P(A).

Rule 4.   The addition rule for disjoint events: P(A or B) 5 P(A) 1 P(B).

Rule 5.   The general addition rule: P(A or B) 5 P(A) 1 P(B) 2 P(A and B).

Probability Rules RULe

In Example 5, we return to the situation of rolling two dice, which will provide 
an opportunity to practice applying Rules 1 through 5.

Probabilities for Rolling Two Dice 

figure 8.7 (page 347) displays the 36 possible outcomes of rolling two dice. for  
casino dice, it is reasonable to assign the same probability to each of the 36 outcomes 
in figure 8.7. Because all 36 outcomes together must have probability 1 (Rule 2), each 
outcome must have probability   1 __ 36  .

Suppose we want to determine the probability of rolling a sum of 5. Because there 
are four ways to roll a sum of 5, the addition rule for disjoint events (Rule 4) says that 
its probability is

EXAMPLE 5

P (roll a sum of 5) � P � P � P � P
( (( ( ( ( ( (

� �
3
1
6
� � �

3
1
6
� � �

3
1
6
� � �

3
1
6
�

� �
3
4
6
� � 0.111

Similarly, we can find the probabilities for the other possible sums and, in this way, 
get the full probability model (sample space and assignment of probabilities) for 
rolling two dice and summing the spots on the sides facing up. the result is shown  
in table 8.3.
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8.2 basic Rules of Probability 353

Outcome  
(sum of two dice)

2 3 4 5 6 7 8 9 10 11 12

Probability   1 ___ 
36

    2 ___ 
36

    3 ___ 
36

    4 ___ 
36

    5 ___ 
36

    6 ___ 
36

    5 ___ 
36

    4 ___ 
36

    3 ___ 
36

    2 ___ 
36

    1 ___ 
36

  

TAbLE 8.3 Probability Model for the Sum of the Spots on Two Dice

the model in table 8.3 assigns probabilities to individual outcomes. note that 
Rule 2 is satisfied because all the probabilities add up to 1. to find the probability 
of an event, just add the probabilities of the outcomes that make up the event. for 
example:

P(outcome is odd) 5 P(3) 1 P(5) 1 P(7) 1 P(9) 1 P(11)

5   2 ___ 
36

   1   4 ___ 
36

   1   6 ___ 
36

   1   4 ___ 
36

   1   2 ___ 
36

  

5   18 ___ 
36

   5   1 __ 
2
  

Suppose we want the probability of rolling an even number. We could find this 
probability by finding the sum of the following:

P(2) 1 P(4) 1 P(6) 1 P(8) 1 P(10) 1 P(12)

But a faster way would be to use the complement rule (Rule 3):

P(outcome is even) 5 1 2 P (outcome is odd)

5 1 –   1 __ 
2
   5   1 __ 

2
  

for an example of Rule 5, let event A be “sum is odd” and event B be “sum is a 
multiple of 3.” Suppose we want P(A or B). earlier, we calculated P(A) 5   1 _ 2  . You can 
verify that P(B) 5   1 _ 3   and P(A and B) 5   1 _ 6  . now we are ready to apply Rule 5:

P(A or B) 5 P(A) 1 P(B) 2 P(A and B) 5   1 __ 
2
   1   1 __ 

3
   2   1 __ 

6
   5   4 __ 

6
   5   2 __ 

3
  

When the outcomes for a probability model are numbers, such as for the model 
in Table 8.3, we can use a histogram to display the assignment of probabilities to 
the outcomes. Figure  8.11 is a probability histogram of the probability model 

Outcome (sum of two dice)

Pr
ob

ab
ilit

y

0.20

0.15

0.10

0.05

0.0
12111098765432

The probability of an 8
is     = 0.14.5

36

Figure 8.11 A 
probability histogram 
showing the probability 
model for rolling two 
balanced dice and 
counting the spots on the 
sides facing up.
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C h a p t e r  8   |  Probability: The Mathematics of Chance354

in Table 8.3. The height of each bar shows the probability of the outcome at the 
base of the bar. Because the heights are probabilities, they add to 1. Think of  
Figure 8.11 as an idealized picture of the results of very many rolls of a pair of dice. 
As an idealized picture, it is perfectly symmetric about the middle bar correspond-
ing to a sum of 7.

8.3  Rules of Probability: Independent 
and Dependent Events

While everyday speech might make you think that the word independent could also 
be a synonym for words like disjoint and mutually exclusive, independent events 
have a different meaning in statistics. Independent events do not affect each 
other’s probability of occurrence, just as an individual’s probability of being chosen 
in a simple random sample (SRS) (see Section 7.3 on page 297) is not affected by 
whether another particular individual is selected.

Two events are independent events if the occurrence of one event has no influence 
on the probability of the occurrence of the other event. If two events are not 
independent, then they are dependent events. 

Independent and Dependent Events Definit iOn

The diagram in Figure 8.12 depicts two independent events, A and B, rep-
resented by rectangular-shaped areas. In this diagram, P(A) 5 1/4 since A fills 
one-quarter of the area representing the sample space S. Next, assume that B has 
occurred—so the outcome lies inside B’s rectangle. Given this information, what is 
the likelihood that A occurs? Notice that the purple area shows the outcomes in A 
that are in B. This overlap fills one-fourth of B’s rectangle. So the probability that 
A occurs, given we know that B has occurred, expressed as P(A|B), is still 1/4. The 
information about B did not influence how likely it was for A to occur. Therefore, 
the two events are independent.

A

S

B

Figure 8.12 Diagram of two independent events.
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8.3 Rules of Probability: Independent and Dependent Events  355

Dependent or Independent?

for many sweepstakes, the consumer is automatically entered into the drawing after 
making a purchase. However, often sweepstake rules state that “no purchase is 
required to enter,” and the consumer is given the option to enter by completing an 
online form or mailing in a postcard. Let event D be winning the sweepstakes and 
event E be making a purchase. According to the sweepstake rules, your chance of 
winning the contest is not affected by whether or not you make a purchase. if we use 
the notation P(D|E) as shorthand for “the probability of winning, given a purchase is 
made,” then according to the rules, P(D) 5 P(D|E). in this case, events D and E are 
independent. 

for the next example, return to figure 8.7 (page 347) in example 3. Consider the 
following events:

B 5 red and green dice add up to 7

C 5 both red and green dice show a number less than 5

Are events B and C independent or dependent? We know P(B) 5   1 _ 6  . But what about 
the probability that the sum on the dice is 7, given both dice show values less than 
5—in other words, P(B|C)? in figure 8.13 the outcomes in event C are outlined by 
a blue rectangle. each outcome in C, of which there are 16, is equally likely and 
there are only two outcomes in C for which the sum of the dice is 7. Hence, P(B|C) 5
  2 __ 16   5   1 _ 8    P(B). (the proportion of sums of 7 in the outcomes for C differs from the 
proportion of sums of 7 in the sample space.) in this case, knowledge that event 
C has occurred makes it less likely that B occurs. therefore, events B and C are 
dependent. 

EXAMPLE 6

                                                     Green die
1                      2                     3                     4                     5                     6  

1 

 2  

3 

4 

5

6 

Re
d 

di
e

Event C

Figure 8.13 identifying the outcomes in event C.
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C h a p t e r  8   |  Probability: The Mathematics of Chance356

In Self Check 4, you should have found that events A and B were independent. 
(If not, check the Self Check answer at the end of this chapter.) Next, we learn 
how to find the probability that two independent events occur simultaneously. We 
begin with an example. Start with independent events A and B from Self Check 4. 
We want to determine P(A and B). Rule 6, the multiplication rule for independent 
events, is the rule needed for calculating this probability.  

Rule 6.  Multiplication Rule for Independent Events. If two events are inde-
pendent, then the probability that one event and the other both occur 
is the product of their individual probabilities. In Self Check 4, you 
found that events A and B are independent. So we can find the probability 
that both A and B occur by multiplying the individual event probabilities:

P(A and B) 5 P(A)  P(B) 5   1 __ 6      1 __ 6   5   1 ___ 36  

To confirm this result, notice that the overlap of A and B is the simple event of 
rolling red 5 1 and green 5 6, which has probability   1 __ 36  .

Self Check 4

Return to the context of rolling two dice and the events:

A 5 red die shows “1”

B 5 red and green dice add up to 7

Are A and B independent? Support your answer. ■

Probabilities for Driving to Work

in the discussion of Rule 4 (the addition rule for disjoint events, page 351), we deter-
mined that 86% of workers drive to work (either alone or in a carpool). Suppose a 
random sample of two U.S. workers is chosen. What is the probability that they both 
drive to work? to answer this question, let:

G 5 worker 1 drives to work 

H 5 worker 2 drives to work

We want P(both workers drive to work) 5 P(G and H). Since the workers were chosen 
randomly, events G and H are independent. therefore, we use the multiplication rule 
for independent events to determine this probability:

P(G and H) 5 P(G)P(H) 5 (0.860)(0.860) 5 0.7396

Hence, the likelihood that both workers drive to work is approximately 74%. 

EXAMPLE 7

Next, we turn our attention to dependent events. We know from Example 6  
that the events of rolling a sum of 7 (event B) and having both dice show a num-
ber less than 5 (event C) are dependent events. Knowing that C has occurred 
influences the probability that B occurs. The result, P(B|C) is called a conditional 
probability.
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8.3 Rules of Probability: Independent and Dependent Events  357

The conditional probability of A given B, written as P(A|B), can be computed by divid-
ing the probability that both events occur by the probability that B occurs:

P(A|B) 5   P(A and B) __________ 
P(B)

  

In cases where A and B are independent, we can apply the multiplication rule for 
independent events: 

P(A|B) 5   P(A) P(B) ________ 
P(B)

   5 P(A)

Notice, that in order to calculate P(A|B), we need P(B)  0.

Conditional Probability Definit iOn

Solving for P(A and B) in the formula for calculating a conditional probability 
allows us to generalize the multiplication rule so that it applies to situations where 
the two events are dependent. This leads to Rule 7.

Rule 7.  General Multiplication Rule. Given two events A and B with P(B) > 0, 
the probability that both occur is the conditional probability that 
A occurs given B has occurred times the probability that B occurs. 
Take, for example, the situation in Figure 8.14. We want P(A and B). The 
outcome “A and B” is represented by the overlap of A and B (purple area). 
It is easy to see that P(A|B) 5 1/2 because A’s area overlaps half of B’s area. 
In addition, P(B) 5 1/4 because B’s area covers one quarter of the area 
in the large rectangle representing the sample space S. Applying the 
general multiplication rule we get P(A and B) 5 P(A|B)P(B) 5 1/2  1/4 
5 1/8. To confirm this result, notice that the area for “A and B” (purple 
area) does, in fact, cover one-eighth of the area in the large rectangle 
representing S.

Solving for One Variable 
in Terms of Another

Algebra Review Appendix

A

S

B

Figure 8.14 two 
dependent events.

As we did for Rules 1 through 5, we now state Rules 6 and 7 more concisely 
using more formal mathematical notation. 

Comap_10e_ch08.indd   357 8/31/15   5:38 PM

© 20
16

 W
. H

. F
ree

man
 an

d C
o.



C h a p t e r  8   |  Probability: The Mathematics of Chance358

Rule 6.  The multiplication rule for independent events: P(A and B) 5 P(A)  P(B).

Rule 7.  The general multiplication rule: P(A and B) 5 P(A|B)  P(B) provided P(B)  0.

Probability Rules RULe

Arsenic Testing: Using the General Multiplication Rule

tests, whether medical screening tests for diseases or testing drinking water for health-
risk contaminants, are not perfect. take, for example, testing for arsenic in drinking 
water. Suppose that a test for arsenic in the water supply correctly reports the presence 
of arsenic (positive test result) with probability 0.97, and correctly reports the absence 
of arsenic (negative test result) with probability 0.86. Only about 4% of the drinking 
water in the United States is thought to contain arsenic. 

Using the information above, we want to determine the following two probabilities:

1. the probability that a randomly chosen water sample actually contains arsenic 
and yields a positive test result.

2. the probability that a randomly chosen water sample does not contain arsenic 
and yields a negative test result. 

next, we translate what we know and what we want to find into mathematical nota-
tion. Let A be the event that a water sample contains arsenic, and let AC be the event that 
the sample does not contain arsenic. Let “1” represent the event that the test results come 
back positive for arsenic, and “2” the event that the test results come back negative. 

 ● What we know: P (1| A) 5 0.97, P (2| Ac) 5 0.86, and P (A) 5 0.04 
 ● What we want to find: P (A and 1) and P (Ac and 2)

Using the information from the first bullet and the general multiplication rule, we 
calculate probabilities 1 and 2 as follows:

P (A and 1) 5 P (1| A) P (A) 5 (0.97)(0.04) 5 0.0388

P (Ac and 2) 5 P (2| Ac) P (Ac) 5 (0.86)(1 2 0.04) 5 0.8256

EXAMPLE 8

Conditional probabilities also follow Rules 1 through 5 given in Section 8.2. 
In the next example, we use the complement rule (Rule 3) to find another set of 
probabilities associated with testing for arsenic in drinking water. 

Arsenic Testing: Conditional Probability Models

Using the information on testing for arsenic given in example 8, we construct a model 
for the conditional probability of possible test results given the water contains arsenic. 

from information about the test, we know that P (1| A) 5 0.97. Using the comple-
ment rule (Rule 3) gives the probability of a false negative: 

P (2| A ) 5 12 P (1| A ) 5 1 2 0.97 5 0.03

fortunately, this probability is quite low! table 8.4 gives the model for the conditional 
probability of the test results given the water sample contains arsenic. 

EXAMPLE 9

Outcome Positive test negative test

Conditional probability given arsenic 0.97 0.03

TAbLE 8.4 Conditional Probability Model
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8.3 Rules of Probability: Independent and Dependent Events  359

In Examples 8 and 9, we have used probability rules to find a number of proba-
bilities associated with testing water samples for arsenic. Now, suppose your water 
is the one randomly chosen for testing and the test comes back positive. How wor-
ried should you be that your water is contaminated by arsenic? Your level of worry 
should be connected to the probability that the water sample contains arsenic 
given the test comes back positive, P(A | 1). We find this probability in Example 10.

Self Check 5

When the water sample does not contain arsenic, there are two possible outcomes 
for the test results: positive (in this case, a false positive) and negative. Make a table 
similar to Table 8.4 that gives the conditional probability model of the test results 
given the water sample does not contain arsenic. ■

Arsenic Testing: How Worried Should You be about  
a Positive Test Result? 

We begin with a tree diagram, shown in figure 8.15, to identify the sample space of 
all possible outcomes, and use the general multiplication rule (Rule 7) to assign prob-
abilities to each outcome in the sample space. two of these probabilities were already 
computed in example 8. in addition, the tree diagram contains the conditional prob-
ability models from example 9 and Self Check 5.

EXAMPLE 10

P(A and −) = (0.04)(0.03) = 0.0012

P(+  A) = 0.97

P(−  A) = 0.03

P(+  AC) = 0.14

P(−  AC) = 0.86

P(AC and +) = (0.96)(0.14) = 0.1344

P(A and +) = (0.04)(0.97) = 0.0388

Outcomes and probabilities

P(AC) = 0.96

P(A) = 0.04

P(AC and −) = (0.96)(0.86) = 0.8256

+

+

−

−

A

AC

Figure 8.15 tree diagram of sample space and calculation of probabilities.
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8.4 Discrete Probability Models
In this chapter, we will work with two kinds of probability models: discrete prob-
ability models and continuous probability models. The probability models in 
Tables 8.3 (page 353) and 8.4 (page 358) are examples of the first kind. In both 
cases, the number of possible outcomes—the sums from two dice (Table 8.3) or 
the test results (Table 8.4)—is finite, hence the outcomes can be listed. If all the 
outcomes in a sample space can be put into a list, the number of outcomes is said 

We want P (A | 1), which by the definition of conditional probability we calculate 
as follows:

P (A | 1) 5   P (A and 1)  __________ 
P (1)

  

from the tree diagram, we know P (A and 1) 5 0.0388. next, we need P (1). there are 
two ways to get a positive result: “A  and 1” or “AC and 1”. Since these are disjoint 
events, we use the addition rule for disjoint events (Rule 4) to find P (1):

P (1) 5 P (“A  and 1” or “AC and 1”)

5 P (A and 1) 1 P (AC and 1) 5 0.0388 1 0.1344 5 0.1732

next, we substitute P (A and 1) 5 0.0388 and P (1) 5 0.1732 into the conditional 
probability formula:

P (A | 1) 5   P (A and 1)  __________ 
P (1)

   5   0.0388 _______ 
0.1732

    0.2240

in this situation, only around 22% of the water samples that test positive for arsenic 
actually contain arsenic. So, until further testing is done, you probably shouldn’t be in 
total panic mode. in Self Check 6, you will see how this probability changes when the 
likelihood of having arsenic in the water supply is increased.

Self Check 6

Suppose that, due to an environmental spill in a particular region, the probability 
of arsenic in the water supply is thought to be 0.5. What is the probability that a 
randomly chosen water sample (from this region) that tests positive for arsenic 
actually contains arsenic? If that water sample happens to be from the water that 
you drink, should you be worried? ■

The mathematics involved in Example 10 on testing for some characteristic A can be 
summarized as follows. P(A) and P(AC) are called the prior probabilities. Given the 
prior probabilities and the conditional probabilities, P(1 | A) and P(1 | Ac), we can 
determine what are called the posterior probabilities, P(A | 1) and P(Ac | 1), using the 
following formulas:

P(A | 1) 5    
P(1 | A) P(A)

  __________________________   
P(1 | A)P(A) 1 P(1 | Ac)P(Ac)

  

P(A | 2) 5    
P(2 | A) P(A)

  __________________________   
P(2 | A)P(A) 1 P(2 | Ac)P(Ac)

  

Bayes Rule Applied to Testing for a Characteristic RULe
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8.4 Discrete Probability Models 361

to be countable.  A probability model for which the sample space is countable is 
called a discrete probability model.

A discrete probability model is a probability model with a countable number of 
outcomes in its sample space. 

Discrete Probability Model Definit iOn

To assign probabilities in a discrete model, list the probability of all the indi-
vidual outcomes. By Rules 1 and 2, these probabilities must be numbers between 
0 and 1 inclusive and must sum to 1. The probability of any event is the sum of the 
probabilities of the outcomes making up the event.

Up to this point, all the probability models discussed have finite sample spaces. 
But, as you will see in Example 11, that is not always the case. 

Probability Model: Rolling a Pair of Dice Until  
You Get Doubles

According to the Donovan family’s custom rules for Monopoly, if you land on the “Go 
to jail” square, the only way to get out of jail is to roll doubles. Let D represent rolling 
doubles and N represent any roll that does not result in doubles. the sample space for 
this situation is S 5 {D, ND, NND, NNND, . . . }. in this case, the sample space contains an 
infinite number of outcomes, which can be put into a list. to form a discrete probability 
model, we need to assign probabilities to each outcome in the list. Here are calculations 
for some of the probabilities:

P(first roll is doubles) 5 P(D) 5   6 ___ 
36

   5   1 __ 
6
    0.167

P(two rolls are needed to roll doubles) 5 P(ND)

 5 P(N)  P(D)     Apply multiplication rule for independent events.

 5   1 2   1 __ 
6
          1 __ 

6
      Apply complement rule.

 5   5 __ 
62    0.139

P(three rolls are needed to roll doubles) 5 P(NND)

 5 P(N)  P(N)  P(D)

 5     5 __ 
6
          5 __ 

6
          1 __ 

6
     5   5

2
 __ 

63    0.116

Continuing this pattern, we can form a probability model in which we list the pos-
sible outcomes (number of rolls needed to get doubles) and their corresponding prob-
abilities. table 8.5 shows this probability model. 

EXAMPLE 11

Powers and Roots 
Operations with  

Rational Numbers

Algebra Review Appendix

TAbLE 8.5 Probability Model for Rolling a Pair of Dice Until You Get Doubles

Number of rolls 
until doubles

1 2 3 4 5 . . . n . . .

Probability   1 __ 
6

    5 __ 
62    5

2
 __ 

63    5
3
 __ 

64    5
4
 __ 

65  . . .   5
n21
 ____ 

6n  . . .

it takes a bit of work to show that the probabilities sum to 1, but they do! So, this 
is a valid probability model.
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Example 12 gives another example of a discrete probability model, but this time 
the sample space is finite.  

benford’s Law: One Is the Likeliest Number You’ll Ever Know

faked numbers in tax returns, invoices, or expense account claims often display patterns 
that aren’t present in legitimate records. Some patterns, like too many round numbers, 
are obvious and easily avoided by a clever crook. Others are more subtle. it is a striking 
fact that the first (leftmost) digits of numbers in legitimate records often follow a model 
known as Benford’s law, which is shown in table 8.6. (note that a first digit can’t be 0).

EXAMPLE 12

First digit 1 2 3 4 5 6 7 8 9

Probability 0.301 0.176 0.125 0.097 0.079 0.067 0.058 0.051 0.046

TAbLE 8.6 Probability Model Known as Benford’s Law

You should check that the probabilities of the outcomes sum exactly to 1 to verify that 
this is a legitimate discrete probability model. Using this model, investigators can detect 
fraud by comparing the first digits in records such as invoices paid by a business with these 
probabilities. for example, consider the events A 5 “first digit is 1” and B 5 “first digit 
is 2.” Applying Rule 4, the addition rule for disjoint events, to the table of probabilities 
yields P(A or B) 5 0.301 1 0.176, which is 0.477 (almost 50%). Crooks trying to “make 
up” the numbers probably would not make up numbers starting with 1 or 2 this often.

Self Check 7

We continue with the game of Monopoly and of finding probabilities associated 
with getting out of jail.

(a)    The official rules allow a jailed player to try for doubles on three consecutive 
turns. If after three tries the player does not roll a double, then the player must 
pay $50 to get out of jail. What is the probability that the player will be able to 
get out of jail without paying a fine?

(b)    Return to Example 11. After a Donovan family member was stuck in jail for 
10 turns, the Donovans changed their rules so that jailed players get out of jail 
only after rolling a sum less than 7. Write a probability model for getting out 
of jail under the Donovans’ new rule. 

(c)    Does the Donovans’ new rule make it less likely that a player will spend a long 
time in jail? As part of your answer, calculate the probability that a jailed player 
gets out of jail within his or her first three rolls. ■

Self Check 8

You decide to fake 20 invoices. To make sure that you don’t introduce any pat-
tern into your invoice numbers, you randomly assign numbers. Use Table 7.1, the 
random digits table (page 298), to assign the first digits to 20 fake invoices. Enter 
the table on line 106 (skip any 0s).

(a)    Determine the proportion of your fake invoices that have 1, 2, or 3 as the first 
digit in their invoice numbers. 

(b)    Compare your answer in part (a) to the probability of observing an invoice 
number with a first digit of 1, 2, or 3 based on Benford’s law (Table 8.6). Do 
you think your fraud will be detected? ■
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8.5 Equally Likely Outcomes 363

8.5 Equally Likely Outcomes
An SRS gives all possible samples an equal chance to be chosen. Rolling two casino 
dice gives all 36 outcomes the same probability. When randomness is the product 
of human design, it is often the case that the outcomes in the sample space are 
all equally likely. In this case, Rules 1 and 2 force the assignment of probabilities.

If a random phenomenon has equally likely outcomes, then the probability of  
event A is

P(A) 5   count of outcomes in event A   ________________________________    
count of outcomes in sample space S

  

Furthermore, if another event B has a positive probability of occurring, then 
the probability of event A given B is

P(A | B) 5   count of outcomes in event A and B   _______________________________   
count of outcomes in event B

  

Finding Probabilities of Equally Likely Outcomes PROCeDURe

When outcomes are equally likely, we find probabilities by counting out-
comes. The study of counting methods used to count those outcomes is called 
combinatorics. 

Combinatorics is the study of methods for counting.

Combinatorics Definit iOn

One example of a counting method is the fundamental principle of counting 
(from Chapter 2, page 45): If there are a ways of choosing one thing, b ways 
of choosing a second after the first is chosen, . . . , and z ways of choosing the 
last item after the earlier choices, then the total number of choice sequences is  
a  b  · · ·  z.

DNA Sequences

A strand of deoxyribonucleic acid (DnA) is a long sequence of the nucleotides adenine, 
cytosine, guanine, and thymine (abbreviated A, C, G, t). One helical turn of a DnA 
strand would contain a sequence of 10 of these acids, such as ACtGCCAtGt. How 
many possible sequences of this length are there?

there are 4 letters that can occur in each position in the 10-letter sequence. Any of 
the 4 letters can be in the first position. Regardless of what is in the first position, any of 
the 4 letters can be in the second position, and so on. the order of the letters matters, 
so a sequence that begins AC will be different from one that begins CA. the number 
of different 10-letter sequences is more than 1 million:

4  4  4  4  4  4  4  4  4  4   
5 410 5 1,048,576

10 times

As big as that number is, consider that it would take a DnA sequence about 3 billion 
letters long to contain your entire genetic “blueprint”!

EXAMPLE 13
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C h a p t e r  8   |  Probability: The Mathematics of Chance364

Knowing the number and frequency of DnA sequences has proven important in 
criminal justice. When skin or bodily fluids from a crime scene are “DnA fingerprinted,” 
the specific DnA sequences in the recovered material are extremely unlikely to be found 
in any suspect other than the perpetrator. the counting technique used in this example 
is expressed as Rule A on page 365. 

■

Playing Songs

Chapter 7, example 4 (page 299), 
involved choosing a random sample 
of four different songs from a digital 
media player with a playlist of 27 dif-
ferent songs from Professor Lesser’s 
The Beatles One album. now we ask: 
How many 4-song samples are pos-
sible from a collection of 27 songs? 
Like DnA sequences in example 13, 
order matters here. (Performers and 
DJs know that the same four songs 
can feel quite different when the songs are played in a different order.) Unlike DnA 
sequences, listing the same item more than once is not allowed.

Any of the 27 songs can be chosen to be played first, but only the remaining  
26 songs are available to be listed as the second song, so that there are 27  26 choices 
for the first two songs. Any of these choices leaves 25 songs for the third position and 
24 for the fourth position. Surprisingly, the number of playlists of four different songs 
chosen from a list of 27 songs is almost half a million!

27  26  25  24 5 421,200

now, suppose Professor Lesser’s favorite song is “Let it Be.” What is the probability 
that a randomly chosen playlist of four different songs will include this song? to answer 
the question, let event A be the playlists that include “Let it Be.” in order to apply the 
procedure for finding probabilities of equally likely outcomes, we need to count the 
number of outcomes in A. “Let it Be” could be the first, second, third, or fourth song 
on a playlist. if it is the first song, then there are 26  25  24 5 15,600 ways to 
complete the playlist by choosing three songs in order from the remaining 26 songs. 
the same is true if “Let it Be” is the second, third, or fourth song. therefore, the num-
ber of outcomes in A is 4 15,600 5 62,400 and P(A) 5   62,400

 ______ 421,200    0.148. thus, “Let 
it Be” will be included roughly 15% of the time in randomly selected playlists of four 
different songs. 

this scenario of choosing an ordered subset of k songs from a playlist of n songs is 
called a permutation. 

EXAMPLE 14
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Self Check 9

We continue with playlists from The Beatles One album.

(a)  How many 5-song samples are possible from a collection of 27 songs? 
(b)   Professor Lesser’s least favorite song from the album is “The Ballad of John 

and Yoko.” What is the probability that a randomly chosen playlist of five 
different songs will include this song? ■
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8.5 Equally Likely Outcomes 365

Examples 13 and 14 both involve counting the number of arrangements of 
distinct items. They can each be viewed as specific applications of the fundamen-
tal principle of counting, and it is easier to think your way through the counting 
than to memorize a recipe. Nevertheless, because these two situations occur so 
often, they deserve to be given their own formal recognition as Rules A and B, 
respectively.

A permutation is an ordered arrangement of k items that are chosen without 
replacement from a collection of n items. The number of arrangements can be 
notated as P(n, k), nPk, or P nk and has the formula

nPk 5 n  (n 2 1)  · · ·  (n 2 k 1 1) 

which is restated as Rule B in the rule box below. 

Permutation Definit iOn

Four-Letter Words

Suppose you have the following four Scrabble tiles: t, S, 
O, and P. How many four-letter sequences can you make 
using all four tiles? the only way to make a four-letter 
sequence is to use each letter exactly once. So, there are 
no repeats. this is a permutation by Rule B with n 5 4 and 
k 5 4. to think through the problem (rather than simply 
plugging into the formula), proceed like this: Any of the 
four letters can be chosen first, any of the three that remain 
can be chosen second, and so on. the number of permuta-
tions, therefore, is

4  3  2  1 5 24

this example shows us that the permutation of all n elements of a collection yields 
the product of the first n integers. this expression of factors is special enough to have 
its own name: factorial (discussed in Chapter 2, and again in Chapter 11).

EXAMPLE 15

bl
ic

kw
in

ke
l/A

la
m

y

Rule A.  Suppose we have a collection of n distinct items. We want to arrange k of 
these items in order, and the same item can appear more than once in the 
arrangement. The number of possible arrangements is

n  n  · · ·  n  
5 nk

k times

Rule B.  (Permutations) Suppose we have a collection of n distinct items. We want 
to arrange k of these items in order, and any item can appear no more than 
once in the arrangement. The number of possible arrangements is

nPk 5 n  (n 2 1)  · · ·  (n 2 k 1 1)

Counting Ordered Collections of Distinct Items RULe
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now, let’s get back to the Scrabble game. it turns out that only 6 of the 24 possible 
sequences of 4 letters are actually words in the english language (can you figure out all 
6 words?), so the probability that a permutation (chosen at random from these 4 tiles) 
will be an actual word is   6 __ 24   5   1 _ 4  .

The factorial for a positive integer n equals the product of the first n positive inte-
gers. The notation for “n factorial” is n!:

n! 5 n  (n 2 1)  (n 2 2)  · · ·  3  2  1

By convention, we define 0! to equal 1, which can be interpreted as saying there is 
one way to arrange zero items.

Factorial Definit iOn

Factorial notation lets us write a long string of multiplied factors very com-
pactly. Using factorial notation, the expression for permutations in Rule B can now 
be rewritten as follows:

nPk 5   n! _______ 
(n 2 k)!

  

Permutations and factorials can be tedious to compute for large values of n, but 
even a scientific calculator should have a key labeled n! or x! If you have only a basic 
calculator without a factorial key, the expression n  (n 2 1)  · · ·  (n 2 k 1 1) 
will involve fewer multiplications than evaluating   n!

 _____ 
(n 2 k)!

  , by first calculating n! 
and (n 2 k)!, because it has already incorporated all the cancellations between 
numerator and denominator—namely, cancelling the positive integers from 1  
to n 2 k.

Self Check 10

Determine the value of 6! ■

Computing a Permutation: Factorial Formula  
or Rule b? 

Suppose a club has 10 members. How many slates of president, vice president, and 
treasurer are possible? this is a permutation. We must select three club members and 
arrange them in the three elective offices. in other words, we need to compute 10P3. 
We’ll do this in two ways. first, we’ll use the formula above and the factorial key on a 
calculator. next, we’ll expand the formula, cancel, and arrive at the calculation shown 
for Rule B. You can decide which is easier.

10P3 5   10! _________ 
(10 2 3)!

   5   10! ____ 
7!

    5   3,628,800 __________ 
5,040

                    Calculation using calculator’s 
factorial key

10P3 5   10! _________ 
(10 2 3)!

   5   10! ____ 
7!

    5   (10)(9)(8)(7!)  ___________ 
7!

          5 720  Calculation done by hand

EXAMPLE 16
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8.5 Equally Likely Outcomes 367

In Example 16, counting the number of slates for club officers is a permuta-
tion because the arrangement of people in the elected offices matters. Being 
listed as president is different from being listed as treasurer. However, what if 
the club planned to send a delegation of three of its members to a conference? 
In this situation, {Joe, Mia, Mizan} is the same delegation as {Mizan, Mia, Joe}. 
The arrangement of the names doesn’t change who is representing the club 
at the conference. How many different delegations can be selected? This is an 
example of a combination. The 720 ways to select the three-person slate of 
officers from Example 16 overshoots the number of ways to select a delegation 
because it counts each of the 3! ways to list three different club members cho-
sen as distinct. So the number of ways to choose the three-member delegation 
is   720

 ___ 3!   5 120.

A combination is an unordered selection of k items that are chosen without 
replacement from a collection of n items. The number of combinations can be 
notated as   nk   , C(n, k), or nCk , which is often pronounced “n choose k”:

nCk 5   n
Pk ___ 
k!

   5   
n  (n 2 1)  · · ·  (n 2 k 1 1)

   ___________________________  
k!

   5   n! _________ 
k!(n 2 k!)

  

which is Rule D in the next rule box.

Combination Definit iOn

Winning the Texas Lottery?

Most states have lottery games. the texas Lottery (www.txlottery.org) has a Lotto texas 
game that involves choosing six numbers from the set of whole numbers from 1 to 54. 
You win (at least a share of) the jackpot so long as the collection of numbers you pick is 
the same collection that the lottery selects. Repetition is not allowed—that is, the same 
number can’t be picked twice in the same drawing. Unlike permutations, order does not 
matter here. A person who chooses {49, 12, 18, 26, 22, 5} will receive the same payout 
as a person who chooses {26, 18, 12, 49, 5, 22}. 

this is a perfect setup for a combination because the order of the selected numbers 
doesn’t matter. the number of collections of lottery balls is “54 choose 6,” or  

54C6 5   54P6 ____ 
6!

   5   54  53  52  51  50  49   _____________________________   
6  5  4  3  2  1

   5 25,827,165

possible sets of numbers. Because only one of these sets of numbers will correspond 
to the jackpot, the probability of your ticket winning (at least a share of) the jackpot 

is   1
 ________ 25,827,165  .

More generally, the scenario of choosing an unordered subset of k balls from a col-
lection of n different balls is a combination.

EXAMPLE 17

If it’s hard to remember the difference between combinations (Rule D) and 
permutations (Rule B), use this memory aid: “Permutations presume positions; 
combinations concern collections.” For completeness, we also provide a formula 
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C h a p t e r  8   |  Probability: The Mathematics of Chance368

Rules A, B, C, and D can be summarized in Table 8.7.

Rule C.  Suppose that we have a collection of n distinct items. We want to 
select k of those items with no regard to order, and any item can 
appear more than once in the collection. The number of possible 
collections is

  
(n 1 k 2 1)!

  ___________ 
k!(n 2 1)!

  

Rule D.  (Combinations) Suppose we have a collection of n distinct items. We 
want to select k of these items with no regard to order, and any item 
can appear no more than once in the collection. The number of possible 
selections is 

nCk 5   n! _________ 
k!(n 2 k)!

  

Counting Unordered Collections of Distinct Items RULe

TAbLE 8.7 Ways to Choose k Items from n Distinct Items

Repetition is allowed Repetition is not allowed

Order does  
matter

Rule A: n  n  . . .  n 5 nk

n is multiplied by itself k times
Rule B (permutation):   n! _____ 

(n 2 k)!
   5

n  (n 2 1)  · · ·  (n 2 k 1 1)

Order does  
not matter

Rule C:   (n 1 k 2 1)!
 ________ 

k!(n 2 1)!
  Rule D (combination):   n! _______ 

k!(n 2 k)!
  

Although it is important to have some experience computing permutations, 
factorials, and combinations by hand, it can be time consuming. Spotlight 8.3 
shows how technology can be used to speed up the process. 

Self Check 11

In each of the following situations, decide whether the permutation rule or 
combination rule should be used to determine the number of different ways 
the positions can be filled by the job applicants. Show the results for each 
situation.

(a)  A university library posts an ad for three library technicians. There are 15 
applicants.

(b)  A hospital posts an ad for three nursing positions: a day nursing supervisor, 
a night nursing supervisor, and a nursing coordinator. There are 15 
 applicants. ■

(Rule C) for unordered collections in which repetition is allowed, but an explana-
tion is beyond the scope of this chapter and we will not use it again.
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Using Technology to Compute Permutations,  
Factorials, and Combinations

 
S

p O t L I G h

t

8.3

Graphing calculators and spreadsheets have built-in 
functions to compute permutations, factorials, and 
combinations. Below are instructions for ti-84 graphing 
calculators and excel. (not using a ti-84 calculator or 
excel? find the instructions for your particular calculator 
or spreadsheet on the internet.)

TI-84 Graphing Calculators
Permutation
to calculate nPr:

● enter the value for n.
● Press MAtH → PRB and select  2  (for nPr ).
● enter the value for r and then press enteR .

We illustrate with the example 54P6:

Press  5  4  MAtH → PRB, and then press  2  6 
 enteR . Here are the results.

Because the answer— 
18,595,558,800—is 
so large, the calculator 

used its version of scientific notation to report it. 

Factorial
to calculate n!:

● enter the value for n.
● Press  MAtH → PRB, select  4  (for !), and then 

press  enteR .

We illustrate with the example 6!: 

Press  6  MAtH → PRB and then press  4   enteR .

the answer should be 720 (as you should have discov-
ered in Self Check 10.)

Combination
to calculate nCr:

● enter the value for n.
● Press MAtH → PRB and select  3  (for nCr ).
● enter the value for r and then press enteR .

We illustrate with the example 54C6:

Press  5   4   MAtH → PRB and then press  3   6  
  enteR  . Here are the results.

Excel
Permutation
to calculate nPk : 

● Click on an empty cell.
● Key in the formula 5PeRMUt(the value for n, the 

value for k) and then press enter

We illustrate with the example 54P6 :

Factorial
to calculate n!:

● Click on an empty cell.
● Key in the formula 5fACt(the value for n) and 

then press enter.

We illustrate with the example 6!:

Combination
to calculate nCk: 

● Click on an empty cell.
● Key in the formula 5COMBin(the value for n, the 

value for k) and then press enter.

We illustrate with the example 54C6:

Scientific Notation
Algebra Review Appendix
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The topic of Spotlight 8.4 is determining the likelihood that a group of people 
share the same birthday. In determining this likelihood, we assume a discrete 
uniform probability model in which all days of the year are assumed to be equally 
likely to be a birthday. (While this assumption is not perfectly satisfied, it turns out 
that any deviations from it only make the probability of a match even higher.) If we 
consider the continuous uniform probability model (see Chapter 5, Exercise 73 on 
page 238) of the day and time someone is born, then more advanced mathematics 
shows that only 17 people are required for there to be at least a 50% chance that 
at least two birth times are within 24 hours of each other! In the next two sections, 
we will examine continuous and discrete probability models in more detail.

Self Check 12

Use a calculator or spreadsheet program with built-in functions for calculating per-
mutations, factorials, and combinations to determine the following: 30P7, 7!, 30C7. 

Birthday Coincidences

 
S

p O t L I G h

t8.4

if we ignore leap day (february 29), there are 365 pos-
sible birthdays a person can have. So if 366 people are 
gathered, there’s a 100% chance that at least two people 
share the same birthday. now, if only 23 people are gath-
ered, what do you think is the probability of any birthday 
matches? Guess before reading further.

now imagine these 23 people enter a room one at 
a time, adding their birthday to a list in the order they 
enter. Using n 5 365 and k 5 23, Rule A gives us the 
total number of lists of 23 birthdays: 36523. Rule B gives 
us how many of those lists have birthdays that are all 
different: 365P23. Using the rule for equally likely out-
comes (assuming each day of the year is equally likely to 
be a randomly chosen person’s birthday), we conclude 
that the probability of all birthdays being different is 
the result from Rule B divided by the result from Rule A:

  
 365P 23  _____ 
 365 23 

   5   365  364  · · ·  343   _____________________  
36523  

Alternatively, we could assume independence of 
birthdays and use Probability Rule 6 (multiplication rule 
for independent events). the second person who walks 
in has a 364/365 chance of not matching person #1. 
the third person who walks in has a 363/365 chance of 
not matching persons #1 or #2, and so on. Verify that 
you get the same product by multiplying this string of 
fractions:

  364 ____ 
365

      363 ____ 
365

     · · ·     343 ____ 
365

  

either way, our final step to find the probability of 
getting at least one match is to subtract that answer 
from 1 (using Rule 3, the complement rule), and we 
obtain the surprisingly high value of 51%!

A rough way to make the result seem plausible 
(devised by Manfred Borovcnik, a researcher in probability 
and statistics education) is to say that with 23 people, 
you would expect to have about two people born in 
each month. in one month, the chance that one person 
matches someone else’s birthday is about 1/30. expecting 
“1/30 of a match” per month adds up to 12/30 of a 
match for the year, and 12/30 is not much less than 50%.

Because we underestimate the number of potential 
opportunities for “coincidences,” we are surprised that 
they happen as often as they do. But as statistician 
Jessica Utts notes, if something has a one in a million 
chance of happening to any person on a given day, this 
rare event will happen to roughly 300 people in the 
United States each day!
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8.6 Continuous Probability Models 371

8.6 Continuous Probability Models
When we use the table of random digits (Table 7.1, page 298) to select a digit 
between 1 and 9, the discrete probability model assigns probability   1 __ 10   to each 
of the 10 possible outcomes. Suppose we want to choose a number at random 
between 0 and 1, allowing any number between 0 and 1 as the outcome. You can 
do this with technology, such as by using the TI-84 calculator command sequence  
MATH → PRB → rand or the Microsoft Excel spreadsheet software command 5 
RAND( ). [Recall that Spotlight 7.1 on page 300 uses RAND( ) to select a random 
sample.] You can visualize such a random number by thinking of a spinner needle 
(Figure 8.16) that turns freely around its center and slowly comes to a stop. The 
pointer can come to rest anywhere on a circle that is marked from 0 to 1.

The sample space is now an entire interval of numbers:

S 5 {all numbers x such that x is between 0 and 1}

How can we assign probabilities to events such as {0.3 # x # 0.7}? See Figure 8.17.

0

1
2 = .50

= .25.75 = 3
4

1
4

Figure 8.16 this 
spinner chooses a 
number between 0 and 
1 at random. that is, it is 
equally likely to stop at 
any point on the circle.

0.0

0.5
0.6 0.4

0.30.7 Figure 8.17 finding 
the probability that the 
spinner will point to a 
number between 0.3  
and 0.7.

As in the case of selecting a random digit, we would like all possible outcomes 
to be equally likely. But we cannot assign probabilities to each individual value of 
x and then sum because there are infinitely many possible values—too many to 
count or list. Instead, we use a second way of assigning probabilities directly to 
events—as areas under a curve. By Probability Rule 2, the curve must have a total 
area of 1 underneath it, corresponding to a total probability of 1. We call such 
curves density curves, which were introduced in Chapter 5 (see Example 15, 
page 210). We restate the definition here.
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C h a p t e r  8   |  Probability: The Mathematics of Chance372

A density curve is a curve that

● is always on or above the horizontal axis 
● has an area of exactly 1 underneath it

Density Curve  Definit iOn

The random-number generator will spread its output uniformly across the 
entire interval from 0 to 1 if we allow it to generate many numbers. The results of 
many trials are represented by the density curve of a uniform probability model. This 
density curve appears in red in Figure 8.18. It has a height of 1 over the interval 
from 0 to 1, and a height of 0 everywhere else. The area under the density curve is 
1, the area of a square with a base of 1 and height of 1. The probability of generat-
ing a number in any interval is the area above that interval and under the density 
curve. (This density curve showed up in Chapter 5, Exercise 73, page 238.)

As Figure 8.18a illustrates, the probability that the random-number generator 
produces a number X between 0.3 and 0.7 inclusive is 

P(0.3 # X # 0.7) 5 0.4

because the rectangular area under the density curve above the interval from 0.3 
to 0.7 is 0.4. (The area of a rectangle is the product of its height and length. The 
height of this density curve is 1, and the width of this interval is 0.7 2 0.3 5 0.4. 
So the area is 1  0.4 5 0.4.)

A continuous probability model is a probability model that assigns probabilities 
as areas under a density curve. The area under the curve and above any interval of 
values is the probability of an outcome in that interval.

Continuous Probability Model  Definit iOn

0 0.3 0.7 1

Area � 0.4

0 0.5 0.8 1

11
Area � 0.2Area � 0.5

(a) (b)

Figure 8.18 Assigning probabilities for generating a random number between 0 and 1 inclusive 
for the spinner of figure 8.16. (a) the probability of an outcome between 0.3 and 0.7. (b) the 
probability of an outcome less than 0.5 or greater than 0.8.
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8.6 Continuous Probability Models 373

Also, we can apply Probability Rule 4 (addition rule for disjoint events) to non-
overlapping intervals such as

P(X , 0.5 or X  0.8) 5 P(X , 0.5) 1 P(X  0.8)
5 0.5 1 0.2 5 0.7

The last event consists of two non-overlapping intervals, so the total area above 
the event is found by adding two areas, as illustrated by Figure 8.18b. This assign-
ment of probabilities obeys all our rules for probability.

The probability model for a continuous random variable assigns probabilities 
to intervals of outcomes rather than to individual point outcomes. In fact, all 
continuous probability models assign probability 0 to every individual outcome. Only 
intervals of values have positive probability. To see that this is true, consider a 
specific outcome such as P(X 5 0.6) in Figure 8.18. In this example, the prob-
ability of any interval is the same as its length. The point 0.6 has no length, so 
this probability is 0.

Roundoff Error: Application of the Continuous Uniform Model

Before data values are presented, they sometimes get rounded to, say, the nearest whole 
number for ease of reading. for example, rounding 32.7 to 33 creates a roundoff error of 
32.7 2 33 5 2 0.3, and rounding 14.17 to 14 yields a roundoff error of 14.17 2 14 5 
0.17. Roundoff error can be critical to keep track of in data analysis and is one of many 
applications of the continuous uniform probability model. By rounding to the nearest 
whole number, the absolute value of the roundoff error cannot exceed   1 _ 2  , and it is usually 
assumed that each roundoff error is equally likely to be any number between 20.5 and 
0.5. note that this example shows that so long as the total area under the density curve is 
1, there is no reason the horizontal axis variable has to be between 0 and 1.

EXAMPLE 18

Rounding Numbers
Algebra Review Appendix

−0.7 −0.6 −0.5 −0.4 −0.3 −0.2 −0.1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.0

0.2

0.4

0.6

1.0

1.2

0.8

0.2

0.4

0.6

1.0

1.2

0.8

Figure 8.19 Density curve for uniform distribution on the interval from 20.5 to 0.5.

Going further, the horizontal axis variable is also not limited to an interval of 
length 1. For example, consider choosing a random number from the continuous 
interval from 1 to 3. For a rectangular area under a density curve to remain 1, a 
horizontal base of length 3 2 1 5 2 would require the vertical height to be   1 _ 2  .
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Self Check 13

Suppose you want to pick a random number from the uniform distribution over 
the interval from 2 to 6.
(a) Draw the graph of a uniform density curve on the interval from 2 to 6. 
(b)  Find the probability that a randomly selected number X lies between 3 and 5. 

In other words, find P(3 # X # 5). ■

The density curves that are most familiar to us are the normal curves, which 
were introduced in Chapter 5. Because any density curve describes an assign-
ment of probabilities, normal distributions are continuous probability models. Recall 
the total area under a normal curve is 1. Let’s revisit Example 17 from Chapter 7 
(page 319), using the language of probability.

Areas under a Normal Curve Are Probabilities

Suppose that 60% of adults agree with this statement: “Most people who want to get 
ahead can make it if they’re willing to work hard.” All adults form a population, with 
population proportion p 5 0.6. interview an SRS of 1500 people from this population 
and find the proportion p^ of the sample who agree with the statement. We know that 
if we take many such samples, the statistic p^ will vary from sample to sample according 
to a normal distribution, with

mean 5 p 5 0.6 

standard deviation 5  
_________

   
p(1 2 p)

 ________ n     

5  
_________

   (0.6)(0.4) ________ 
1500

      0.013 (rounded to three decimal places)

the 68295299.7 rule now gives probabilities for the value of p^ from a single SRS. the 
probability is 0.95 that p^ lies between 0.574 and 0.626 (within 2 standard deviations of 
the mean). figure 8.20 shows this probability as an area under the normal density curve.

All that is new is the language of probability. “Probability is 0.95” is shorthand for 
“95% of the time in a very large number of samples.”

EXAMPLE 19

Mean 0.600

0.600 0.613 0.626 0.6390.561 0.574 0.587

Standard
deviation = 0.013

Probability is 0.95 of
being within 2 standard
deviations of the mean

Figure 8.20 Probability shown as the area under a normal curve. the 68295299.7 rule gives 
some probabilities for normal probability models.
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8.7 The Mean and Standard Deviation of a Probability Model  375

8.7  The Mean and Standard Deviation 
of a Probability Model

We return to a discrete probability model governing possible bets. Suppose that 
you are offered this choice of bets, each costing the same:

Bet A pays $10 if you win and you have probability   1 _ 2   of winning

Bet B pays $10,000 if you win and offers probability   1 __ 10   of winning

It would be foolish to decide which bet to make just on the basis of the prob-
ability of winning. How much you can win is also important. When a random 
phenomenon has numerical outcomes, we are concerned with their amounts as 
well as with their probabilities.

What will be the average payoff of our two bets in many plays? Recall that the 
probabilities are the long-run proportions of plays in which each outcome occurs. 
Bet A produces $10 half the time in the long run and nothing half the time. So the 
average payoff should be

  $10    1 __ 2     1   $0    1 __ 2     5 $5

Bet B, on the other hand, pays out $10,000 on   1 __ 10   of all bets in the long run. So 
bet B’s average payoff is

  $10,000    1 ___ 10      1   $0    9 ___ 10     5 $1000

If you can place many bets, you should certainly choose B. In general, to take 
into account values and probabilities at the same time, we can add up the values, 
each weighted by their respective probability, so that more likely values get more 
weight. Here is a procedure of the kind of “average outcome” that we used to 
compare the two bets.

Step 1.  Make a table with two rows. The first row needs to list all the possible 
numerical outcome values in the sample space. 

Step 2.  In the second row of the table, list the respective probabilities of each of the 
outcome values from the first row of the table.

Step 3.  Write (or imagine) a third row where each entry is the product of the two 
items in the same column from the first two rows. Now add up all the 
values in the third row, and you will get the mean of the discrete probability 
model, which we designate as m.

Mean of a Discrete Probability Model PROCeDURe

We can express the above procedure with algebraic notation. If there are k 
possible outcome values, we can use a subscript as an index in labeling each of 
the k outcomes as follows: x1, x2, · · · , xk. If we write their respective corresponding 
probabilities, p1, p2, · · · , pk, then the mean m of a discrete probability model can be 
calculated as follows:

m 5 x1 p1 1 x2 p2 1 · · · 1 xk pk

Sometimes the mean m of a probability model is referred to as the expected value.
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C h a p t e r  8   |  Probability: The Mathematics of Chance376

As shown in Example 20, the mean m describes the probability model rather 
than any one collection of observations from a sample. The lowercase Greek letter 
mu (m) is pronounced “myoo.” The mean family size in Example 20 is m 5 3.22. 
We know that it is not possible to have a family of 3.22 people. Instead, think of 
m as a theoretical mean that gives the average outcome that we expect in the long 
run. In the case of family size, we would expect the long-run average, over many, 
many, many families, to be 3.22.

Mean Family Size

the first two rows in table 8.8 give a probability distribution for U.S. family size, x. 
(Although there are some families that have more than eight members, the likelihood 
is so small that we ignored this possibility in the discrete probability model.) the third 
row shows Step 3 in the procedure for calculating the mean—it contains the products 
of family size and corresponding probability.

TAbLE 8.8 Discrete Probability Model of U.S. Family Size 

xi 1 2 3 4 5 6 7 8

pi 0.15 0.23 0.19 0.23 0.12 0.05 0.02 0.01

(xi ) (pi ) 0.15 0.46 0.57 0.92 0.6 0.3 0.14 0.08

to calculate the mean, simply sum the entries in the third row:

m 5 0.15 1 0.46 1 0.57 1 0.92 1 0.60 1 0.30 1 0.14 1 0.08 5 3.22

in Chapter 5 (page 197), we discussed the sample mean  
_
 x , the average of n observations 

that we actually have in hand. take, for example, the data below on family size from a 
random sample of 30 families in the United States.

2  5  1  5  7  1  1  3  5  3
2  1  2  2  3  4  3  5  5  5
7  1  2  1  3  5  2  5  5  5

in this case, the sample mean  
_
 x  is computed by summing the data values and dividing 

by 30:  
_
 x  5 3.367.

EXAMPLE 20

The Mean of the Probability Model for benford’s Law

in Self Check 8, you were asked to create the first digits for 20 fictitious invoice num-
bers. to ensure these numbers were random, you used a random digits table. that way 
each integer, 1 through 9, was equally likely to be chosen as a first digit. the table 
below shows the probability model governing your selection of first digits. 

First digit 1 2 3 4 5 6 7 8 9

Probability   1 _ 9    1 _ 9    1 _ 9    1 _ 9    1 _ 9    1 _ 9    1 _ 9    1 _ 9    1 _ 9  

the mean of this model is

m 5 (1)    1 __ 
9

     1 (2)    1 __ 
9

     1 (3)    1 __ 
9
     1 (4)    1 __ 

9
     1 (5)    1 __ 

9
     1 (6)    1 __ 

9
     1 (7)    1 __ 

9
     1 (8)    1 __ 

9
     1 (9)    1 __ 

9
     5 5

EXAMPLE 21
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8.7 The Mean and Standard Deviation of a Probability Model  377

Self Check 14

A small business finds that the number of employees who call in sick on any given 
day can be described by the following probability model. Calculate the mean num-
ber of employees who call in sick on any given day.

Number who call in sick, x 0 1 2 3 4

Probability, p 0.49 0.26 0.15 0.07 0.03 ■

What about continuous probability models? Think of the area under a density 
curve as being cut out of solid homogenous material. The mean m is the point at 
which the shape would balance. Figure 8.22 illustrates this interpretation of the 
mean. The mean lies at the center of symmetric density curves, such as the uniform 
density in Figure 8.18 (page 372) and the normal curve in Figure 8.20 (page 374). 
Exact calculation of the mean of a distribution with a skewed density curve requires 
advanced mathematics. 

if, on the other hand, legitimate records obey Benford’s law, the distribution of the 
first digit is

First digit 1 2 3 4 5 6 7 8 9

Probability 0.301 0.176 0.125 0.097 0.079 0.067 0.058 0.051 0.046

the mean of Benford’s model is

m 5 (1) (0.301) 1 (2)(0.176) 1 (3)(0.125) 1 (4)(0.097) 1 (5)(0.079) 

1 (6)(0.067) 1 (7)(0.058) 1 (8)(0.051) 1 (9)(0.046)  3.441.

the comparison of means between Benford’s law and random digits, 3.441 , 5, 
reflects the greater probability of smaller first digits under Benford’s law. Probability 
histograms for these two models appear in figure 8.21. Because the histogram for 
random digits (figure 8.21a) is symmetric, the mean lies at the center of symmetry. We 
can’t determine the mean of the right-skewed Benford’s law model precisely by simply 
looking at figure 8.21b; calculation is needed.

First digit

0.4

0.3

0.2

0.1

0.0
0 1 2 3 4 5 6 7 8 9

Pr
ob

ab
ilit

y

(a)

First digit

(b)

0.4

0.3

0.2

0.1

0.0
0 1 2 3 4

Mean

5 6 7 8 9

Pr
ob

ab
ilit

y

Mean

Figure 8.21 Probability histograms of two models for first digits in numerical records. the 
mean of each distribution is marked. (a) Digits are equally likely. (b) Digits follow Benford’s law. 
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The mean m is an average outcome in two senses. The definition for discrete 
probability models says that it is the average of the possible outcomes weighted 
by their probabilities. More likely outcomes get more weight in the average. An 
important fact of probability, the law of large numbers, says that m is the average 
outcome in another sense as well.

Figure 8.22 the mean of a continuous probability model is the “balance point” for the 
density curve.

Observe any random phenomenon having numerical outcomes with finite mean m. 
According to the law of large numbers, as the phenomenon is repeated a large 
number of times, the following occurs:

●  The proportion of trials in which an outcome occurs gets closer and closer to the 
probability of that outcome.

● The mean  
_
 x  of the observed values gets closer and closer to m.

Law of Large Numbers  tHeOReM

The Law of Large Numbers and the Gambling business

the law of large numbers explains why gambling can be a business. in a casino, the house 
(i.e., the casino) always has the upper hand. even when the edge is very small, such as 
in blackjack—where according to “the Wizard of Odds,” the house edge is only around 
0.3%—the casino makes money. the house edge is defined as the ratio of the average loss 
to the initial bet. that means for every $10 initial bet, the gambler will lose, on average, 
0.003  $10 5 $0.03, or 3 cents per game. Over thousands and thousands of gamblers 
and games, that small edge starts to generate big revenues. Unlike most gamblers, casinos 
are playing the long game and not just hoping for a short-term payout. 

the winnings (or losses) of a gambler on a few plays are highly variable or uncer-
tain; that’s why gambling is exciting. it is only in the long run that the mean outcome 
is predictable. take, for example, roulette. An American roulette wheel has 38 slots, 
with numbers 1 through 36 (not in order) on alternating red and black slots and 0 and 
00 on two green slots. the dealer spins the wheel and whirls a small ball in the oppo-
site direction within the wheel. Gamblers bet on where the ball will come to rest (see  
figure 8.23). One of the simplest wagers is to choose red. A bet of $1 on red pays off 
an additional $1 if the ball lands in a red slot. Otherwise, the player loses the $1.

EXAMPLE 22

Figure 8.23 One round of blackjack and roulette. (a) A winning hand in blackjack! 
(b) Red wins!

Ju
lia

n 
Ro

va
gn

at
i/

Sh
ut

te
rs

to
ck

ne
xu

s 
7/

Sh
ut

te
rs

to
ck

Comap_10e_ch08.indd   378 8/31/15   5:38 PM

© 20
16

 W
. H

. F
ree

man
 an

d C
o.



8.7 The Mean and Standard Deviation of a Probability Model  379

We know that the simplest description of a distribution of data requires both 
a measure of center and a measure of variability. The same is true for probability 
models. The mean is the average value for both a set of data and a discrete prob-
ability model. All the observations are weighted equally in finding the mean  

_
 x  

for data, but the values are weighted by their probabilities in finding the mean m 
of a probability model. The measure of variability that goes with the mean is the 
standard deviation. In Section 5.7, on page 203, we learned that the standard 
deviation s of data is the square root of the average squared deviation of the obser-
vations from their mean. We apply exactly the same idea to probability models, 
using probabilities as weights in the average. Here is the definition.

Lou bets on red. He wins if the ball stops in one of the 18 red slots. He loses if it 
lands in one of the 20 slots that are black or green. Because casino roulette wheels are 
carefully balanced so that all slots are equally likely, the probability model is

Net Outcome for Gambler

Win $1       Lose $1

Probability   18 ___ 
38

   5 0.474       20 ___ 
38

   5 0.526

the mean outcome of a single $1 bet on red is

m 5 ($1)     18 ___ 
38

     1 (2$1)     20 ___ 
38

    
5 2$  2 ___ 

38
   5 2$0.053 (a loss of 5.3 cents)

the law of large numbers says that the mean m is the average outcome of a very 
large number of individual bets. in the long run, gamblers will lose (and the casino will 
win) an average of 5.3 cents per bet.

So the house, unlike individual gamblers, can count on the long-run regularity 
described by the law of large numbers. the average winnings of the house on tens 
of thousands of plays will be very close to the mean of the distribution of winnings. 
needless to say, gambling games have mean outcomes that guarantee the house a 
profit; though, as we have seen, some games such as blackjack give the house a smaller 
advantage than others such as keno. (According to “the Wizard of Odds,” the house 
edge on keno is 25% to 29%!)

Self Check 15

On the roulette wheel described in Example 22, you can also bet on the ball landing 
on the numbers 1 through 12, in which case the payout is $2 on an initial bet of $1. 

(a) What is the probability that the gambler wins? Loses?
(b)  For each $1 bet, what are the expected winnings for the house (or losses for 

the gambler)? How does the house edge in this game compare with the house 
edge in betting on red? ■

Suppose that the possible outcomes x1, x2, . . ., xk in a sample space S are numbers, 
and that pj is the probability of outcome xj. The standard deviation of a discrete 
probability model with mean m is denoted by the lowercase Greek letter sigma 
(s) and is given by this formula:

s 5  
______________________________________

    (x1 2 m)2 p1 1 (x2 2 m)2 p2 1 · · · 1 (xk 2 m)2 pk  

Standard Deviation of a Discrete Probability Model  Definit iOn
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C h a p t e r  8   |  Probability: The Mathematics of Chance380

Finding the standard deviation of a continuous probability model usually 
requires advanced mathematics (calculus). Section 5.8 provided the answer in one 
important case (see page 213): The standard deviation of a normal curve is the dis-
tance from the center (the mean) to the change-of-curvature point on either side.

8.8 The Central Limit Theorem
The key to finding a confidence interval that estimates a population proportion 
(Chapter 7) is the fact that the sampling distribution of a population proportion 
is close to normal when the sample is large. This fact is an application of one of 
the most important results of probability theory, the central limit theorem. This 
theorem says that the distribution of any random phenomenon tends to be normal 
if we average it over a large number of independent repetitions. The central limit 
theorem allows us to analyze and predict the results of chance phenomena when 
we average over many observations.

Standard Deviation of the Probability Model for benford’s Law

if the first digits in a set of records obey Benford’s law, the discrete probability model 
is as follows:

First digit 1 2 3 4 5 6 7 8 9

Probability 0.301 0.176 0.125 0.097 0.079 0.067 0.058 0.051 0.046

We saw in example 21 that the mean is m 5 3.441. to find the standard deviation, 

s 5  
_______________________________________

    (x1 2 m)2 p1 1 (x2 2 m)2 p2 1 · · · 1 (xk 2 m)2 pk   

5  
________________________________________________________________

       (1 2 3.441)2 (0.301) 1 (2 2 3.441)2 (0.176) 1  · · ·  1 (9 2 3.441)2 (0.046)   

5  
______________________________

    1.7935 1 0.3655 1  · · ·  1 1.4215   

5  
______

 6.061    2.46

You can follow the same pattern to find the standard deviation of the equally likely 
model and show that the Benford’s law model, by virtue of clustering near the left side, 
has less variability than the equally likely model.

EXAMPLE 23

Self Check 16

Return to the distribution of net outcomes for betting on red at the roulette wheel 
from Example 22 (page 378). You know that m 5 20.053. Find the standard devia-
tion for a single $1 bet on red. ■

Draw an SRS of size n from any large population with mean m and finite standard 
deviation s. Then

●  The mean of the sampling distribution of  
_
 x  is m.

●  The standard deviation of the sampling distribution of  
_
 x  is   s ____  

__
 n     .

●  The central limit theorem says that the sampling distribution of  
_
 x  is 

approximately normal when the sample size n is large (n $ 30).

Central Limit Theorem  tHeOReM
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8.8 The Central Limit Theorem 381

The first two parts of this statement can be proved from the definitions 
of the mean and the standard deviation. They are true for any sample size n. 
The central limit theorem is a much deeper result. Pay attention to the fact 
that the standard deviation of a mean decreases as the number of observa-
tions n increases. Together with the central limit theorem, this supports 
three general statements that help us understand a wide variety of random 
phenomena:

●  Averages are less variable than individual observations.
●  Averages are more normal than individual observations.
●  Averages of large samples are less variable and more normal than averages of 

smaller samples.

The Central Limit Theorem applet (see Applet Exercise 4, page 399) enables 
you to watch the central limit theorem in action. You can select a distribu-
tion that is strongly skewed, not at all normal. As you increase the size of the 
sample, the distribution of the mean  

_
 x  gets closer and closer to the normal 

shape.

Heights of Young Women

the distribution of heights of young adult 
women is approximately normal, with mean 
64.5 inches and standard deviation 2.5 inches. 
this normal distribution describes the popula-
tion of young women. it is also the prob-
ability model for choosing one woman at 
random from this population and measuring 
her height. for example, the 68295299.7 
rule says that the probability is 0.95 that a 
randomly chosen woman is between 59.5 and 
69.5 inches tall.

now choose an SRS of 25 young women 
at random and take the mean  

_
 x  of their heights. the mean  

_
 x  varies in repeated samples; 

the pattern of variation is the sampling distribution of  
_
 x . the sampling distribution has 

the same center (m 5 64.5 inches) as the population of young women. the standard 
deviation of the sampling distribution of   

_
 x   is

   s ____ 
 

__
 n  
   5   2.5 _____ 

 
___

 25  
     5    2.5 ___ 

5
   5 0.5 inches

the standard deviation s describes the variation when we measure many individual 
women. the standard deviation s/ 

__
 n   of the distribution of  

_
 x  describes the variation in 

the average heights of samples of women when we take many samples. the average 
height is less variable than individual heights.

figure 8.24 compares the two distributions: Both are normal and both have the 
same mean, but the average height  

_
 x  of 25 randomly chosen women has much less vari-

ability. for example, the 68295299.7 rule says that 95% of all averages  
_
 x  lie between 

63.5 and 65.5 inches because two of  
_
 x ’s standard deviations make 1 inch. this 2-inch 

span is just one-fifth as wide as the 10-inch span that catches the middle 95% of 
heights for individual women.

EXAMPLE 24
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The central limit theorem says that in large samples, the sample mean  
_
 x  

is approximately normal. In Figure 8.24, we show a normal curve for  
_
 x  even 

though the sample size of 25 is not very large. Is that acceptable? How large 
a sample is needed for the central limit theorem to work depends on how far 
from a normal curve the model we start with is. The closer to normality we 
start, the quicker the distribution of the sample mean becomes normal. In fact, 
if individual observations follow a normal curve, the sampling distribution of  
_
 x  is exactly normal for any sample size. So Figure 8.24 is accurate. The central 

limit theorem is a striking result because as n gets large, it works for any model 
we may start with, no matter how far it is from normal—as you will see in 
Example 25. 

Lou Gets Entertainment

Return to example 22 (page 378) and to Lou, who bets on red at the roulette wheel. 
figure 8.25 shows the probability model and corresponding probability histogram for 
Lou’s favorite bet.

the probability model in figure 8.25 is discrete, with just two possible outcomes: 
win $1 or lose $1. Yet the central limit theorem says that the average outcome of many 
bets follows a normal curve. Lou is a habitual gambler who places 50 bets of $1 on 
red almost every night. Because we know the probability model for a bet on red, we 
can simulate Lou’s experience over many nights at the roulette wheel. the histogram in 
figure 8.26, made from a simulation of 1000 nights, shows Lou’s average winnings per 
bet,  

_
 x  , from n 5 50 bets. 

As the central limit theorem says, the distribution looks normal and all we need 
to completely specify the normal curve shown in figure 8.26 is its mean and standard 
deviation. for that we return to the distribution of outcomes for one bet on red in  
figure 8.25. from example 22 (page 378) and Self Check 16 (page 380) we know that 

EXAMPLE 25

64.5
Height (inches)

67 69.5 726259.557

Distribution of heights
of individual women

Sampling distribution of
the mean height of an
SRS of 25 women

Figure 8.24 the sampling distribution of the average height of an SRS of 25 women 
has the same center (mean) as the distribution of individual heights but has much less 
variability because   2.5

 ____ 
 

___
 25  
   , 2.5.
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x

Wins $1

1

Loses $1

−1

20
38 ≈ 0.52618

38 ≈ 0.474Probability

Outcome for Lou,

−1 10
0.0

Pr
ob

ab
ilit

y

Outcome

0.1

0.2

0.3

0.4

0.5

0.6

Figure 8.25 the probability model and probability histogram for betting on red at the 
roulette wheel.

the mean and standard deviation are m 5 2$0.053 and s 5 $0.9986, respectively. 
next, we use the information from the central limit theorem to specify the mean and 
standard deviation of the average outcome,  

_
 x , from n 5 50 bets.

mean 5 m  2$0.053

standard deviation 5   s ____ 
 

__
 n  
   5   $0.9986 ________ 

 
___

 50  
    $0.141

now that we have completely specified the approximate distribution of   
_
 x  , we can apply 

the 99.7 part of the 68295299.7 rule from Section 5.9 (page 216): Almost all average 
nightly winnings per bet will fall within 3 standard deviations of the mean, that is, between

2$0.053 2 (3)($0.141) 5 2$0.476

and

2$0.053 1 (3)($0.141) 5 $0.370

–0.5 –0.4 –0.3 –0.2 –0.1 0.0
Average winnings (in $) per dollar bet for a 50-bet night

0.1 0.2 0.3 0.4 0.5

Figure 8.26 (Approximately normal) histogram of a gambler’s winnings from a simulation 
of 1000 nights, where each night had 50 bets on red (or black) in roulette.
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The casino, however, is in a different position than individual gamblers such as 
Lou. It doesn’t want rollercoaster excitement, just steady income. As we’ll see from 
Example 26, that is exactly what they get.

this gives us a 99.7% confidence interval for Lou’s mean winnings per bet, m: between 
2$0.476 and $0.370. 

What is more interesting to Lou is not average winnings per bet, but total winnings 
for the whole 50-bet night. to find this out, Lou can simply multiply both endpoints 
from the preceding 99.7% confidence interval by 50. So Lou’s total winnings after  
50 bets of $1 each will almost surely fall between

(50)(2$0.476) 5 2$23.80

and

(50)($0.370) 5 $18.50

each night, Lou may win as much as $18.50 or lose as much as $23.80. note that 
he will usually lose more on a bad night than he will win on a good night. Some people 
find gambling exciting because the outcome, even after an evening of bets, is uncertain. 
it is possible to beat the odds and walk away a winner. it’s all a matter of luck.

The Casino Gets Rich

the casino bets with all its customers—perhaps 100,000 individual red/black roulette 
bets in a week. the central limit theorem guarantees that the distribution of average 
customer winnings on 100,000 bets is very close to normal. the mean, from the gam-
bler’s point of view, is still the mean outcome for one bet, 2$0.053, a loss of 5.3 cents 
per dollar bet. the key point is that the standard deviation is much smaller when we 
average over 100,000 bets. it is

   s ____ 
 

__
 n  
   5   0.9986 __________ 

 
________

 100,000  
   5 $0.003

Here is what the 99.7% confidence interval estimate of the average result looks like 
after 100,000 bets:

mean  3 standard deviations
5 2$0.053  (3)($0.003)
5 2$0.053  $0.009, which generates an interval from 2$0.062 to 2$0.044.

Because the casino covers so many bets, the standard deviation of the average win-
nings per bet becomes very small. not only is the mean negative, but the entire 99.7% 
confidence interval is also in the negative region, so the total result is virtually certain 
to be in the casino’s favor. the gamblers’ losses and the casino’s winnings are almost 
certain to average between 4.4 and 6.2 cents for every dollar bet. 

the gamblers who collectively place those 100,000 bets will lose money. the prob-
able window of their losses is

(100,000)(2$0.062) 5 2$6200 to (100,000)(2$0.044) 5 2$4400

the gamblers are almost certain to lose—and the casino is almost certain to  
collect—between $4400 and $6200 on those 100,000 bets. What’s more, the interval 
of average outcomes continues to narrow as still more bets are made. that is how a 
casino can make a business out of gambling.

EXAMPLE 26
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385Review Vocabulary

Review Vocabulary

Addition rule (general) The probability that one event 
or the other occurs is the sum of their individual 
probabilities minus the probability of any overlap they 
have. (p. 351)

Central limit theorem The average of many independent 
random outcomes is approximately normally distributed. 
When we average n independent repetitions of the 
same random phenomenon, the resulting distribution 
of outcomes has mean equal to the mean outcome of a 
single trial and standard deviation equal to 1/ 

__
 n   times 

the standard deviation of a single trial. (p. 380)

Combination An unordered collection of k items chosen 
(without allowing repetition) from a set of n distinct 
items. (p. 367)

Combinatorics The branch of mathematics that studies 
how to count and choose elements. (p. 363)

Complement of an event The complement of an event A is 
the event “A does not occur,” which is denoted AC. (p. 350)

Complement rule The probability that an event does 
not occur is 1 minus the probability that the event does 
occur: P(AC  ) 5 1 2 P(A). (p. 350)

Conditional probability Written as P(A|B), this can be 
computed by dividing the probability that both events 
occur by the probability that B occurs. (pp. 356, 357)

Continuous probability model A probability model that 
assigns probabilities to events as areas under a density 
curve. (p. 372)

Density curve A curve that is always on or above the 
horizontal axis and has area exactly 1 underneath it. A 
density curve describes a continuous probability model. 
(pp. 371, 372)

Discrete probability model A probability model that 
assigns probabilities to each of a countable number of 
possible outcomes. (p. 361)

Disjoint (mutually exclusive) events Events that have no 
outcomes in common. (p. 350)

Event A collection of possible outcomes of a random 
phenomenon; a subset of the sample space. (p. 346)

Factorial The product of the first n positive integers is n 
factorial, denoted as n! (pp. 365, 366)

Fundamental principle of counting A multiplicative method 
for counting outcomes of multistage processes. (p. 363)

Independent events Events that do not influence each 
other’s probability of occurring. Two events A and B are 
independent if P(A) 5 P(A | B). (p. 354)

Law of large numbers As a random phenomenon is 
repeated many times, the mean  

_
 x  of the observed 

outcomes approaches the mean m of the probability 
model. (p. 378)

Mean of a discrete probability model The average 
outcome of a random phenomenon with numerical 
values. When possible values x1, x2, . . ., xk have 
probabilities p1, p2, . . . , pk, the mean is the average of the 
outcomes weighted by their probabilities, m 5 x1p1 1 x2 p2 
1 · · · 1 xk  pk. Also called expected value. (p. 375)

Multiplication rule for independent events If two events 
are independent, then the probability that one event and 
the other both occur is the product of their individual 
probabilities: P(A and B) 5 P(A)  P(B), when A and B 
are independent events. (p. 356)

Permutation An ordered arrangement of k items chosen 
(without allowing repetition) from a set of n distinct 
items. (pp. 364, 365)

Probability A number between 0 and 1 that gives 
the long-run proportion of repetitions of a random 
phenomenon on which an event will occur.  
(pp. 343, 344)

Probability histogram A histogram that displays a discrete 
probability model when the outcomes are numerical. The 
height of each bar is the probability of the event at the 
base of the bar. (p. 353)

Probability model A sample space S together with an 
assignment of probabilities to events. The two main types 
of probability models are discrete and continuous. 
(pp. 345, 346)

Random A phenomenon or trial is random if it is 
uncertain what the next outcome will be, but each 
outcome nonetheless tends to occur in a fixed proportion 
of a very long sequence of repetitions. These long-run 
proportions are the probabilities of the outcomes. (p. 343)

Sample space The set of all possible (simplest) outcomes 
of a random phenomenon. If the outcomes in a sample 
space can be listed, the sample space is discrete. (p. 345)

Standard deviation of a discrete probability model A 
measure of the variability of a probability model. When 
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386 C h a p t e r  8   |  Probability: The Mathematics of Chance

the possible values x1, x2, . . ., xk have probabilities 
p1, p2, . . ., pk, the standard deviation is the square root of 
the average (weighted by probabilities) of the squared 

deviations from the mean: 

s 5  
____________________________________

    (x1 2 m)2 p1 1 (x2 2 m)2 p2 1 · · · 1 (xk 2 m)2 pk     (p. 379)

Self Check Answers

1.

 

L
R

R

S

S

L

L

R

S

L

R

S

S 5 {RR, RS, RL, SR, SS, SL, LR, LS, LL}

2. Following the diagonal directly above the longest 
rising diagonal shows five possibilities for a sum of 6. The 
probability is 5/36.

3.  (a) Let A 5 worker uses public transportation 
and B 5 worker walks. P(A or B) 5 P(A) 1 P(B) 5 
0.050 1 0.028 5 0.078. 

  (b) Let A 5 worker drives to work; P(AC) 5 
1 2 P(A) 5 1 2 0.860 5 0.140. 

4. P(B) 5   1 _ 6  . Next, we find P(B|A). Event A, 
shown in the blue rectangle, has six outcomes,  
each of which is equally likely. Given A has occurred, 
there is only one way to get a sum of 7 (red 5 1 and 
green 5 6). P(B|A) 5   1 _ 6   5 P(B). Therefore, A and B are 
independent. 

                                                     Green die
1                      2                     3                     4                     5                     6  

Event A

1 

 2  

3 

4 

5

6 

Re
d 

di
e

5. 

Outcome Positive test Negative test

Conditional probability 
given no arsenic

1 2 0.86 5 
0.14

0.86

6. P(A and 1) 5 (0.5)(0.97) 5 0.485

        P(1) 5 P(A and 1) 1 P(AC and 1) 

            5 0.485 1 (0.5)(0.14) 5 0.555

   P(A|1) 5   
P(A and 1)

 __________ 
P(1)

   5   0.485 _____ 0.555    0.874
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Skills Check 387

Should be worried; the chance that arsenic is in the 
water, given the test was positive, is high. 

7. (a) P(rolls doubles within first three tries)

      5   1 __ 6   1   5 __ 
62   1   5

2
 __ 

63    0.42

 (b) 

Skills Check

 (b) Permutation: 15P3 5   15! ________ 
(15 2 3)!

   5 (15)(14)(13) 

 5 2730

12. 30P7 5 10,260,432,000; 7! 5 5,040; 30C7 5 2,035,800

13.  (a) The graph of the density curve (a) along with 
shaded region corresponding to part (b) appears 
below.Number of 

rolls until 
sum 7

1 2 3 4 5    n   

Probability   5 ___ 
12

    7  5 ____  12 2      7 2   5
 ____ 

 12 3 
     7 3   5

 ____ 
 12 4 

     7 4   5
 ____ 

 12 5 
        7 n21   5 ______  12 n   

  

Number who 
call in sick, x

0 1 2 3 4

Probability, p 0.49 0.26 0.15 0.07 0.03

Product, x  p 0 0.26 0.30 0.21 0.12

  (c) This rule makes it less likely that players will 
spend a long time in jail. P(getting out of jail within 
first three rolls) 5   1385

 ___ 1728    0.80, which is nearly twice 
the probability under the Donovans’ old rules. 

8.  (a) Using the table, the first digits on the invoice 
numbers are: 

6, 8, 4, 1, 7, 3, 5, 1, 3, 1, 5, 5, 2, 9, 7, 2, 7, 6, 5, 8

  The proportion of numbers assigned a first digit of 1, 
2, or 3 is 0.35. 

  (b) The probability of observing a 1, 2, or 3, 
according to Benford’s law is 0.602.  That is quite 
a bit higher than the answer to part (a); hence our 
fraud is likely to be detected. 

9.  (a) There are (27)(26)(25)(24)(23) 5 (421,200)(23) 5 
9,687,600 possible five-song playlists.

  (b) Let A be the playlists that include “The Ballad of 
John and Yoko.” This song could be the first, second, 
third, fourth, or fifth song on a playlist. If it is the first 
song, then there are 26  25  24  23 5 358,800 
ways to complete the playlist by choosing four songs 
in order from the remaining 26 songs. The same is 
true if “The Ballad of John and Yoko” is the second, 
third, fourth, or fifth song. Therefore, the number of 
outcomes in A is 5  358,800 5 1,794,000 and 

      P(A) 5   1,794,000 _________ 9,687,600    0.185.

10. 6! 5 6  5  4  3  2  1 5 720

11. (a) Combination: 15C3 5   15! __________ 
3!(15 2 3)!

   5   
(15)(14)(13)

 ___________ 
(3)(2)

   

 5 455

0 1 2 3 4 5 6 7
X

0.00

0.05

0.10

0.15

0.20

0.25

0.30

15.  (a) P(win) 5 12/38  0.3158; the gambler wins 
31.58% of the time over many, many games. P(loss) 5 
1 2 P(win)  0.6842; the gambler loses 68.42% of the 
time over many, many games.

  (b) (21)(0.6842) 1 (2)(0.3158) 5 20.0526; the house 
edge is exactly the same as for betting on red.

16. s 5  
_____________________________________

    (1 2 (20.053))2   18 ___ 
38

   1 (2 1 2 (20.053))2   20 ___ 
38

  

   5  
_______________________

   (1.053)2   18 ___ 38   1 (20.947)2   20 ___ 38    

 5  
______

 0.9972    $0.9986

 (b) P(3 # X # 5) 5 (5 2 3)(0.25) 5 0.5

14. Using products from the table below: 

 m 5 0 1 0.26 1 0.30 1 0.21 1 0.12 5 0.89

1.  You read in a book on poker that the probability of 
being dealt three of a kind in a five-card poker hand is   1 __ 50  . 
What does this mean?

(a) If you deal thousands of poker hands, the fraction  
of them that contain three of a kind will be very close 
to   1 __ 50  .
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388 C h a p t e r  8   |  Probability: The Mathematics of Chance

(b) If you deal 50 poker hands, exactly one of them will 
contain three of a kind.

(c) If you deal 10,000 poker hands, exactly 200 of them 
will contain three of a kind.

2. If two coins are flipped and then a die is rolled, 
the sample space would have ___________ different 
outcomes.

Skills Checks 3–7 use this model for the blood type of a 
randomly chosen person in the United States:

Blood type O A B AB

Probability 0.45 0.40 0.11 ?

3. The probability that a randomly chosen American 
has type AB blood is

(a) 0.044.

(b) 0.04.

(c) 0.4.

4. María has type A blood. She can safely receive blood 
transfusions from people with blood types O or A. The 
probability that a randomly chosen American can donate 
blood to María is ___________.

5. What is the probability that a randomly chosen 
American does not have type O blood?

(a) 0.55

(b) 0.45

(c) 0.04

6. A random sample of two Americans is selected. 
What is the probability that both will have type  
O blood?

(a) 0.25

(b) 0.90

(c) 0.2025

7. A random sample of two Americans is selected. 
The probability that neither will have type O blood  
is ___________.

8. Figure 8.7 (page 347) shows the 36 possible 
outcomes for rolling two dice. These outcomes are 
equally likely. A “soft 4” is a roll of 1 on one die  
and 3 on the other. The probability of rolling a soft  
4 is ___________.

9. A discrete probability model has

(a) only two outcomes.

(b) equally likely outcomes.

(c) a countable number of outcomes.

10. According to Benford’s law, the most likely 
first (leftmost) digit of a number from financial data  
is ___________.

11.  In a table of random digits such as Table 7.1 
(page 298), each digit is equally likely to be any of 0, 1, 2, 
3, 4, 5, 6, 7, 8, or 9. What is the probability that a digit in 
the table is a 0?

(a) 1/9

(b) 1/10

(c) 9/10

12. In a table of random digits such as Table 7.1 
(page 298), each digit is equally likely to be any of 0, 1, 
2, 3, 4, 5, 6, 7, 8, or 9. The probability that a digit in the 
table is 7 or greater is ___________.

13. Toward the end of a game of Scrabble, you hold five 
tiles with the letters A, E, P, R, and S. In how many ways 
can you arrange these five letters (whether or not they 
form actual words)?

(a) 5

(b) 5  4  3  2  1 5 120

(c) 5  5  5  5  5 5 3125

14. Toward the end of a game of Scrabble, you hold the 
letters D, O, G, and Q. You can choose three of these 
four letters and arrange them in order in ___________ 
different ways, assuming that you are not trying to form 
actual words.

15. A 52-card deck contains 13 cards from each of the 
four suits: clubs ♣, diamonds ♦, hearts ♥, and spades ♠. 
You deal four cards without replacement from a well-
shuffled deck, so that you are equally likely to deal any 
four cards. What is the probability that all four cards are 
clubs?

(a)   1 _ 4  , because   1 _ 4   of the cards are clubs

(b)   13
 __ 52      12

 __ 51      11
 __ 50      10

 __ 49   5 0.0026

(c)   13
 __ 52      12

 __ 52      11
 __ 52      10

 __ 52   5 0.0023

16. You deal four cards as in the previous exercise. The 
probability that you deal no clubs is ___________.

17. Figure 5.19 (page 209) shows that the normal 
distribution with mean m 5 6.8 and standard deviation 
s 5 1.6 is a good description of the Iowa Test vocabulary 
scores of seventh-grade students in Gary, Indiana. The 
probability that a randomly chosen student has a score 
higher than 8.4 is

(a) 0.68.

(b) 0.32.

(c) 0.16.
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Chapter 8 Exercises 389

18. Figure 8.18 (page 372) shows the density curve of a 
continuous probability model for choosing a number at 
random between 0 and 1 inclusive. The probability that the 
number chosen is less than or equal to 0.4 is ___________.

19. In Figure 8.18 (page 372), the probability that x is 
greater than 0.65 is

(a) 0.65.

(b) 0.35.

(c) 1.

20. The total area under a density curve is ___________.

21. Annual returns on the more than 5000 common 
stocks available to investors vary a lot. In a recent  
year, the mean return was 8.3% and the standard 
deviation of returns was 28.5%. The law of large 
numbers says that

(a) you can get an average return higher than the mean 
8.3% by investing in a large number of stocks.

(b) as you invest in more and more stocks chosen at 
random, your average return on these stocks gets ever 
closer to 8.3%.

(c) if you invest in a large number of stocks chosen at 
random, your average return will have approximately a 
normal distribution.

22. Figure 8.18 (page 372) shows the density curve of a 
continuous probability model for choosing a number at 
random between 0 and 1. The mean of this model is

(a) 0.5 because the curve is symmetric.

(b) 1 because there is area 1 under the curve.

(c) impossible to figure out at this point—this requires 
advanced mathematics.

23. According to the law of large numbers, as the 
random phenomenon is repeated a large number of 
times,  

_
 x  gets closer and closer to ___________.

24. The expected value is the ___________ value.

(a) median 

(b) mean 

(c) mode 

25. The mean payoff of a   1 __ 10   chance of winning $500 
(with a   9 __ 10   chance of winning $0) is ___________.

26. The density curve of a continuous probability model 
would balance on the ___________.

(a) mode

(b) median

(c) mean

27. Self Check 14 (page 377) gave a probability model for 
the number of employees of a small business who call in sick 
each day. Given m 5 0.89, determine the standard deviation.

28. If m 5 25, s 5 16, and n 5 64, the standard deviation 
of the sampling distribution of  

_
 x  is ___________.

29. Scores on the SAT Reasoning Mathematics college 
entrance test for the class of 2010 were roughly normal, 
with mean 516 and standard deviation 116. You take an 
SRS of 100 students and average their SAT scores. If you 
do this many times, the mean of the average scores that 
you get from all those samples would be ___________.

30. Referring to Skills Check 29, the standard deviation 
of the average scores that you get from all those samples 
would be ___________.

31. The number of hours that a light bulb burns before 
failing varies from bulb to bulb. The distribution of 
burnout times is strongly skewed to the right. The central 
limit theorem says that

(a) as we look at more and more bulbs, their average 
burnout times get ever closer to the mean m for all bulbs 
of this type.

(b) the average burnout times of a large number of 
bulbs have a distribution of the same shape (strongly 
skewed) as the distribution for individual bulbs.

(c) the average burnout times of a large number of 
bulbs have a distribution that is close to normal.

Chapter 8 Exercises
1.
2.

3.
Challenge     Discussion

8.1 Random Phenomena and Probability

1. Identify three random phenomena that occur in 
your life.

2. Random phenomena can’t be predicted for 
certain in the short term but exhibit regular 

patterns in the long term. Which of the data sets in parts 

(a) through (d) do not appear to be from the random 
phenomena of coin tossing? Explain. 

(a) H  T  H  T  H  T  H  T  H  T  H  T  H  T  H  T  H  T  
H  T  H  T  H  T 

(b) T  T   T   T   H   H   H   H   T   T   T   T   H   H   H   
H  T   T   T   T
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390 C h a p t e r  8   |  Probability: The Mathematics of Chance

(c) H  H  T  H  H  T  T  H  H  H  H  T  H  T  H  H  T  T  
T  T  H  H  H  H

(d) T  H  H  T  T  H  H  T  T  H  H  T  T  H  H  T  T  H  
H  T  T  H  H  T

3. (a) Hold a penny upright on its edge under your 
forefinger on a hard surface, and then snap it with your 
other forefinger so that it spins for some time before 
falling. Based on 50 spins, estimate the probability of 
heads.

(b) Toss a thumbtack with a gently curved back (similar 
to Figure 8.4, page 344) on a hard surface 100 times. (To 
speed up the process, toss 10 at a time.) How many times 
did it land with the point up? What is the approximate 
probability of landing point up? 

4. Suppose there is a forecast of a 70% chance of rain. 
Using the “long run” interpretation of the definition of 
probability, if it does not rain the next day, is it appropriate 
to say that the forecaster was “wrong”? Explain.

5. The table of random digits (Table 7.1, page 298) 
was produced by a random mechanism that gives each 
digit probability 0.1 of being a 0. What proportion of 
the first five lines in the table are 0s? This proportion is 
an estimate of the true probability, which in this case is 
known to be 0.1.

In Exercises 6–8, describe a reasonable sample space S for 
the random phenomena mentioned. In some cases, you 
must use judgment to choose a reasonable S.

6. A student is randomly chosen from a large 
mathematics class. 

(a) Ask if the subject is male or female.

(b) Ask if the student lives on or off campus.

(c) Ask how tall the student is.

(d) Ask how much money the student is carrying in 
change.

7. A basketball player shoots four free throws.

(a) You record the sequence of hits and misses.

(b) You record the number of shots she makes.

8. A randomly chosen subject (participant) arrives for a 
study of exercise and fitness.

(a) The subject is either female or male.

(b) After 10 minutes on an exercise bicycle, you ask the 
subject to rate his or her effort on the Rate of Perceived 
Exertion (RPE) scale. The RPE goes in whole-number 
steps from 6 (no exertion at all) to 20 (maximal exertion).

(c) You also measure the subject’s maximum heart rate 
(beats per minute).

9. Consider flipping a dime, nickel, and penny.

(a) Why would a tree diagram be a more convenient 
way than a table to represent the sample space?

(b) Make a tree diagram, and then use it to write out the 
sample space. 

(c) Use the diagram to find the probability that at least 
one of the three coins lands on heads.

10. At the start of class, an instructor gives a brief quiz 
on assigned reading. The quiz consists of two questions: 
a true-or-false question and a multiple-choice question 
with choices (a), (b), or (c). A student who hasn’t done 
the assignment guesses at both questions. Use a table 
to represent the sample space of possible answers for 
this two-question quiz, and then list the elements in the 
sample space. 

8.2 Basic Rules of Probability

11. Probability is a measure of how likely an event is 
to occur. Match one of the probabilities that follow with 
each statement about an event. (The probability is usually 
a much more exact measure of likelihood than is the 
verbal statement.)

0, 0.01, 0.3, 0.6, 0.99, 1

(a) This event is impossible. It can never occur.

(b) This event is certain. It will occur on every trial of 
the random phenomenon.

(c) This event is very unlikely, but it will occur once in a 
while in a long sequence of trials.

(d) This event will occur somewhat more often  
than not.

12. Based on data from the American Community 
Survey, a high percentage of U.S. workers drive alone to 
work (see Tables 8.1 and 8.2, pages 348 and 349). A 2009 
survey asked respondents about the number of vehicles 
they had access to within their household. The results 
appear below.

TAbLE 8.9 Results from a 2009 American Community Survey

Workers and Vehicles Frequency

Workers in households with zero vehicles 5,138,372

Workers in households exceeds vehicles 12,357,761

Workers in households equals vehicles 66,463,188

Vehicles exceed workers in households 67,413,776

Total 151,370,000
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Chapter 8 Exercises 391

(a) Assume that the sample fairly represents workers in 
the United States. Use the sample proportions in each 
category as probabilities and create a probability model 
for Workers and Vehicles (round probabilities to three 
decimal places).

(b) Verify that Rule 2 is satisfied.

(c) Find the probability that there are at least as many 
vehicles as there are workers in the household. Which 
probability rule did you use to answer this question?

(d) Find the probability that the workers in the 
household have access to at least one vehicle. Which 
probability rule did you use to answer this question?

13. In Spotlight 8.1 (page 345), we noted that 
a question posed to Blaise Pascal in 1654 by an 

amateur mathematician launched the formal study of 
probability. Here’s a simplified version of this “Problem 
of Points.” Suppose two players are playing a coin flip 
game where “heads” earns Player A one point and 
“tails” earns Player B one point. The winner is the 
first player to reach a total of four points. The game is 
interrupted with Player A ahead by a score of 3 to 2. 
Based on the sample space of possible ways that the 
game can be finished, what would be a fair division of 
the jackpot money between Players A and B?

14. Choose a young adult (aged 25 to 34 years) at 
random. The probability is 0.12 that the person chosen 
did not complete high school, 0.31 that the person has a 
high school diploma but no further education, and 0.29 
that the person has at least a bachelor’s degree.

(a) What must be the probability that a randomly 
chosen young adult has some education beyond high 
school but does not have a bachelor’s degree?

(b) What is the probability that a randomly chosen 
young adult has at least a high school education?

15. While it is a less common way (than probability) 
of expressing likelihood and does not follow the five 
basic Probability Rules, statements of “odds” are often 
encountered in gambling contexts. The odds against 
an event A happening are the ratio P(AC)/P(A). In a 
horse race, suppose the odds against a particular horse 
winning the race are 3:2 (or “3 to 2”); in other words, 

P(AC)/P(A) 5 3/2. What 
is the probability that the 
horse wins?

8.3  Rules of Probability: Independent 
and Dependent Events 

16. The Punnett square is a diagram that biologists use 
to determine the probability of offspring having certain 

genetic makeup. Suppose that B represents the gene 
for brown eyes and b represents the gene for blue eyes. 
In genetics, capital letters refer to dominant traits, so a 
person receiving both B and b generally has brown eyes. 
This diagram shows the possibilities for the child of  
two Bb parents. Each parent gives the child one of its 
two genes with equal probability. What is the probability 
that this child will receive the genetic makeup for  
brown eyes? Discuss how this relates to Example 2  
(page 346).

Mother gives B Mother gives b

father gives B BB Bb

father gives b Bb bb

17. Suppose two events A and B are mutually 
exclusive and both have positive probabilities of 

occurring. Can A and B also be independent events? 
Explain. 

18. Given P(A) 5 0.3, P(B) 5 0.6, and P(A|B) 5 0.2, 
determine the following probabilities.

(a) P(A and B)

(b) P(A or B)

19. What is the probability that Laurie rolls a pair 
of dice and gets an even sum in each of her first 

three rolls in the game of Monopoly? 

20. If you are in the championship round of a 
tournament and you are better than your opponent, are 
you better off having the championship determined by 
playing a single game or by playing a two-out-of-three-
game series? You might try intuition, simulation, or a 
tree diagram.

21. Return to the probability model that you created for 
Workers and Vehicles in Exercise 12. Suppose a random 
sample of two U.S. workers is chosen. 

(a) What is the probability that they both live in 
households where the number of vehicles exceeds the 
number of workers in the household?

(b) What is the probability that they both live in 
households where the number of vehicles does not 
exceed the number of workers in the household?

Solving for One Variable 
in Terms of Another
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392 C h a p t e r  8   |  Probability: The Mathematics of Chance

Exercises 22–24 are based on data from the 2013 March 
Supplement of the U.S. Census Bureau’s Current 
Population Survey.

22. According to the 2013 March Supplement Survey, 
22.3% of U.S. households are in the Midwest. In 
addition, 9.6% of households earn $75,000 or more per 
year and are located in the Midwest. Determine the 
probability that a randomly selected American household 
earns $75,000 or more per year, given that the house is 
located in the Midwest. 

23. According to the 2013 March Supplement Survey, 
32.0% of U.S. households are in the South. In addition, 
7.9% of households earn $100,000 or more per year and 
are located in the South. Determine the probability that a 
randomly selected Southern household earns $100,000 or 
more per year. 

24. According to the 2013 March Supplement Survey, 
18.8% of U.S. households are in the Northeast. In 
addition, 21.2% of Northeastern households earn $75,000 
or more per year. What percentage of households 
earn $75,000 or more per year and are located in the 
Northeast?

25. Each year, the study Monitoring the Future: 
A Continuing Study of American Youth surveys 

twelfth-grade students on a wide range of topics related 
to behaviors, attitudes, and values. One of the survey 
questions asks students to identify their sex. Another 
question asks students to rate their intelligence compared 
with others their age. Assume that the sample used in 
this survey is representative of twelfth-grade students. 
Here are some of the results from the more than 13,000 
students who participated in the survey: 49.8% were 
male; 50.2% were female; 60.3% of the females rated 
their intelligence as above average; 68.6% of the males 
rated their intelligence as above average. Since the 
number of participants in the survey was large, the 
survey percentages should be close to the probabilities 
for the population of twelfth-grade students. 

(a) Use probability notation to express each of the 
percentages above as probabilities.

Find the following probabilities for parts (b) through (e), 
rounding answers to three decimal places.

(b) P(female and above average)

(c) P(male and above average)

(d) P(above average)

(e) P(female | above average)

(f) Suppose a twelfth-grade student is selected at 
random. Does knowing that the student rated his or her 

own intelligence as above average increase, decrease, 
or have no effect on the probability that the student is 
female? Explain.

26. The concern over drug use among 
teens has prompted some schools to 

consider mandatory drug testing of its students. 
However, schools should be warned that drug tests, 
while generally reliable, are not perfect. Sometimes a 
person who does use drugs gets a negative result (a 
false negative). Sometimes a person who does not use 
drugs tests positive (a false positive). Companies that 
produce tests for drugs usually provide information 
on two characteristics of their test: p, the probability 
that their test correctly identifies a drug user, and r, 
the probability that it correctly reports the absence of 
drugs. 
 Suppose that a large high school is considering a 
mandatory drug testing program. The particular test 
under consideration correctly identifies 95% of the users 
(p 5 0.95) and correctly reports the absence of drugs in 
90% of the nonusers (r 5 0.90). 

(a) Suppose 25% of the students are drug users. Draw a 
tree diagram similar to Figure 8.15 in Example 10  
(page 359). What percentage of the positive test results 
will be from users? 

(b) Suppose 2% of the students use drugs.  
What percentage of positive tests will be from  
users? What does this imply about the rest of the 
positive tests?

8.4 Discrete Probability Models

27. Table 8.10 gives a probability model for total 
household income. 

TAbLE 8.10  Probability Model of Total Income of U.S. House-
holds (based on data from the March 2013 
Supplement, Current Population Survey)

Total Household Income Probability

Under $25,000 0.174

$25,000 to $49,999 0.218

$50,000 to $74,999 0.185

$75,000 to $99,999 0.140

$100,000 or over 0.283

(a) Check to see whether the probability model in  
Table 8.10 is legitimate. Explain what you checked.

(b) What makes the probability model in Table 8.10 a 
discrete probability model?
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393Chapter 8 Exercises

(c) What is the probability that a randomly chosen 
household will have a total income less than $50,000?

(d) What is the probability that a randomly chosen 
household will have a total income less than $100,000?

(e) Suppose two U.S. households were randomly 
selected. What is the probability that both households 
will have a total income less than $100,000?

28. Role-playing games like Dungeons & Dragons 
use many different types of dice. One type of die 

has a tetrahedral (pyramidal) shape with four triangular 
faces (see Figure 8.27). Each triangular face has a 
number (1, 2, 3, or 4) next to each of its edges. Because 
the top of this die is not a face but a point, the way to 
read it is by the number at the top of the face that is 
visible when the die comes to rest. Suppose that the 
intelligence of a character is determined by rolling this 
four-sided die twice and adding 1 to the sum of the 
results.

Figure 8.27 Rolling a pair of tetrahedral dice: red 5 1 
and green 5 3; intelligence of character 5 4 1 1 5 5, 
for exercise 28. 

(a) Give a probability model for the character’s 
intelligence. (Start with a display in the style of 
Figure 8.7 on page 347, adapted for the outcomes of 
the two rolls of the four-sided die. These outcomes are 
equally likely.) 

(b) What is the probability that the character has 
intelligence 7 or higher?

29. North Carolina State University posts the 
grade distributions for its courses online. Students in 
Statistics 101 in a recent semester earned 21% As, 43% 
Bs, 30% Cs, 5% Ds, and 1% Fs. Here is the probability 
model for the grade of a randomly chosen Statistics  
101 student.

Grade 0 (5 f) 1 (5 D) 2 (5 C) 3 (5 B) 4 (5 A)

Probability 0.01 0.05 0.30 0.43 0.21

(a) Make a probability histogram for this model. Does it 
have the shape of a normal distribution?

(b) What is the probability that the student got a grade 
of B or better?

30. How do rented housing units differ from units 
occupied by their owners? Here are probability 

models for the number of rooms for owner-occupied 
units and renter-occupied units, according to the Census 
Bureau:

# of 
Rooms

1 2 3 4 5

Owned 0.000 0.001 0.014 0.099 0.238

Rented 0.011 0.027 0.229 0.348 0.224

# of 
Rooms

6 7 8 9 10

Owned 0.266 0.178 0.107 0.050 0.047

Rented 0.105 0.035 0.012 0.004 0.005

Make probability histograms of these two models, using 
the same scale. What are the most important differences 
between the models for owner-occupied and rented 
housing units?

31. In each of the following situations, state whether or 
not the given assignment of probabilities to individual 
outcomes is legitimate—that is, satisfies the rules of 
probability. If not, give specific reasons for your answer.

(a) Choose a college student at random and record 
gender and enrollment status: P(full-time female) 5 0.56, 
P(part-time female) 5 0.24, P(full-time male) 5 0.44, 
P(part-time male) 5 0.17.

(b) Choose a college student at random and record 
the season of that student’s birth: P(spring) 5 0.39, 
P(summer) 5 0.28, P(fall) 5 0, P(winter) 5 0.33.

32. What is the probability that a housing unit has five 
or more rooms? Use the models in Exercise 30 to answer 
this question for both owner-occupied and rented units.

33. Balanced six-sided dice with altered labels 
can produce interesting distributions of outcomes. 

Construct the probability model (sample space and 
assignment of probabilities for each sum) for rolling the dice 
that is featured in Joseph Gallian’s article “Weird Dice” in 
the February 1995 issue of Math Horizons. Instead of using 
the regular values {1, 2, 3, 4, 5, 6}, one die has the labels 1, 2, 
2, 3, 3, 4, and the other die has the labels 1, 3, 4, 5, 6, 8. How 
does this model compare with the model for regular dice?

8.5 Equally Likely Outcomes

34. If you play the lottery, there are two possibilities—
you could either win or not win. Explain whether or not 
this means that you have a 1 out of 2 chance (i.e., a  
50% probability) of winning.
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394 C h a p t e r  8   |  Probability: The Mathematics of Chance

35. A party host gives a door prize to one guest chosen 
at random. There are 42 men and 48 women at the party. 
What is the probability that the prize goes to a woman?

36. At a party a cooler is filled with cans of drinks: 
12 Cokes, 6 Diet Cokes, 4 lime seltzers, and 8 lemon 
seltzers. You grab a can from the cooler at random.

(a) What is the probability that you grabbed either a 
Coke or Diet Coke?

(b) Before you look at the can, your friend says, “I didn’t 
know you drank seltzer.” Given this information, what is 
the probability that you have grabbed your least favorite 
drink, a lime seltzer?

37. Suppose you have 10 books in a stack but you only 
have space for five books on your bookshelf. 

(a) In how many different ways can you select five 
books from the stack and arrange them in the empty 
space on your bookshelf?

(b) How many different selections of five books can you 
make? (Don’t worry about how you will arrange the books.)

38. Abby, Boaz, Carmen, Dani, and Eduardo work in 
a firm’s public relations office. Their employer must 
choose two of them to attend a conference in Paris. To 
avoid unfairness, the choice will be made by drawing two 
names from a hat. (This is an SRS of size 2.)

(a) Write down the sample space of all possible choices 
of two of the five names.

(b) The random drawing makes all choices equally 
likely. What is the probability of each choice?

(c) What is the probability that Abby is chosen?

(d) What is the probability that neither of the two men 
(Boaz and Eduardo) is chosen?

39. You toss a balanced coin 10 times and write down 
the resulting sequence of heads and tails, such as 
HTTTHHTHHH.

(a) How many possible outcomes are there for the 
10 tosses?

(b) What is the probability that your 10-toss sequence is 
either all heads or all tails?

40. In the Texas Hold ’Em style of poker, play begins 
with each player being dealt two cards face down. From a 
standard 52-card deck, how many possible 2-card hands 
could be dealt to you?

41. A computer assigns three-character log-in IDs that 
may contain the digits 0 to 9 as well as the letters a to z, 
with repeats allowed.

(a) What is the probability that your ID contains no x?

(b) What is the probability that your ID contains no digits?

42. Consider a typical combination lock on a locker or 
briefcase.

(a) If you ask for the three numbers in the combination 
needed to open the lock, and they are given to you in 
order from smallest to largest as 3–5–8, why is this not 
enough information to open the lock?

(b) What would be the probability that you could open 
the lock with one try?

(c) Is such a combination lock accurately named, or is it 
really a “permutation lock”?

43. You may have heard that a monkey hitting keys at 
random on a typewriter keyboard for an infinite amount 
of time could eventually type a particular chosen text, 
such as the complete works of Shakespeare. Let’s focus 
on a monkey who just types the letters a, p, and s in 
random order in three-letter sequences.

(a) How many possible three-letter “words” can the 
monkey type using only these letters?

(b) Which of these are words in an English dictionary?

(c) What is the probability that the word the monkey 
typed is in an English dictionary?

44. Mozart composed a 16-bar Viennese minuet 
(“Musical Dice Game”) in which bars 1 through 7 

each have 11 choices, bar 8 has 2, bars 9 through 15 each 
have 11, and bar 16 has 1. How many possible versions 
of this minuet are there?

45. In poker, a royal flush is a five-card hand 
containing (in any order) an ace, king, queen, jack, 

and 10, all of the same suit.

(a) How many royal flush hands are possible?

(b) What is the number of five-card hands possible from 
a 52-card deck?

(c) What is the probability that five cards drawn at 
random from a 52-card deck will yield a royal flush?

46. The King James Version of the Old Testament 
has its 39 books canonized in a different order 

than the Hebrew Bible does. What mathematical 
expression would yield the number of possible orders 
of these 39 books? Is this number larger than you 
expected?

47. Use technology (see Spotlight 8.3, page 369) for 
this exercise. A university IT department receives a 
shipment of 30 printers—20 are inkjet printers and  
10 are laser printers. A particular technician randomly 
chooses 7 of the printers to process (check that it  
works, tag the printer, etc.). What is the probability 
that exactly 4 of the printers are inkjets and 3 are laser 
printers (we'll call this event A)?
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395Chapter 8 Exercises

8.6 Continuous Probability Models

48. Books on reserve at a university library can be 
checked out for at most 2 hours. The density curve for 
the amount of time the book is checked out is the shaded 
triangle shown in Figure 8.28.

T
21

1

Figure 8.28 Amount of time T that a book is checked out 
from the reserve shelf, for exercise 48.

(a) Explain why Figure 8.28 satisfies the definition of a 
density curve.

(b) What is the probability that the book is checked out 
for less than 1 hour?

(c) What is the probability that the book is checked out 
for more than 1 hour?

49. Generate two random real numbers between 0 
and 1 and take their sum. The sum can take any value 
between 0 and 2. The density curve is the shaded triangle 
shown in Figure 8.29.

0 1 2

Height = 1

Figure 8.29 the density curve for the sum of two random 
numbers, for exercise 49.

(a) Verify by geometry that the area under this curve is 1.

(b) What is the probability that the sum is less than 1? 
Sketch the density curve, shade the area that represents 
the probability, and then find that area. 

(c) What is the probability that the sum is less than 0.5? 
Sketch the density curve, shade the area that represents 
the probability, and then find that area. 

50. Suppose two data values are each rounded to the 
nearest whole number. Make a density curve for the 
sum of the two roundoff errors, assuming each error 
has a continuous uniform distribution. (Exercise 49 
might help.)

51. On the TV show The Price Is Right, the “Range 
Game” involves a contestant being told that the 
suggested retail price of a prize lies between two 
numbers that are $600 apart. The contestant has one 
chance to position a red window with a span of $150 
that will contain the price. On one episode, the  
price of a piano is between $8900 and $9500. If we 
assume a uniform continuous distribution (i.e., that all 
prices within the $600 interval are equally likely),  
what is the probability that the contestant will be 
successful? 

8.7  The Mean and Standard Deviation 
of a Probability Model

52. You have a campus errand that will take only 
15 minutes. The only parking space anywhere nearby is 
a faculty-only space, which is checked by campus police 
about once every hour. If you’re caught, the fine is $25. 

(a) Give the probability model for the money that you 
may or may not have to pay.

(b) What’s the expected value of the money that you 
will pay for your unauthorized parking? 

53. Exercise 29 gives a probability model for the grade 
of a randomly chosen student in Statistics 101 at North 
Carolina State University, using the 4-point scale. What 
is the mean grade in this course? What is the standard 
deviation of the grades?

54. In Exercise 28, you gave a probability model for the 
intelligence of a character in a role-playing game. What is 
the mean intelligence for these characters?

55. Exercise 30 gives probability models for the number 
of rooms in owner-occupied and rented housing units. 
Find the mean number of rooms for each type of 
housing. Make probability histograms for the two models 
and mark the mean on each histogram. You see that the 
means describe an important difference between the two 
models: Owner-occupied units tend to have more rooms.

56. Typographical and spelling errors can be either 
“nonword errors” or “word errors.” A nonword error 
is not a real word, as when “the” is typed as “teh.” A 
word error is a real word, but not the right word, as 
when “lose” is typed as “loose.” When undergraduates 
write a 250-word essay (without checking spelling), the 
number of nonword errors has the following probability 
model:

Errors 0 1 2 3 4

Probability 0.1 0.2 0.3 0.3 0.1
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396 C h a p t e r  8   |  Probability: The Mathematics of Chance

The number of word errors has the following model:

Errors 0 1 2 3

Probability 0.4 0.3 0.2 0.1

(a) What is the mean number of nonword errors in an 
essay? 

(b) What is the mean number of word errors in an essay?

(c) How does the difference between the means 
describe the difference between the two models?

57. Find the mean for the following probability models. 
Explain how you determined your answers.

(a) The continuous probability model in Exercise 49

(b) The probability model in Exercise 50

58. The idea of insurance is that we all face risks 
that are unlikely but carry a high cost. Think of a 

fire destroying your home. Insurance spreads the risk: 
We all pay a small amount, and the insurance policy 
pays a large amount to those few of us whose homes 
burn down. An insurance company looks at the records 
for millions of homeowners and sees that the mean loss 
from fire in a year is m 5 $250 per person. (The great 
majority of us have no loss, but a few lose their homes. 
The $250 is the average loss.) The company plans to sell 
fire insurance for $250 plus enough to cover its costs and 
profit. Explain clearly why it would be unwise to sell only 
12 policies. Then explain why selling thousands of such 
policies is a safe business.

59. A company is considering offering an extended 
warranty on new washing machines. The company 

looks at past repair records and determines that there are 
two outcomes: an 85% probability of needing no repairs, 
and a 15% probability of needing a $200 repair during the 
warranty period. To help the company set a price for an 
extended warranty on new washing machines, determine 
the mean outcome for this model. This would be the 
break-even price for a company selling the extended 
warranties. (The company, of course, will charge more 
than this in order to make a profit.)

60. An American roulette wheel has 38 slots numbered 
0, 00, and 1 to 36. The ball is equally likely to come to 
rest in any of these slots when the wheel is spun. The slot 
numbers are laid out on a board on which gamblers place 
their bets. One column of numbers on the board contains 
multiples of 3—that is, 3, 6, 9, . . . , 36. Joe places a $1 
“column bet” that pays out $3 (so he gains $2) if any of 
these numbers comes up.

(a) What is the probability model for the outcome of 
one bet, taking into account the $1 cost of a bet?

(b) What are the mean and standard deviation for this 
model?

(c) Joe has played roulette every day for years. What 
does the law of large numbers tell us about his results?

61. This table shows the prizes and respective 
probabilities for a lottery:

Net prize $1,000,000 $1000 $100 $4

Probability   1
 ________ 10,000,000    1

 _____ 10,000    1
 ____ 1,000    3

 ___ 100  

On average, how much money from a $1 ticket comes 
back to you in prizes?

62. A friend cuts your cake into two pieces: one is   1 _ 3   
of the cake and the other is   2 _ 3  .

(a) If you flip a coin to decide which piece is yours, what 
is the expected value of the proportion of the original 
cake that you will get?

(b) More generally, what is the expected value of your 
share of the cake if the pieces’ proportions are p and 1 – p?

63. On five-choice questions on the SAT, you get 
1 point for a correct answer and lose   1 _ 4   point for a 

wrong answer.

(a) Find the expected value of a completely random 
guess on such a question. Does guessing in this situation 
help you, hurt you, or make no difference?

(b) Suppose you eliminate one of the five choices as 
definitely not being the correct answer and then randomly 
guess among the remaining four choices. Does guessing in 
this situation help you, hurt you, or make no difference?

64. In August 2006, El Paso had a storm that was 
called a “500-year flood.”

(a) What is the expected value of the number of   
500-year floods in a 1000-year period?

(b) After the city moved to raise money to guard 
against such a major flood in the future, a city council 
representative was quoted as protesting, “But we still 
have 490 more years to deal with this.” What false 
assumption was he making?

8.8 The Central Limit Theorem

65. Newly manufactured automobile radiators may have 
small leaks. Most have no leaks, but some have one, two, 
or more. The number of leaks in radiators made by one 
supplier has mean 0.15 and standard deviation 0.4. The 
distribution of the number of leaks cannot be normal 
because only whole-number counts are possible. The 
supplier ships 400 radiators per day to an auto assembly 
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plant. Take  
_
 x  to be the mean number of leaks in these 

400 radiators. Over several years of daily shipments, what 
interval of values will contain the middle 95% of the 
many  

_
 x  values?

66. The scores of eighth-grade students on the National 
Assessment of Educational Progress (NAEP) mathematics 
test in 2007 have a distribution that is approximately 
normal, with mean m 5 281 and standard deviation s 5 35.

(a) Choose one eighth grader at random. What is the 
probability that his or her score is higher than 281? 
Higher than 316?

(b) Now choose an SRS of four eighth graders. What is 
the probability that their mean score is higher than 281? 
Higher than 316?

67. Antonio measures the alcohol content of 
whiskey for his Chemistry 101 lab. He actually 

measures the mass of 5 milliliters (ml) of whiskey—a 
chemical calculation—and then finds the percentage of 
alcohol from the mass. The standard deviation of students’ 
measurements of mass is s 5 10 milligrams (mg). 
Antonio repeats the measurement three times and records 
the mean  

_
 x  of his three measurements.

(a) What is the standard deviation of Antonio’s mean 
result?

(b) How many times must Antonio repeat the 
measurement to reduce the standard deviation of  

_
 x  to 

5 mg? Explain to someone who knows nothing about 
statistics the advantage of reporting the average of 
several measurements rather than the result of a single 
measurement.

68. In Exercise 60, you found the mean and standard 
deviation of the outcome of a column bet in roulette. The 
central limit theorem says that the average outcome of 
a large number of bets has a distribution that is close to 
normal.

(a) What is the 99.7% confidence interval estimate 
(mean ± 3 standard deviations) of a gambler’s average 
winnings after 100 bets?

(b) What is the 99.7% confidence interval estimate of a 
gambler’s average winnings after 1000 bets?

69. Averages of several measurements are less variable 
than individual measurements. The true mass of the 
whiskey sample in Exercise 67 is 4.6 grams, or 4600 mg. 
Antonio’s measurements have the normal distribution 
with mean 4600 mg and standard deviation 10 mg. In 
this case, the mean of his three measurements also has a 
normal distribution.

(a) Sketch on the same graph the two normal curves, 
for individual measurements and for means of three 
measurements. Figure 8.24 (page 382) is an example of 
this kind of graph.

(b) What interval of values covers the middle 95% of 
Antonio’s individual measurements?

(c) What interval of values covers the middle 95% of 
averages of three measurements?

70. Exercise 28 gives the probability model for the 
intelligence assigned by chance to a character in a role-
playing game. You found the mean intelligence of such 
characters in Exercise 54. Jermaine plays this character 
often. What interval covers (approximately) the middle 
68% of average intelligence scores for 100 of Jermaine’s 
games?

71. The scores of high school seniors on the ACT college 
entrance examination in 2010 were roughly normal with 
mean m 5 21.0 and standard deviation s 5 5.2.

(a) What is the approximate probability that a single 
student randomly chosen from all those taking the test 
scores 26.2 or higher?

(b) Now take an SRS of nine students who took the 
test. What are the mean and standard deviation of the 
sample mean score  

_
 x  of these nine students?

(c) What is the approximate probability that the mean 
score  

_
 x  of these nine students is 26.2 or higher?

72. Although cities encourage carpooling to reduce 
traffic congestion, most vehicles carry only one 

person. For example, 70% of vehicles on the roads in the 
Minneapolis–St. Paul metropolitan area are occupied by 
just the driver. You choose 84 vehicles at random.

(a) What are the mean and standard deviation of the 
proportion of vehicles in your sample that carry only 
one person? (See Chapter 7, Sampling Distribution of a 
Sample Proportion, page 317.)

(b) What is the probability that more than 60% of the 
vehicles in your sample carry only one person? 

73. Among high-performing (and low-performing) 
schools, there is an unrepresentatively _____ proportion 
of smaller schools. Explain whether you would complete 
this sentence with the word “high” or “low,” in light of 
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the formula for the standard deviation of the sampling 
distribution of the mean.

Chapter Review
74. Give either an intuitive or an algebraic argument to 
explain why nCk 5 nCn2k.

75. License plates in Florida have the form A12BCD—
that is, a letter followed by two digits followed by three 
more letters.

(a) How many possible different license plates are 
there?

(b) Jerry would like a plate that ends in AAA. How 
many such plates are there?

(c) If license plates are issued at random from all 
possible plates, what is the probability that Jerry will get 
a plate that ends in AAA?

76. After you tell Jerry the probability that you 
calculated in Exercise 75, he realizes that he’s unlikely 
to get a plate ending in AAA. So he asks you, “What’s 
the probability I will get a plate in which all four 
letters are from my name?” These letters are J, E, R, 
and Y.

(a) Suppose that Jerry insists that the letters appear in 
order, so that his plate reads JnmERY, where n and m 
stand for any number. What is the probability?

(b) Suppose Jerry allows his letters to appear in the 
plate in any order and also allows repeats. What is now 
the answer to Jerry’s question?

77. Choose at random a person aged 19 to 25 years and 
ask, “In the past four days, how many days did you do 
physical exercise or work out?” Based on a large sample 
survey, here is a discrete probability model for the answer 
you will get:

# of Days 0 1 2 3 4

Probability 0.61 0.17 0.10 0.08 0.04

(a) What is the probability that the person you 
chose worked out either two or three days in the  
past four?

(b) What is the probability that the person you chose 
worked out at least one day in the past four?

78. Using the information in Exercise 77, what is the 
mean number of days that randomly chosen 19- to 
25-year-olds worked out in the past four days? If you 
interview many people in this age group, what does the 
law of large numbers say about the average number of 
days that these people work out?

79. Use the information in Exercise 77 and your result 
from Exercise 78 to answer these questions.

(a) What is the standard deviation of the number of 
days in the past four that a randomly chosen 19- to 
25-year-old has worked out?

(b) You interview 100 randomly chosen 19- to 25-year 
olds. You ask each how many days in the past four he 
or she has worked out, and you calculate the average 
number of days. According to the central limit theorem, 
there is a probability of 0.95 that your average will fall 
between what two values?

80. In Example 22 (page 378), we saw that a $1 bet on 
red has a mean outcome of 2$2/38  2$0.053. It turns 
out not all $1 bets in American roulette have the same 
mean outcome. The “five-number bet” {0, 00, 1, 2, 3} 
pays an additional $6 if one of those five numbers comes 
up—otherwise, the player loses his $1.

(a) Find the expected value for this five-number bet.

(b) Is this five-number bet better or worse than a bet  
on red?

81. Suppose you select 10 people at random. Find the 
probability of each event below:

(a) At least one match in the day of the week that they 
were born

(b) At least one match in the day of the month that they 
were born (assume 31 days per month)

(c) At least one match in the day of the year that they 
were born

82. In the 1970s, a group of children in Lyme, 
Connecticut, developed rheumatoid arthritis. However, it 
took until the 1980s for researchers to determine the cause 
of their disease, now known as Lyme disease—deer ticks 
infected with Borrelia burgdorferi. ELISA (enzyme-linked 
immunosorbent assay) is a commonly administered first 
test for Lyme disease. It correctly identifies patients with 
Lyme disease (the test is positive) 93.7% of the time and 
gives false positive results (the test is positive for patients 
who do not have Lyme disease) 6% of the time. 

(a) Suppose that in a community in the Northeast, the 
prevalence of Lyme disease is 0.5%. Given that a person 
from this community tests positive for Lyme disease, what 
is the probability that the person actually has Lyme disease? 

(b) Most people are tested only when there is a 
suspicion that they may have been bitten by a tick. 
Suppose the prevalence of Lyme disease among those 
tested is 10%. Given that a person tests positive for Lyme 
disease, what is the probability that the person actually 
has Lyme disease? 
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Applet Exercises 399

Applet Exercises

To do these exercises, go to  
www.macmillanhighered.com/fapp10e.

1. When we toss a coin, experience shows that the 
probability (long-term proportion) of a head is close 
to   1 _ 2  . Suppose now that we toss the coin repeatedly 
until we get a head. What is the probability that the 
first head comes up in an odd number of tosses (1, 3, 
5, and so on)? Use the Probability applet to estimate 
this probability. Set the probability of heads to 0.5. Toss 
coins one at a time until the first head appears. Do this 
50 times (click “Reset” after each trial). What is your 
estimate of the probability that the first head appears on 
an odd toss?

2. The table of random digits (Table 7.1, page 298) was 
produced by a random mechanism that gives each digit 
probability 0.1 of being a 0.

(a) What proportion of the digits in the first row of 
Table 7.1 are 0s? This proportion is an estimate, based on 
40 repetitions, of the true probability, which in this case 
is known to be 0.1.

(b) The Probability applet can imitate random digits. 
Set the probability of heads in the applet to 0.1. Check 
“Show true probability” to show this value on the 
graph. A head stands for a 0 in the random digit table 
and a tail stands for any other digit. Simulate 200 digits 
(50 at a time—don’t click “Reset”). If you kept going 
forever, presumably you would get 10% heads.  
What was the percentage of heads in your 200 tosses?

3. One of the few players to have a better field 
goal percentage than free throw percentage, basketball 
star Shaquille O’Neal made about half (53%) of his  
free throws in his 21-year NBA career. Use the 
Probability applet to simulate 100 free throws shot 
independently by a player who has probability 0.53 
of making each shot. (Toss 50, 50, without clicking 
“Reset.”)

(a) What percentage of the 100 shots were made?

(b) Start the process again, this time repeating 10 tosses 
10 times so that you can keep track of the individual hits 
and misses. Examine the sequence of hits and misses 
after each click on “Toss” and keep track of the longest 
run of shots made and the longest run of shots missed. 
How long were the longest runs in the 100 shots taken? 

(Sequences of random outcomes often show longer runs 
than our intuition expects.)

4. The central limit theorem is the basis for the 
confidence intervals that have been discussed in this 
chapter and in Chapter 7 (page 321). Next, you will use 
the Central Limit Theorem applet to generate individual 
data values from two different continuous probability 
models: the uniform probability model and the 
exponential probability model. You will find data from 
these distributions don’t look very normal, and then you 
will take samples of size 30 and generate means from the 
samples. 

(a) Go to the Central Limit Theorem applet. Choose 
“Uniform” for the distribution. Set the sample size  
to 1, so that you can see the results of individual data 
values drawn from this distribution. (The “Show  
normal curve” should be unchecked.) Click the 
“Generate samples” button. Do data from the uniform 
distribution appear to have the characteristic normal 
shape?

(b) Now change the sample size to 10. Instead 
of generating individual outcomes from a uniform 
distribution, the applet will draw many samples of size 10 
and then make a histogram of the sample means,  

_
 x . Click 

the “Generate Samples” button. Do these data appear to 
be from a normal distribution? Check the box for “Show 
normal curve.” 

(c) This time, choose “Exponential” for the distribution. 
Set the sample size to 1 as you did in part (a). Click 
the “Generate samples” button. Describe the shape of 
exponential data. 

(d) Now, continue with the exponential distribution 
but change the sample size to 10. Instead of generating 
individual outcomes from an exponential distribution, the 
applet will draw many samples of size 10 and then make 
a histogram of the sample means,  

_
 x . Click the “Generate 

samples” button. Do these data appear to be from a 
normal distribution? Check the box for “Show normal 
curve.”

(e) Repeat part (d), but this time change the sample size 
to 30.

(f) Summarize the patterns you have observed in parts 
(a) through (e). How do these patterns relate to the 
central limit theorem?
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400 C h a p t e r  8   |  Probability: The Mathematics of Chance

Writing Projects

1. Psychologists have shown that our intuitive 
understanding of chance behavior is rather poor. Amos 
Tversky (1937–1996) was a leader in the study of how we 
make decisions in the face of uncertainty. In its obituary 
of Tversky, the New York Times cited the following 
example:

Tversky asked subjects to choose between two public 
health programs that affect 600 people. One had a 
probability of   1 _ 2   of saving all 600 and a probability of    1 _ 2    
that all 600 will die. The other was guaranteed to save 
exactly 400 of the 600 people. Most people chose the 
second program. He then offered a different choice. 
One program had a probability of   1 _ 2   of saving all 600 
and a probability of   1 _ 2   of losing all 600, while the other 
would definitely lose exactly 200 lives. Most people 
chose the first program.

 Discuss this example. What is the difference 
between the two choices offered? What is the mean 
number of people saved by the two options in each 
choice? What do the reactions of most subjects to these 
choices show about how people make decisions?

2. There are about 1  1044 air molecules in the 
atmosphere and about 2  1022 molecules of air in a 

single breath taken at rest. What is the probability that 
the breath that you took just now contained at least one 
molecule of air that was exhaled by Pythagoras in his last 
breath? What probability rules did you use to calculate 
this? What assumptions did you make, and why do you 
think they were reasonable?

3. We have seen that by betting on “red” in American 
roulette, you have a   18

 __ 38   chance of winning, therefore 
doubling the money you bet. Suppose that you have $5 
and you want to bet until either you reach (and stop with) 
$10 or you go broke. Is placing individual $1 bets on red 
more, less, or equally likely to reach this goal than just 
placing a single $5 bet? First, try to give an answer based 
on intuition, taking into account the casino’s advantage.
 You could also explore the following formula that 
gives the probability of going from h dollars to N dol-
lars without going broke by making $1 bets on red in 
American roulette:

  
1 2 (20/18 ) h 

  ____________  
 1 2 (20/18 ) N 

  

Discuss how the strategy for maximizing the chance of 
reaching a financial target compares with the strategy for 
maximizing the length of time that your money lasts (for 
entertainment value).

Suggested Readings
COMAP. Principles and Practice of Mathematics, Springer, 
New York, 1997. Chapters 4 and 8 present combinatorics 
and probability at the next level beyond this book.

LESSER, LAWRENCE M. Take a chance by exploring the 
statistics in lotteries. Statistics Teacher Network, 
65 (2004): 6–7. This article shows how lotteries can illus-
trate all major topics of an introductory statistics course, 
using a graphing calculator. The article is available online 
at www.amstat.org/education/stn/pdfs/STN65.pdf.

MOSTELLER, FREDERICK, ROBERT E. K. ROURKE, 
and GEORGE B. THOMAS. Probability with Statistical 
Applications, Addison-Wesley, Reading, MA, 1970. A rich 
treatment of basic probability that requires only high 
school algebra but is somewhat sophisticated. Although 
out of print, this book is a classic that deserves mention.

WAINER, HOWARD. The most dangerous equation. 
American Scientist, 95(3) (2007): 249–256. This article 
explores many real-world examples of the standard devi-
ation of the sampling distribution of the sample mean.

Suggested Websites
www.shodor.org/interactivate/activities/ “Buffon’s 
needle” is a probability problem first stated in 1777 by 
Count Buffon: If you drop a needle on a sheet of lined 
paper, what is the probability that the needle crosses one 

of the lines? In the simplest case, the length of the needle 
is the same as the distance between the lines. Some fairly 
advanced math shows that the answer is 2/, or about 
0.637. A number of websites simulate dropping a needle 
many times to estimate this probability. A simulation of 
this activity, as well as many other probability exercises, 
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can be found by clicking on “Probability” on this  
website.

www.gamblingexposed.org/gamblingexposed_ 
708-389-1127__008.htm You may also be interested 
in the debate over legalized gambling. For the case 
against this practice, visit the National Coalition Against 
Legalized Gambling.

www.americangaming.org For the defense by the 
casino industry, visit the American Gaming Association. 

illuminations.nctm.org/Lesson.aspx?id5956 For an 
example of a noncasino game involving probability and 
expected value, try playing the dice game “Skunk.”

www.glennshafer.com/assets/downloads/articles/
article50.pdf This website links to the article “The Early 
Development of Mathematical Probability” by Glen 
Shafer.

www.learner.org/courses/againstallodds/ The online 
materials in Units 19 and 22 from Against All Odds: Inside 
Statistics are directly applicable to material discussed in 
this chapter. Unit 19, Probability Models, provides a good 
review of the Probability Rules in Sections 8.2 and 8.3. To 
help gain a better grasp on the sampling distribution of  

_
 x  

and the Central Limit Theorem, try viewing the video of 
Unit 22, Sampling Distributions. (This ties in nicely with 
Applet Exercise 4.)
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