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Clothing Store Sales
Thinking of working in retail? It would benefit you to learn your statistics well 

because retail stores are learning how to leverage the information about their customers into 
greater sales and healthier bottom lines. Our Chapter 9 Case Study, Clothing Store Sales, 
examines the purchasing behavior of 5000 customers of a large clothing retail store in the 
Northeast, over a period of six months. The data set, Clothing Store, is excerpted from a 
case study in Data Mining and Predictive Analytics, by Daniel Larose and Chantal Larose 
(Wiley, 2015). We use this clothing store sales data to help us learn about hypothesis testing.

●● In the Section 9.1 exercises, we pose a series of business research questions to be turned 
into hypotheses.

●● Through two examples in Section 9.2, we learn how to perform a Z test for m, using the 
critical-value method, to determine if the population mean sales per customer is greater 
than the district manager’s goal of $413 per customer.

●● In the Section 9.2 exercises, we perform a Z test for the population mean number of cou-
pons used per customer.

●● We perform a Z test for m, the population mean number of items purchased per customer, 
in the Section 9.3 exercises.

●● In the Section 9.4 exercises, we explore whether the mean number of days since the last 
customer visit is as small as the marketing manager wants.

●● Finally, in the Section 9.5 exercises, we examine the proportion of customers who have 
ever bought a blouse and the proportion of customers who have ever bought a suit.

The Big PicTure

Where we are coming from and where we are headed . . .

●● Chapter 8’s topic, confidence intervals, represents only the first of a large family of topics 
in statistical inference.

●● Hypothesis testing is the most widely used method for statistical inference, forming the 
bedrock of the scientific method, and touching nearly every field of scientific endeavor, 
from medicine to business to psychology. It is also the basis for business-oriented decision-
making methods. Here, in Chapter 9, we learn how to perform hypothesis tests for the 
population mean, the population proportion, and the population standard deviation.

●● In Chapter 10, “Two-Sample Inference,” we will learn confidence intervals and hypothesis 
tests for comparing parameters from two populations.

case  
sTudy
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488 Chapter 9 Hypothesis Testing

9.1 Introduction to Hypothesis Testing

ObjeCtiveS By the end of this section, I will be able to . . .
1 Construct the null hypothesis and the alternative hypothesis from the 

statement of the problem.
2 State the two types of errors made in hypothesis tests: the Type I error, made 

with probability a, and the Type II error, made with probability b.

Researchers are interested in investigating many different types of questions, such as 
the following:

● An accountant may want to examine whether evidence exists for corporate tax 
fraud.

● A Department of Homeland Security executive may want to test whether a new 
surveillance method will uncover terrorist activity.

● A sociologist may want to examine whether the mayor’s economic policy is 
increasing poverty in the city.

Questions such as these can be tackled using statistical hypothesis testing, which is a 
statistical inference process for using sample data to render a decision about claims 
regarding the unknown value of a population parameter. In this section, we will learn 
how to make decisions about the values of a population mean.

Constructing the Hypotheses
Let’s start with an example.

1

eXaMPLe 1 Are these dice loaded?
Suppose you are playing a dice game, where you roll a pair of dice and win the sum of 
the two dice in dollars. A fair price to pay to play this game is $7 a throw, because the 
long-run mean when tossing two fair dice is 7. Now suppose you have played this 
game 10 times (paying a total of $70), with the following 10 results from throwing the 
two dice:

4 6 2 7 8 3 5 4 9 2

These 10 dice rolls add up to 50, meaning that, for your outlay of $70, you have only 
received $50 in return. You wonder:

● Are these dice fair but you have just had a streak of bad luck, or

● Are these dice not fair, that is, loaded (weighted) to provide low outcomes?

This is a basic example of hypothesis testing, where we have two competing ideas, 
and we turn to observed data (the dice rolls) to provide evidence in favor of one idea 
or the other.

We examine this question in more detail in the exercises and again in Section 9.2.

So, what is a hypothesis?

A hypothesis is a statement made about the value of a parameter. (A parameter is a 
characteristic of a population, such as the population mean m.) 
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4899.1 Introduction to Hypothesis Testing

Examples of hypotheses might be the following:

a. The population mean m of the dice tossed in Example 1 equals 7, meaning that 
you just had a run of bad luck.

b. The population mean m of the dice tossed in Example 1 is less than 7, meaning 
that the dice were loaded.

c. The population proportion p of adults owning a tablet computer in 2014 was 
42%. A media technology researcher states that this proportion is still the same 
today.

d. A different researcher states that the population proportion p of adults owning a 
tablet computer has increased since 2014.

Note that the statements in (a) and (b) are competing ideas, which can’t both be right. 
Similarly, the statements in (c) and (d) are competing ideas. 

The problem is that the value of the parameter is unknown, because it is a charac-
teristic of a population, and we do not have access to the entire population. For exam-
ple, we do not know the proportion of all people in the world today who own tablets, 
because new people are buying them all the time. If the true value of the parameter was 
known, there would be no need to perform a hypothesis test about it. This is why two 
reasonable people can have different ideas about the value of a population parameter. 
We must leave it up to the observed (sample) data to provide evidence in favor of a 
particular hypothesis.

To summarize, we have the following definition of hypothesis testing.

Note: A hypothesis is not 
necessarily true. It is simply a 
statement. We need to look to the 
data for evidence either for it or 
against it.

Hypothesis testing is a procedure for:
1. stating two competing hypotheses about the unknown value of a population parameter, 

such as the population mean m,
2. analyzing the evidence collected from sample data, and
3. rendering a decision about which hypothesis the sample data support.

the Hypotheses
● The null hypothesis represents what has been tentatively assumed about the value 

of the parameter. Thus, it represents no change, no effect, or no difference. The null 
hypothesis is denoted as H0 (pronounced “H-naught”), and it is assumed true unless the 
sample data provide evidence against it.

● The alternative hypothesis, or research hypothesis, denoted as Ha, represents an 
alternative claim about the value of the parameter. If the alternative hypothesis is to be 
chosen over the null hypothesis, it requires sample evidence in its favor.

The two competing statements about the parameter are called the null hypothesis and 
alternative hypothesis, and they are described below.

Hypothesis testing is like conducting a criminal trial. In a trial in the United States, 
the defendant is innocent until proven guilty, and the jury must evaluate the truth of 
two competing hypotheses:

H
0
 : defendant is not guilty versus H

a
 : defendant is guilty

The not-guilty hypothesis is considered the null hypothesis H0 
because the jurors must 

assume it is true until proven otherwise. The alternative hypothesis H
a
, that the defen-

dant is guilty, must be demonstrated to be true, beyond a reasonable doubt. How does a 
court of law determine whether the defendant is convicted or acquitted? This judgment 
is based upon the evidence, the hard facts heard in court. Similarly, in hypothesis testing, 
the researcher draws a conclusion based on the evidence provided by the sample data.

In Sections 9.1–9.4, we will examine hypotheses for the unknown mean m. The 
null hypothesis will be a claim about a certain specified value for m denoted m

0
, and the 
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490 Chapter 9 Hypothesis Testing

alternative hypothesis will be a claim about other values for m. The hypotheses have 
one of the three possible forms shown in Table 1. The right-tailed test and the left-
tailed test are called one-tailed tests. In Section 9.2, we will find out why we use this 
terminology. All of the hypothesis tests we perform in Sections 9.1–9.4 will take one 
of the three forms in Table 1.

Table 1 The three possible forms for the hypotheses for a test for m

Form Null and alternative hypotheses

Right-tailed test H0 : m 5 m0 versus Ha : m . m0

Left-tailed test H0 : m 5 m0 versus Ha : m , m0

Two-tailed test H0 : m 5 m0 versus Ha : m Þ m0

The notation m0 looks scary, but it just refers to the hypothesized value of m. The fol-
lowing example will help to clarify. 

eXaMPLe 2 An example of hypotheses

eXaMPLe 3 identifying valid and invalid hypotheses

Recall the dice-throwing situation in Example 1. Suppose we wanted to conduct a hy-
pothesis test to test whether the population mean m of the dice tossed in Example 1 is 
less than 7. State the hypotheses.

Solution
We want to test whether m is less than 7. The only place a “less than” sign appears in 
Table 1 is for the left-tailed test:

H
0
 : m 5 m

0
 versus Ha : m , m

0

Next, we ask ourselves, “less than what?” The answer to this question, 7, is the value 
of m

0
. That is, m

0 
5 7. The same value m

0 
5 7 goes in both H

0
 and Ha. Thus, we have 

our hypotheses:

H
0
 : m 5 7 versus Ha : m , 7

Determine whether the following hypotheses are in a valid form or not. If not, explain 
why not, and put the hypotheses in a valid form.

a. H
0
 : m . 10     versus  Ha : m 5 10

b. H
0
 : x 5 25   versus  Ha : x , 25

c. H
0
 : m 5 98.6 versus  Ha : m . 100

d. H
0
 : m 5 5     versus  Ha : m ≠ 5

Solution
a. Invalid. The equal sign always goes in H

0
. So the correct form is:

H
0
 : m 5 10  versus  Ha : m . 10

Note that we do not perform hypothesis tests about sample characteristics, because we 
already know the values of these sample statistics. For example, we would never have 
hypotheses of the form: H

0
 : x 5 m

0
 versus Ha : x . m

0
, because, for any given sample, 

the value of x is known, so there is no need to perform a hypothesis test about it. 
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4919.1 Introduction to Hypothesis Testing

b. Invalid. Statistics such as x never appear in the hypotheses (though they are  
used later on in the hypothesis test procedure) because we know their values. 
Hypotheses are about parameters such as m, whose value is unknown. The 
correct form is:

H
0
 : m 5 25  versus  Ha : m , 25

c. Invalid. The same value for m
0
 should go in both H

0 
and Ha. One possible correct 

form is: 

H
0
 : m 5 98.6  versus  Ha : m . 98.6

d. This form for the hypotheses is valid.

The first task in hypothesis testing is to form hypotheses. To convert a word prob-
lem into two hypotheses, look for certain key words that can be expressed mathemati-
cally. Table 2 shows how to convert words typically found in word problems into 
symbols.

Table 2 Key English words, with mathematical symbols and synonyms

English words Symbol Synonyms

Equal 5 Is; has stayed the same

Not equal Þ Is different from; has changed from; differs from

Greater than . Is more than; exceeds; has increased

Less than , Is below; is smaller than; has decreased

Once you have identified the key words, use the associated mathematical symbol to 
write the two hypotheses. The following strategy can be used to write the hypotheses.

NOW YOU CAN DO
Exercises 9–12.

Strategy for Constructing the Hypotheses About m
Step 1 Search the word problem for certain key English words and select the associated 
symbol from Table 2.
Step 2 Determine the form of the hypotheses listed in Table 1 that uses this symbol. 
Step 3 Find the value of m0 (the number that answers the question: “greater than what?” 
or “less than what?”) and write your hypotheses in the appropriate forms.

eXaMPLe 4 Applying the strategy for constructing the hypotheses about m
The mean annual rainfall in Arizona has been eight inches per year, according to the 
World Almanac. But weather researchers are interested in whether this already small 
amount of rain will decrease, leading to drought conditions in the state. Use the steps 
in the Strategy for Constructing the Hypotheses About m to write a null hypothesis 
and an alternative hypothesis for this situation.

Solution
Let’s use our strategy to construct the hypotheses needed to test this claim.

Step 1 Search the word problem for certain key English words and select the 
appropriate symbol.
The problem uses the word “decrease,” which means “is less than.” Thus, we will write 
a hypothesis that contains the , symbol.

Do not blindly apply this 
strategy without thinking 
about what you are 

doing. Instead, use the strategy to 
help formulate your own 
hypotheses. There is no substitute 
for thinking through the problem!

Caution

!
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492 Chapter 9 Hypothesis Testing

Step 2 Determine the form of the hypotheses. 
From Table 1, we see that the symbol , means that we use a left-tailed test:

H
0
 : m 5 m

0
 versus Ha : m , m

0

Step 3 Find the value for m0 and write your hypotheses.
The alternative hypothesis Ha states that the mean annual rainfall in Arizona is less 
than some value m

0
. Less than what? Eight inches per year. Write the two hypotheses 

with m
0
 5 8.

H
0
 : m 5 8 versus Ha : m , 8

YOUR TURN
 #1

Use Steps 1–3 in the Strategy for Constructing Hypotheses About m to construct 
the hypotheses for the following scenario: Nielsen reports that iPhone and Android  
users spent 30 hours a month using apps on their devices in 2013. A media technol-
ogy analyst states that the mean amount of time has increased since 2013. Write a null 
hypothesis and an alternative hypothesis for this situation.

(The solution is shown in Appendix A.)

NOW YOU CAN DO
Exercises 13–18.

Now that we know how to construct hypotheses, we next consider when sufficient 
evidence exists to reject the null hypothesis.

Statistical Significance
A result is said to be statistically significant if it is unlikely to have occurred due to chance. 

eXaMPLe 5 Statistical significance
Suppose that you are a researcher for a pharmaceutical research company. You are inves-
tigating the side effects of a new cholesterol-lowering medication and want to determine 
whether the medication will decrease the population mean systolic blood pressure level 
from the current population mean of m 5 110. If so, then a warning will have to be given 
not to prescribe the new medication to patients whose blood pressure is already low. 

To determine which of these hypotheses is correct, we take a sample of randomly 
selected patients who are taking the medication. We record their systolic blood pres-
sure levels and calculate the sample mean x and sample standard deviation s. Most 
likely, the mean of this sample of patients’ systolic blood pressure levels will not be 
exactly equal to 110, even if the null hypothesis is true. Now, suppose that the sample 
mean blood pressure x is less than the hypothesized population mean of 110. Is the 
difference due simply to chance variation, or is it evidence of a real side effect of  
the cholesterol medication?

a. Construct the appropriate hypotheses.

b. For x 5 109 and x 5 90, discuss whether each result would be statistically 
significant or due to chance.

Solution
a. The key word “decrease” means we have a left-tailed test. “Less than what?”  

The current population mean systolic blood pressure of m 5 110. Thus, our 
hypotheses are:

H
0
 : m 5 110 versus Ha : m , 110

where m represents the population mean systolic blood pressure and m
0
 5 110. 
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4939.1 Introduction to Hypothesis Testing

b. For x 5 109, the difference between x and m
0 
is only 1. Depending on the variability 

present in the sample, the researcher would likely not reject the null hypothesis 
because this small difference is probably due to chance variation. The result is 
probably not statistically significant. But, for x 5 90, the difference between x and 
m

0
 is 20. Depending on the variability present in the sample, the researcher would 

probably conclude that this difference is so large that it is unlikely that it is due to 
chance variation. Thus, the researcher would probably reject the null hypothesis H

0
 

in favor of the alternative hypothesis Ha. The result is statistically significant.

To summarize:

● In a hypothesis test, we compare the sample mean x with the value m
0
 of the popu-

lation mean used in the H
0
 hypothesis.

● If the difference between x and m
0
 is large, then the null hypothesis H

0
 is rejected. 

● If the difference between x and m
0
 is not large, then H

0
 is not rejected. 

The question is, “Where do you draw the line?” Just how large a difference between x 
and m

0
 is large enough to reject the null hypothesis? We answer this question starting 

in Section 9.2.
Note that there are only two possible hypothesis-testing conclusions:

● Reject H
0
, or

● Do not reject H
0
.

Note: When we reject H0, we say 
that the results are statistically 
significant. If we do not reject H0, 
the results are not statistically 
significant.

A Decision Is Not Proof 
It is important to understand that the decision to reject or not reject H

0
 does not 

prove anything. The decision represents whether or not there is sufficient evidence 
against the null hypothesis. This is our best judgment, given the available data, simi-
lar to the best judgment of a jury, given the available evidence. You cannot claim to 
have proven anything about the value of a population parameter unless you elicit 
information from the entire population, which is usually not possible.

Developing Your 
Statistical Sense

We can make decisions about population parameters using the limited information 
available in a sample because we base our decisions on probability. When the differ-
ence between the sample mean x and the hypothesized population mean m

0
 is large, 

then the null hypothesis is probably not correct. When the difference is small, then the 
data are probably consistent with the null hypothesis. But we don’t know for sure.

type i and type ii errors
Next, we take a closer look at some of the thorny issues involved in performing a 
hypothesis test. Let’s return to the example of a criminal trial. The jury will convict the 
defendant if they find evidence compelling enough to reject the null hypothesis of “not 
guilty” beyond a reasonable doubt. However, jurors are only human; sometimes their 
decisions are correct and sometimes they are not. Thus, the jury’s verdict will represent 
one of the following outcomes:

1. An innocent defendant is wrongfully convicted. 

2. A guilty defendant is convicted. 

3. A guilty defendant is wrongfully acquitted.

4. An innocent defendant is acquitted. 

2
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494 Chapter 9 Hypothesis Testing

Recall that we can write the two hypotheses for a criminal trial as

H
0
 : defendant is not guilty versus Ha : defendant is guilty

Table 3 shows the possible verdicts on the left and the two hypotheses across the top.

Table 3 Four possible outcomes of a criminal trial

Reality

Ju
ry

’s
 d

ec
is

io
n

H
0
 true: 

Defendant did not  
commit the crime

H
0
 false: 

Defendant did  
commit the crime

Reject H
0
 : 

Find defendant guilty

Do not reject H
0
 : 

Find defendant not guilty

Type I error Correct decision

Correct decision Type II error

Let’s look at the two possible decisions the jury can make. It can find the defen-
dant guilty: the jury rejects the claim in the null hypothesis H

0
. Alternatively, the jury 

can find the defendant not guilty: the jury does not reject the null hypothesis H
0
. The 

jury can render the correct decision in two ways.

two ways of Making the Correct Decision
● To not reject H0 when H0 is true.

Example: To find the defendant not guilty when, in reality, he did not commit the crime.
● To reject H0 when H0 is false.

Example: To find the defendant guilty when, in reality, he did commit the crime.

Unfortunately, the jury can also render an incorrect decision in two ways. In sta-
tistics, the two incorrect decisions are called Type I and Type II errors.

two types of errors
● type i error: To reject H0 when H0 is true.

Example: To find the defendant guilty when, in reality, he did not commit the crime.
● type ii error: To not reject H0 when H0 is false.

Example: To find the defendant not guilty when, in reality, he did commit the crime.

eXaMPLe 6 type i and type ii errors
For the medication hypothesis test in Example 5, explain what it would mean if the 
following errors were made:

a. Type I error

b. Type II error

bi
ke

ri
de

rl
on

do
n/

Sh
ut

te
rs

to
ck

A jury's decision can be correct or 
incorrect. The same is true for the 
conclusion of a hypothesis test.
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4959.1 Introduction to Hypothesis Testing

Solution
The hypotheses in Example 5 were the following:

H0 : m 5 110 versus Ha : m , 110

where m represents the population mean systolic blood pressure.

a. A Type I error occurs when we reject H0 when H0 is true. This would be to 
conclude that m had decreased when, in reality, it had stayed the same. In  
other words, a Type I error would be to conclude that the population  
mean systolic blood pressure had decreased when, in reality, it had not 
decreased. The pharmaceutical company, afraid of this possible side effect,  
might not continue production of the drug when, in reality, there is no  
side effect.

b. A Type II error occurs when we do not reject H0 when H0 is false. This would be 
to conclude that m had stayed the same when, in reality, it had decreased. In this 
case, this is a very dangerous error to make, because the pharmaceutical 
company might then conclude that the side effect does not exist when, in reality, 
it does exist, and it could lead to dangerous lowering of blood pressure. This is 
why the Food and Drug Administration requires that strict protocols are followed 
regarding Type I and Type II errors when approving new medications for the 
market.

To say that a 5 0.05 means that, if this hypothesis test were repeated over and over 
again, the long-term probability of rejecting a true null hypothesis would be 5%. The 
level of significance of a hypothesis test is another name for a, the probability of 
rejecting H

0
 when H

0
 is true. A smaller a makes it harder to wrongfully reject H

0
 just 

by chance. If the consequences of making a Type I error are serious, then the level  
of significance should be small, such as a 5 0.01. If the consequences of making a 
Type I error are not so serious, then one may choose a larger value for the level of  
significance, such as a 5 0.05 or a 5 0.10.

The probability of a Type II error is denoted as b (beta). This is the probability of 
not rejecting H

0
 when H

0
 is false, such as acquitting someone who is really guilty. 

Making a smaller inevitably makes b larger (for a fixed sample size). Of course, our 
goal is to simultaneously minimize both a and b. Unfortunately, the only way to do 
this is to increase the sample size.

YOUR TURN
 #2

Explain what it would mean to make a Type I error and a Type II error for the hypoth-
esis test in the following examples:

a. Example 2

b. Example 4

(The solutions are shown in Appendix A.)

NOW YOU CAN DO
Exercises 19–22.

The probability of a Type I error is denoted as a (alpha). We set the value of a to be 
some small constant, such as 0.01, 0.05, or 0.10, so that only a small probability of 
rejecting a true null hypothesis exists.
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496 Chapter 9 Hypothesis Testing

Section 9.1 Summary
 1. Statistical hypothesis testing is a way of formalizing the 
decision-making process so that a decision can be rendered 
about the unknown value of the parameter. The status quo 
hypothesis that represents what has been tentatively assumed 
about the value of the parameter is called the null hypothesis 
and is denoted as H

0
. The alternative hypothesis, or research 

hypothesis, denoted as Ha, represents an alternative 
statement about the value of the parameter. 

Section 9.1 Exercises
CLARIFYING THE CONCEPTS

 1. What are some characteristics of the null hypothesis? 
The alternative hypothesis? (p. 489)
 2. Explain what is meant by m

0
. (p. 490)

 3. In the hypothesis test for the population mean, how 
many forms of the hypotheses are there? Write out these 
forms. (p. 490)
 4. In a criminal trial, what are the two possible decision 
errors? What do statisticians call these errors? (p. 494)
 5. When does a Type I error occur? A Type II error?  
(p. 494)
 6. What are the two correct decisions that can be made?  
(p. 494)
 7. Say we want to test whether the population mean is 
less than 100, and the sample we take yields a sample mean 
of 90. Is this sufficient evidence that the population mean is 
less than 100? Explain why or why not. (p. 492)
 8. True or false: If the consequences of making a Type I 
error are serious, then the data analyst should choose a larger 
level of significance. (p. 495)

PRACTICING THE TECHNIquES

• CHECK IT OuT!

To do Check out Topic

Exercises 9–12 Example 3 Identifying valid and 
invalid hypotheses

Exercises 13–18 Example 4 Applying the strategy 
for constructing the 
hypotheses about m

Exercises 19–22 Example 6 Type I and Type II errors

Determine whether the following hypotheses are in a valid 
form or not. If not, explain why not, and put the hypotheses 
in a valid form.
 9. H0 : x 5 100  versus  Ha : x , 100
10. H0 : m 5 4.0  versus  Ha : m Þ 4.0
11. H0 : m . 3.14 versus  Ha : m 5 3.14
12. H0 : m 5 2    versus  Ha : m . 3

For Exercises 13−18, provide the null and alternative 
hypotheses.
13. Test whether m is greater than 79.

 2. When performing a hypothesis test, there are two ways 
of making a correct decision: to not reject H

0 
when H

0
 is true 

and to reject H
0
 when H

0
 is false. Also, there are two types of 

errors: a Type I error is to reject H
0
 when H

0
 is true, and a 

Type II error is to not reject H
0
 when H

0
 is false. The 

probability of a Type I error is denoted as a (alpha). The 
probability of a Type II error is denoted as b (beta).

14. Test whether m is less than 50.
15. Test whether m is different from 75.
16. Test whether or not m equals 12,500.
17. One person states that m equals 1000. Another person 
states that m has changed from 1000.
18. One person states that m equals 32. Another person 
states that m exceeds 32.

For Exercises 19−22, do the following:
a. Provide the null and alternative hypotheses.
b. Explain what it would mean to make a Type I error.
c. Explain what it would mean to make a Type II error.

19. A psychologist wants to determine whether the mean 
achievement gap has decreased from its previous level of  
10 points.
20. A manager is interested in testing whether mean 
throughput has increased since she came on the job, when it 
was 1000 units per week.
21. A health maintenance organization wants to examine 
whether a new treatment method has decreased the mean 
cost from the $20,000 cost of the previous treatment.
22. A sports analyst is interested in testing whether mean 
times in the 40-yard dash have changed from 5 seconds.

APPLYING THE CONCEPTS

For Exercises 23–35, do the following:
a. Provide the null and alternative hypotheses.
b. Describe the two ways a correct decision could be 

made in the context of the problem.
c. Describe what a Type I error would mean in the 

context of the problem.
d. Describe what a Type II error would mean in the 

context of the problem.
23. Nurses’ Study Times. The National Survey of Student 
Engagement reported that the mean number of hours spent 
studying per week for nursing majors is 18. A medical 
researcher is interested in investigating whether mean study 
time is greater than 18 hours per week. 
24. Eating Trends. The NPD Group examined whether 
higher gasoline prices are causing consumers to dine out less 
than the previous mean of 700 times per year.1 
25. Hybrid Vehicles. The motor vehicle Web site Edmunds 
.com wants to test whether owners of hybrid vehicles can 
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recoup their initial increased cost through reduced fuel 
consumption in less than three years, on average.
26. Traffic Light Cameras. The Ministry of  
Transportation in the province of Ontario wants to  
determine whether the installation of cameras that take 
pictures at traffic lights has decreased the mean number of 
fatal and injury collisions to below the previous mean of 
339.1 per year.
27. Price of Milk. The U.S. Department of Agriculture is 
examining whether the mean price for a gallon of milk has 
increased since January 2011, when it was $3.34. 
28. Americans’ Height. Dr. Richard Steckel, professor of 
economics and anthropology at The Ohio State University, 
wants to investigate whether the mean height of Americans 
has changed from 175 centimeters.2 

29. Caffeine in Starbucks Coffee. The medical information 
Web site MayoClinic.org reports that a 16-ounce Starbucks 
Park Place brewed coffee contains 350 milligrams (mg) of 
caffeine. Suppose a local health organization is interested in 
whether the mean amount of caffeine in this coffee has 
changed from 350 mg. 

30. Mobile Apps. The Nielsen organization is preparing a 
study to determine whether the mean number of apps used 
per month by iPhone and Android users has increased from 
28.6, its 2014 level.

case  
sTudy

Chapter 9 Case Study: Clothing Store Sales. 
The business research questions in  
Exercises 31–35 pertain to our Chapter 9  
Case Study, Clothing Store Sales. 

31. Purchase Visits. The store manager wants to know 
whether her customers have made on average more than five 
visits during the six-month period. 
32. Total Net Sales. The district manager has set a goal to 
achieve a mean of more than $413 total sales per customer.
33. Items Purchased. The assistant manager wants to 
determine whether the mean number of items customers are 
buying is less than 20. 
34. Coupons. The sales department is interested in finding 
out if the mean number of coupons used differs from 0.75.
35. Days Since Purchase. The marketing manager wants to 
make sure that the mean number of days since purchase is 
less than 150.

9.2 Z Test for the Population Mean: Critical-Value 
Method

ObjeCtiveS By the end of this section, I will be able to . . .
1 Explain the essential idea about hypothesis testing for the population mean.
2 Calculate the test statistic Zdata.
3 Find the critical region(s) and critical value(s) for a hypothesis test.
4 Perform the Z test for the mean, using the critical-value method.

the essential idea About Hypothesis testing  
for the Mean
Recall that in Section 9.1, we wanted to determine whether the population mean sys-
tolic blood pressure m was less than 110 and we considered the hypotheses

H
0
 : m 5 110 versus Ha : m , 110

We stated that a large difference between the observed sample mean x and the hy-
pothesized mean m

0
 5 110 would result in the rejection of the null hypothesis H

0
. The 

question is, “How large is large?”
The Z test for the mean tells us when our results are statistically significant. To 

learn how this test works, consider the following: A sample of n 5 25 patients who are 
taking the medication shows a sample mean systolic blood pressure level of x 5 104. 
Further assume that the population standard deviation systolic blood pressure reading 
is s 5 10, and that the population of such readings is normal. Would this value x 5 104 
represent sufficient evidence to reject H

0
 and conclude that m , 110?

Recall from Chapter 7 that the sampling distribution of the sample mean x is the 
collection of sample means of all possible samples of size n. When the population  
is normal, or the sample size is large, the sampling distribution of x is approximately 

1

4979.2 Z Test for the Population Mean: Critical-Value Method
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498 Chapter 9 Hypothesis Testing

normal, with mean �
x
 5 m and standard error �

x
5 �yÏn. The idea behind the Z test 

is to determine where our sample mean x 5 104 falls within the sampling distribution. 
Is x 5 104 somewhere near the middle of the sampling distribution, or is it an outlier? 
Now, if H0 is true, then m 5 m0 5 110 and we may standardize x to get

Z 5
x 2 �

0

�yÏn
Substituting, we get

Z 5
x 2 �

0

�yÏn
5

104 2 110

10yÏ25
5 23

In other words, x 5 104 lies 3 standard errors below the hypothesized mean m
0
 5 110. 

Thus, if we accept that the null hypothesis is true, then x 5 104 is an outlier, an 
extreme value (see Figure 1). That is, if H0 is true, then the probability of observing  
x # 104 is very small (P(Z , 23) 5 0.0013), because the corresponding Z-value lies 
in the tail of the distribution, and nearly all the values of x are greater than 104.

Note: Here, we are using Facts 1–4 
and the Central Limit Theorem from 
Chapter 7.

FiGUre 1 An extreme value of x calls for rejection of H0.

Thus, we must choose one of the following two scenarios:

1. H
0
 is true, the value of m

0
 is accurate, and our observation of this extreme value 

of x is an amazingly unlikely event.

2. H
0
 is not correct, and the true value of m is closer to x.

This conclusion illustrates the essential idea about hypothesis testing for the mean.

the essential idea About Hypothesis testing for the Mean
When the observed value of x is unusual or extreme in the sampling distribution of x that 
assumes H0 is true, we should reject H0. Otherwise, we should not reject H0.

We are developing the Z test using 
a left-tailed test, but the same idea 
applies to right-tailed tests and two-
tailed tests, too.

All the remaining parts of Sections 9.2–9.4, all the steps and all the calculations, are 
really just ways to implement this essential idea. Stated roughly: If the difference 
between x and m

0
 is large, then reject H0. Otherwise don’t.

30–3

P(Z < –3) = 0.0013

116104

P(x < 104) = 0.0013

Sampling distribution of x if H0 is true

m0 = 110

Distribution of Z if H0 is true

The Data Prevail!
When faced with the above situation, because we don’t want to base our decisions 
on “amazingly unlikely events,” we therefore would conclude that H

0
 is not correct. 

Remember that the null hypothesis is just a conjecture, but the sample mean x rep-
resents directly observable “hard data.” The scientific method states that, when 
there is a conflict between a conjecture and the observed data, the data prevail, and 
we need to rethink our null hypothesis.

Developing Your 
Statistical Sense

Larose_3e_ch09.indd   498 6/16/15   5:52 PM



© 20
16

 W
.H. F

ree
man

 Co.

4999.2 Z Test for the Population Mean: Critical-Value Method

test Statistic Zdata
The Z statistic that we calculated earlier

Z 5
x 2 �

0

�yÏn

contains four quantities—three of which are taken from data. The sample mean x and 
the sample size n are characteristics of the sample data, and the population standard 
deviation s represents the population data. Thus, we call this statistic Zdata.

2

the test Statistic Zdata

The test statistic used for the Z test for the mean is

Zdata 5
x 2 �0

�yÏn

Zdata summarizes the information in the data set regarding the hypothesis test.

For the blood pressure data, we have

Z
data

5
x 2 �

0

�yÏn
5

104 2 110

10yÏ25
523

Z
data

 is an example of a test statistic, a statistic generated from a data set for the purposes 
of testing a statistical hypothesis. We will discuss several other test statistics throughout 
the remainder of the text. The hypothesis test in this section and Section 9.3 is called the 
Z test because the test statistic Z

data
 comes from the standard normal Z distribution.

eXaMPLe 7 Calculating Zdata

case  
sTudy

Clothing Store Sales
Retail stores need to generate sales. A sample of 100 customers’ data was 
taken from the Chapter 9 Case Study data set, Clothing Store, and the total 

sales were obtained for each customer during the six-month time period. Suppose this 
sample showed a sample mean of x 5 $480. Assume the population standard deviation 
is s 5 $670. The district manager has set a goal to achieve a population mean of more 
than $413 total sales per customer.

a. Construct the hypotheses.

b. Calculate the test statistic Z
data

.

Solution
a. Using our strategy for constructing the hypotheses from Section 9.1, the key words 

“more than” means “.,” and the “.” symbol occurs only in the right-tailed test. 
Answering the question “More than what?” is m

0
 5 413. Thus, our hypotheses are

H
0
 : m 5 413 versus Ha : m . 413

where m represents the population mean total sales per customer.

b. The sample size is n 5 100, with a sample mean of x 5 480, and s 5 670.  
Thus,

Z
data

5
x 2 �

0

�yÏn
5

480 2 413

670yÏ100
5 1
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m
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NOW YOU CAN DO
Exercises 9–22.

YOUR TURN
 #3

For Example 7, suppose everything else stayed the same, but now n 5 36. Calculate Zdata.

(The solution is shown in Appendix A.)
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500 Chapter 9 Hypothesis Testing

Zdata standardizes the distance between the sample mean x and the hypothesized population 
mean m, so that this distance is now on the standard normal scale. Thus, we can sometimes 
tell with a glance at Zdata, using our knowledge of the standard normal Z distribution  
(Section 6.4), whether x is extreme or not, and therefore whether to reject. Specifically, we 
recall that almost all values of Z lie between 23 and 3. Here are two examples:
● Say our data provides us with a value of Zdata 5 12, which is far into the tail of the 

Z distribution. This represents a very extreme value of x, and so we will reject H0.
● Suppose the data set gives us a value of Zdata 5 0.27, which is near the center of the Z 

distribution. This represents a value of x fairly close to m0, and so we will not reject H0.

Of course, not all cases are as obvious as these, thus the need for the hypothesis testing 
procedure.

Critical Regions and Critical Values 
In the critical-value method for the Z test, we compare Z

data
 with a threshold value, or criti-

cal value of Z, called Zcrit. The value of Zcrit separates Z into two regions (see Table 4):

● Critical region: the values of Z
data

 for which we reject H0

● Noncritical region: the values of Z
data

 for which we do not reject H0

3

● The critical region consists of the range of values of the test statistic Zdata for which we 
reject the null hypothesis.

● The noncritical region consists of the range of values of the test statistic Zdata for which 
we do not reject the null hypothesis.

● The value of Z that separates the critical region from the noncritical region is called the 
critical value Zcrit.

Z
crit

 represents the boundary between values of Z
data

 that are statistically significant and 
those that are not statistically significant. The value of Z

crit
 depends on the value of a, 

the probability of wrongly rejecting H0. A smaller value of a will make it harder to 
reject H0, that is, harder to find statistical significance. Thus, a is called the level of 
significance of the hypothesis test.

The value of Z
crit

 depends on (a) the form of the hypothesis test, and (b) the level 
of significance a. Table 4 shows values of Z

crit
 for the most commonly used levels of 

significance a. It also shows the location of the critical region.

Table 4 Table of critical values Zcrit for common values of the level of significance a

Form of hypothesis test

Level of 
significance a

Right-tailed
H0 : m 5 m0 
Ha : m > m0

Left-tailed 
H0 : m 5 m0 
Ha : m < m0

Two-tailed
H0 : m 5 m0  
Ha : m Þ m0

0.10 Zcrit 5 1.28 Zcrit 5 21.28 Zcrit 5 1.645

0.05 Zcrit 5 1.645 Zcrit 5 21.645 Zcrit 5 1.96

0.01 Zcrit 5 2.33 Zcrit 5 22.33 Zcrit 5 2.58

Critical region

Zcrit 0

Noncritical
region

a

Critical
region

Zcrit 0

Noncritical
region

a

Critical
region

Zcrit 0

Noncritical
region

Critical
region

−Zcrit 

Critical
region

a /2 a /2

Rejection rule: Reject H0 if Zdata $ Zcrit Reject H0 if Zdata # Zcrit Reject H0 if Zdata # 2Zcrit  
or Zdata $ Zcrit
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5019.2 Z Test for the Population Mean: Critical-Value Method

eXaMPLe 8 Finding Zcrit and the critical region
For the hypotheses,

H
0
 : m 5 110 versus Ha : m , 110

where m represents the population mean systolic blood pressure, let the level of sig-
nificance a 5 0.05.

a. Find the critical value Z
crit

.

b. Graph the distribution of Z, showing the critical region.

Solution
We have a left-tailed test and level of significance a 5 0.05, so Table 4 tells us that the 
critical value is Z

crit
 5 21.645. The graph showing the critical region is provided in 

Figure 2. We would reject H
0
 for values of Z

data
 that are # Z

crit
 5 21.645. 

YOUR TURN
 #4

In Example 7, we had the hypothesis test:

H
0
 : m 5 413 versus Ha : m . 413

where m represents the population mean total sales per customer. Let the level of  
significance a 5 0.10.

a. Find the critical value Z
crit

.

b. Graph the distribution of Z, showing the critical region.

(The solutions are shown in Appendix A.)

NOW YOU CAN DO
Exercises 23–26.

Why Is It Called a Left-Tailed Test Mean? Right-Tailed Test?  
Two-Tailed Test?
A hypothesis test of the form

H
0
 : m 5 m

0
 versus Ha : m , m

0

is called a left-tailed test because the critical region lies in the left (lower) tail. Simi-
larly, a hypothesis test of the form

H
0
 : m 5 m

0
 versus Ha : m . m

0

is called a right-tailed test because its critical region lies in the right (upper) tail. 
Finally, a hypothesis test of the form

H
0
 : m 5 m

0
 versus Ha : m Þ m

0

is called a two-tailed test because its critical region occupies both the lower and 
upper tails.

FiGUre 2 Critical region for a left-tailed test lies in the left (lower) tail.

Noncritical region

a = 0.05

0Zcrit = –1.645 
Critical region

Developing Your 
Statistical Sense
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502 Chapter 9 Hypothesis Testing

Performing the Z test for the Mean Using the  
Critical-value Method
We are now ready to learn the steps for performing the Z test for the population mean 
using the critical-value method.

4

Z test for the Population Mean m: Critical-value Method
When a random sample of size n is taken from a population where the population 
standard deviation s is known, you can use the Z test if (a) the population is normal,  
or (b) the sample size is large (n $ 30).
Step 1 State the hypotheses.
Use one of the forms from Table 4. State the meaning of m.
Step 2 Find Zcrit and state the rejection rule.
Use Table 4 and the given level of significance a.
Step 3 Calculate Zdata.

Zdata 5
x 2 �0

�yÏn

Step 4 State the conclusion and the interpretation.
If Zdata falls in the critical region, then reject H0; otherwise, do not reject H0. Interpret your 
conclusion.

Interpreting Your Conclusion
Recall that a data analyst needs to interpret the results so that the general public can 
understand them. You can use the following generic interpretation for the two pos-
sible conclusions. Just remember that generic interpretations are no substitute for 
thinking clearly about the problem and the implications of the conclusion.

Interpreting the Conclusion
● If you reject H

0
, the interpretation is: There is evidence at level of significance 

a that [whatever Ha says].

● If you do not reject H
0
, the interpretation is: There is insufficient evidence at 

level of significance a that [whatever Ha says]. 

For example, suppose our conclusion for the hypotheses in Example 8

H
0
 : m 5 110 versus Ha : m , 110

was to reject H0.  Then the interpretation of this conclusion would be: There is evi-
dence at level of significance a 5 0.05 that the population mean systolic blood 
pressure reading is less than 110.

What Does This 
Conclusion Mean?

Next, we illustrate the critical-value method of performing a right-tailed Z test, a left-
tailed Z test, and a two-tailed Z test for m.

eXaMPLe 9 Z test for m, critical-value method, right-tailed test

case  
sTudy

Clothing Store Sales
For the situation in Example 7, test at level of significance a 5 0.01 whether 
the population mean total sales per customer is more than $413.

Solution
We may apply the Z test because the sample is large (n ≥ 30), and the population stan-
dard deviation s is known.
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5039.2 Z Test for the Population Mean: Critical-Value Method

Step 1 State the hypotheses.
From Example 7, our hypotheses are

H
0
 : m 5 413 versus Ha : m . 413

where m represents the population mean total sales per customer.

Step 2 Find Zcrit and state the rejection rule.
We have a right-tailed test and level of significance a 5 0.01, which, from Table 4, 
tell us that Z

crit
 5 2.33. Because we have a right-tailed test, the rejection rule will be 

“Reject H
0
 if Z

data
 $ Z

crit
,” that is, “Reject H

0
 if Z

data
 $ 2.33” (see Figure 3).

Step 3 Find Zdata. 
From Example 7, we have Z

data
 5 1.

Step 4 State the conclusion and interpretation. 
Our rejection rule states that we will reject H

0
 if Z

data
 $ 2.33. Because Z

data
 5 1, which 

is not $ 2.33, the conclusion is to not reject H
0
 (Figure 4). Even though the sample 

mean of x 5 480 exceeds �
0

5 413, it does not do so by a wide enough margin to over-
come the reasonable doubt that the difference between x and m0 may have been due to 
chance. We interpret our conclusion as follows: “There is insufficient evidence at the 
0.01 level of significance that the population mean total sales is greater than $413 per 
customer over the six-month period.”

FiGUre 3 Critical region for a 
right-tailed test.

NOW YOU CAN DO
Exercises 37–40.

NOW YOU CAN DO
Exercises 41–44.

eXaMPLe 10 Z test for m, critical-value method, left-tailed test
For the hypotheses in Example 8, perform the Z test for the population mean,  
using level of significance a 5 0.05. Assume systolic blood pressure is normally 
distributed.

Solution
We may use the Z test, because the population of systolic blood pressure readings is 
normally distributed, and the population standard deviation s is known.

Step 1 State the hypotheses.
From Example 8, we have

H
0
 : m 5 110 versus Ha : m , 110

where m represents the population mean systolic blood pressure reading.

Step 2 Find Zcrit and state the rejection rule.
Example 8 gives us the critical value Z

crit
 5 21.645, and Table 4 tells us that, for level 

of significance a 5 0.05, we will reject H
0
 if Z

data
 # Z

crit
, that is, if Z

data
 # 21.645 

(Figure 4).

Step 3 Calculate Zdata. 
From page 499, we know that

Z
data

5
x 2 �

0

�yÏn
5

104 2 110

10yÏ25
5 23

Step 4 State the conclusion and the interpretation. 
In Step 2, we stated that we would reject H

0
 if Z

data
 # 21.645. Our Z

data
 of 23 # 21.645, 

therefore, we reject H
0
. Our interpretation is: “There is evidence at level of significance 

a 5 0.05 that the population mean systolic blood pressure reading is less than 110.” 

FiGUre 4 Critical region for a 
left-tailed test.

a  = 0.01

Critical region

0 Zcrit = 2.33

Zdata = 1

0
Z

Zdata = –3 Zcrit =
–1.645

Critical region

a = 0.05
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eXaMPLe 11 Z test for m, critical-value method, two-tailed test
When the level of hemoglobin in the blood is too low, a person is anemic. Unusually 
high levels of hemoglobin are also undesirable and can be associated with dehydration. 
The optimal hemoglobin level is 13.8 grams per deciliter (g/dl). Suppose a random 
sample of n 5 25 women at a certain college showed a sample mean hemoglobin of 
x 5 11.8 g/dl, the population standard deviation of hemoglobin level is s 5 5 g/dl, 
and hemoglobin level is normally distributed. We are interested in testing whether 
the population mean hemoglobin level differs from 13.8 g/dl. Perform the appropriate  
hypothesis test, using level of significance a 5 0.10.

Solution
We may use the Z test, because the population of hemoglobin levels is normally dis-
tributed, and the population standard deviation s is known.

Step 1 State the hypotheses.
The key words “differs from” indicate a two-tailed test, with m

0
 5 13.8. Thus, our 

hypotheses are

H
0
 : m 5 13.8 versus Ha : m Þ 13.8

where m represents the population mean hemoglobin level.

Step 2 Find Zcrit and state the rejection rule.
We have a two-tailed test and level of significance a 5 0.10. Using this information, 
Table 4 tells us that the critical value Z

crit
 5 1.645 and that we will reject H

0
 if Z

data
 # 

21.645 or if Z
data

 $ 1.645 (Figure 5).

Step 3 Calculate Zdata. 
We have x 5 11.8, n 5 25, s 5 5, and m

0
 5 13.8. Substituting:

Z
data

5
x 2 �

0

�yÏn
5

11.8 2 13.8

5yÏ25
5 22

Step 4 State the conclusion and the interpretation.
Z

data
 5 22, which is # 21.645. Therefore we reject H

0
. There is evidence at level  

of significance a 5 0.10 that the population mean hemoglobin level differs from  
13.8 g/dl. 

FiGUre 5 Critical region for a 
two-tailed test.

NOW YOU CAN DO
Exercises 45–48.

SteP-by-SteP teCHnOlOGy GUiDe: Z test for m
To learn how to use technology to perform the Z test for the mean, see the Step-by-Step Technology Guide on page 519.

Section 9.2 Summary
 1. The essential idea about hypothesis testing for the mean is 
as follows: When the observed value of x is unusual or extreme 
in the sampling distribution of x that assumes H

0
 is true, we 

should reject H
0
. Otherwise, we should not reject H

0
.

 2. The test statistic Z
data

 summarizes the information in the 
data set regarding the hypothesis test.

 3. The critical region consists of the range of values of the 
test statistic Z

data
 for which we reject the null hypothesis. The 

value of Z that separates the critical region from the 
noncritical region is called the critical value Z

crit
. 

 4. In the critical-value method for the Z test for the mean, 
we compare Z

data
 with Z

crit
.

Zcrit =
1.645

0
Z

Zdata = –2 –Zcrit =
–1.645

a /2 = 0.05

Critical regionCritical region

a /2 = 0.05
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5059.2 Z Test for the Population Mean: Critical-Value Method

Section 9.2 Exercises
CLARIFYING THE CONCEPTS

 1. What is the essential idea about hypothesis testing for 
the mean? (p. 498)
 2. What does Z

data
 represent? (p. 499)

 3. Explain what a test statistic is. (p. 499)
 4. Describe the difference between the critical region and 
the noncritical region. (p. 500)
 5. Clearly describe what Z

crit
 is. (p. 500)

 6. Suppose we reject H
0
 for the hypothesis test H

0
 : m 5 5 

versus Ha : m , 5. Provide the generic interpretation. (p. 502)
 7. How did the right-tailed test get its name? (p. 501)
 8. True or false: The value of Z

crit
 does not depend at all on 

the sample data. (p. 500)

PRACTICING THE TECHNIquES

• CHECK IT OuT!

To do Check out Topic

Exercises 9–22 Example 7 Calculating Z
data

Exercises 23–36 Example 8 Finding Z
crit 

and the 
critical region

Exercises 37–40 Example 9 Right-tailed Z test for m
Exercises 41–44 Example 10 Left-tailed Z test for m
Exercises 45–48 Example 11 Two-tailed Z test for m

For Exercises 9–48, assume that the conditions for 
performing the Z test are met.

For Exercises 9–20, calculate Z
data

.
 9. H

0
 : m 5 75 vs. Ha : m . 75, x 5 79, s 5 20, n 5 25

10. H
0
 : m 5 75 vs. Ha : m . 75, x 5 81, s 5 20, n 5 25

11. Right-tailed test with m
0
 5 50 and s 5 10. A sample of 

size 100 has a mean of 51. 
12. Right-tailed test with m

0
 5 50 and s 5 10. A sample of 

size 100 has a mean of 54.
13. H

0
 : m 5 98.6 vs. Ha :  m , 98.6, x 5 98.35, s 5 1,  

n 5 16
14. H

0
 : m 5 98.6 vs. Ha :  m , 98.6, x 5 97.85, s 5 1,  

n 5 16
15. Left-tailed test with m

0
 5 20 and s 5 5. A sample of 

size 100 has a mean of 19. 
16. Left-tailed test with m

0
 5 20 and s 5 5. A sample of 

size 100 has a mean of 18.5.
17. H

0
 : m 5 1000 vs. Ha :  m Þ 1000, x 5 1005, s 5 100,  

n 5 400
18. H

0
 : m 5 1000 vs. Ha :  m Þ 1000, x 5 995, s 5 100,  

n 5 400
19. Two-tailed test with m

0
 5 2.5 and s 5 0.5. A sample of 

size 100 has a mean of 2.45. 
20. Two-tailed test with m

0
 5 2.5 and s 5 0.5. A sample of 

size 100 has a mean of 2.55. 
21. Consider your results from Exercises 9–12. Describe 
what happens to Z

data 
for a right-tailed test as x increases its 

distance above m
0
, and everything else stays the same.

22. Consider your results from Exercises 13–16. Describe 
what happens to Z

data 
for a left-tailed test as x increases its 

distance below m
0
, and everything else stays the same.

For Exercises 23–34, do the following:
a. Find the critical value Z

crit
.

b. Sketch the critical region, using the figures in Table 4 
as a guide.

c. State the rejection rule.
23. H

0
 : m 5 75 vs. Ha : m . 75, level of significance  

a 5 0.10
24. H

0
 : m 5 75 vs. Ha : m . 75, level of significance  

a 5 0.05
25. Right-tailed test with m

0
 5 50, level of significance  

a 5 0.05
26. Right-tailed test with m

0
 5 50, level of significance  

a 5 0.01
27. H

0
 : m 5 98.6 vs. Ha : m , 98.6, level of significance  

a 5 0.05
28. H

0
 : m 5 98.6 vs. Ha : m , 98.6, level of significance  

a 5 0.01
29. Left-tailed test with m

0
 5 20, level of significance  

a 5 0.10
30. Left-tailed test with m

0
 5 20, level of significance  

a 5 0.05
31. H

0
 : m 5 1000 vs. Ha : m Þ 1000, level of significance  

a 5 0.05
32. H

0
 : m 5 1000 vs. Ha : m Þ 1000, level of significance  

a 5 0.01
33. Two-tailed test with m

0
 5 2.5, level of significance  

a 5 0.10
34. Two-tailed test with m

0
 5 2.5, level of significance  

a 5 0.05
35. Consider your results from Exercises 23–26. Describe 
what happens to (a) Z

crit
 and (b) the critical region, for a 

right-tailed test when the only change is the decrease in the 
level of significance a.
36. Consider your results from Exercises 27–30. Explain 
what happens to (a) Z

crit
 and (b) the critical region, for a 

left-tailed test as the level of significance a decreases but 
everything else stays the same.

For Exercises 37–48, use the hypotheses and data from the 
indicated exercises to perform the Z test for m by doing the 
following steps:

a. State the hypotheses.
b. Find Z

crit
 and state the rejection rule.

c. State the value of Z
data

 from the indicated exercise.
d. State the conclusion and the interpretation.

37. Use Z
data

 from Exercise 9 and Z
crit

 from Exercise 23.
38. Use Z

data
 from Exercise 10 and Z

crit
 from Exercise 24.

39. Use Z
data

 from Exercise 11 and Z
crit

 from Exercise 25.
40. Use Z

data
 from Exercise 12 and Z

crit
 from Exercise 26.

41. Use Z
data

 from Exercise 13 and Z
crit

 from Exercise 27.
42. Use Z

data
 from Exercise 14 and Z

crit
 from Exercise 28.

43. Use Z
data

 from Exercise 15 and Z
crit

 from Exercise 29.
44. Use Z

data
 from Exercise 16 and Z

crit
 from Exercise 30.
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506 Chapter 9 Hypothesis Testing

45. Use Z
data

 from Exercise 17 and Z
crit

 from Exercise 31.
46. Use Z

data
 from Exercise 18 and Z

crit
 from Exercise 32.

47. Use Z
data

 from Exercise 19 and Z
crit

 from Exercise 33
48. Use Z

data
 from Exercise 20 and Z

crit
 from Exercise 34.

APPLYING THE CONCEPTS

For Exercises 49–56, do the following:
a. State the hypotheses.
b. Find Z

crit
 and the critical region.

c. Find Z
data

. Also, draw a standard normal Z curve 
showing Z

crit
, the critical region, and Z

data
.

d. State the conclusion and the interpretation.
49. Facebook Connections. According to Facebook.com, 
the mean number of community pages, groups, and events 
that users are connected to is 80. A random sample of 64 
Facebook users showed a mean of 86 connections to 
community pages, groups, and events. Assume s 5 48. Test, 
using level of significance a 5 0.05, whether the population 
mean number of connections to community pages, groups, 
and events is greater than 80.
50. Nurses’ Study Time. The National Survey of Student 
Engagement reported that the mean number of hours spent 
studying per week for nursing majors is 18. Suppose a 
medical researcher obtained a random sample of 100 nursing 
majors, which yielded a sample mean study time of 19 hours. 
Assume s 5 10 hours. Test, using level of significance  
a 5 0.05, whether the population mean study time for  
nursing majors is greater than 18 hours per week.
51. Text Messages. The Pew Internet and American Life 
Project reports that young people ages 12–17 send a mean of 
60 text messages per day. A random sample of 100 young 
people showed a mean of 69 text messages per day. Assume 
s 5 30. Test, using level of significance a 5 0.01, whether 
the population mean number of text messages per day differs 
from 60.
52. Video Gamers. Can’t pry the PlayStation away from your 
dad? In 2015, the Entertainment Software Association reported 
that the mean age of video gamers was 35 years old. A recent 
random sample of 36 video gamers had a mean age of 34. 
Assume s 5 6. Test, using level of significance a 5 0.05, 
whether the population mean age of video gamers is less than 35.
53. Gas Prices. The American Automobile Association 
reported in June 2011 that the mean price for a gallon of 
regular gasoline was $3.70. A recent random sample of 25 
gas stations had a mean price of $3.90. Assume normality 
and s 5 $0.50. Test, using level of significance a 5 0.05, 
whether the population mean price for a gallon of regular 
gasoline has risen since June 2011.
54. Online Shopping. The Nielsen organization reports that 
smartphone owners spent a mean of 93 minutes using 
shopping apps on their smartphones in the fourth quarter 
(last three months) of 2013. A random sample of 225 
smartphone owners showed a mean of 99 minutes using 
shopping apps on their smartphones in the fourth quarter of 
last year. Assume s 5 45 minutes. Conduct a hypothesis 
test, using level of significance a 5 0.10, to determine 
whether the population mean amount of time has changed.

55. Americans’ Height. A random sample of 400 American 
adults yields a mean height of 176 centimeters. Assume  
s 5 2.5. Conduct a hypothesis test to investigate whether the 
population mean height of American adults has changed 
from 175 centimeters, using level of significance a 5 0.10.
56. Price of Milk. The U.S. Bureau of Labor Statistics 
reported that the mean price for a gallon of milk in 2011 was 
$3.34. A random sample of 100 retail establishments this 
year provides a mean price of $3.39. Assume s 5 $0.25. 
Perform a hypothesis test, using level of significance  
a 5 0.05, to investigate whether the population mean price 
of milk this year has increased from the 2011 value.
57. Automobile Operation Cost. The Bureau of 
Transportation Statistics reports that the mean cost of 
operating an automobile in the United States, including gas 
and oil, maintenance and tires, is 5.9 cents per mile. Suppose 
that a sample taken this year of 100 automobiles shows a 
mean operating cost of 6.2 cents per mile, and assume that 
the population standard deviation is 1.5 cents per mile. Test 
whether the population mean cost is greater than 5.9 cents 
per mile, using level of significance a 5 0.05.

a. Is it appropriate to apply the Z test? Why or why not?
b. We have a sample mean that is greater than the mean 

in the null hypothesis of 5.9 cents. Isn’t this enough 
by itself to reject the null hypothesis? Explain why or 
why not.

c. How many standard deviations above the mean is the 
6.2 cents per mile? Do you think this is extreme?

58. Automobile Operation Cost. Refer to Exercise 57.
a. Construct the hypotheses.
b. Find the Z critical value and state the rejection rule.
c. Calculate the value of the test statistic Z

data
.

d. State the conclusion and the interpretation.
59. Accountants’ Salaries. According to accountingWEB.
com, the mean starting salary for a new accountant right out of 
college was $52,900 in 2014. A random sample of 16 new 
accountants has a mean salary of $54,000. We assume that the 
population standard deviation equals $4000. The histogram of 
the salary (in $1000s) is shown here. If it is appropriate to apply 
the Z test, then do so, using the critical-value method and level 
of significance a 5 0.05. If not, then explain clearly why not.

0
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4
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Salary
50 51 52 53 54 55

BRINGING IT ALL TOGETHER
Toyota Prius Gas Mileage. Use the following information for 
Exercises 60−67. Cars.com reported in 2014 that the mean 
city/highway combined gas mileage for the Toyota Prius 
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hybrid car was 50 mpg. This year, a random sample of 16 
Toyota Prius cars had the gas mileages shown here (in miles 
per gallon (mpg)). Assume s 5 2 mpg. The research question 
is to test whether mean gas mileage has increased since 2014.

48.1 49.9 50.6 51.8

48.8 50.0 50.9 52.2
49.3 50.2 51.3 52.9
49.5 50.4 51.6 53.9

60. Are the conditions met for performing the Z test for m? 
Use technology to obtain a normal probability plot of the data.
61. Construct the appropriate hypotheses. State the meaning 
of m.
62. Find the Z critical value and state the rejection rule. Use 
level of significance a 5 0.10.
63. Calculate the value of Z

data
.

64. State and interpret your conclusion.
65. Try to answer the following questions by 
thinking about the relationship between the 
statistics instead of by redoing all the calculations. 

Note the mpg of the worst-performing Prius: 48.1. What if 
the 48.1 mpg is a typo? We are not sure what the actual mpg 
is, but it is greater than 48.1 mpg. How would this change 
affect the following?

a. x
b. s (Hint: This is not the sample standard deviation.)
c. n
d. Z

data

e. Z
crit

f. The conclusion
66. Now, instead of 0.10, use level of significance a 5 0.05. 
Find the new Z critical value and state the rejection rule. 

There is no need to recalculate the value of Z
data

. State and 
interpret your conclusion with this new level of significance 
a 5 0.05.
67. Note the contradiction in your conclusions from 
Exercises 64 and 66. Can you suggest any way to resolve this?

WORKING WITH LARGE DATA SETS
68. Sodium. Work with the Nutrition data set. 

a. Use technology to explore the variable sodium.
b. Use technology to test at level of significance  

a 5 0.05 whether the population mean amount of 
sodium is greater than 280 mg. Let s 5 625 mg.

c. Use technology to test at level of significance  
a 5 0.05 whether the population mean amount of 
sodium is greater than 290 mg. Let s 5 625 mg.

WORKING WITH LARGE DATA SETS
Chapter 9 Case Study: Clothing Store Sales. 
Open the Chapter 9 Case Study data set, Clothing 
Store. Here, we will perform a hypothesis test  
for the population mean number of coupons used 

per customer. We will then see whether this hypothesis test 
made the correct decision. Use technology to do the 
following. clothingstore
69. Obtain a random sample of size 100 from the data set.
70. Using your sample, test whether the population mean 
number of coupons used per customer differs from 0.75, 
using level of significance a 5 0.05. Assume s 5 1.74 
coupons.
71. Using the 5000 customers in the entire data set as a 
population, find the actual value of the population mean 
number of coupons used per customer. Did your hypothesis 
test in Exercise 71 make the right decision? Explain.

nutrition

what if

? case  
sTudy

5079.3 Z Test for the Population Mean: p-Value Method

9.3 Z Test for the Population Mean: p -Value Method

ObjeCtiveS By the end of this section, I will be able to . . .
1 Perform the Z test for the mean, using the p-value method.
2 Assess the strength of evidence against the null hypothesis.
3 Describe the relationship between the p-value method and the critical-value 

method.
4 Use the Z confidence interval for the mean to perform the two-tailed Z test for 

the mean.

the p-value Method of Performing the Z test for 
the Mean
In Section 9.2, we considered the critical-value method for performing the Z test, 
which works by comparing one Z-value (Z

data
) with another Z-value (Z

crit
). In this sec-

tion, we introduce the p-value method, which works by comparing one probability (the 
p-value) to another probability (a). The two methods are equivalent for the same level 
of significance a, giving you the same conclusion.

1
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508 Chapter 9 Hypothesis Testing

A p-value is a probability associated with Z
data

 and tells us whether or not Z
data

 is an 
extreme value. The method for calculating p-values depends on the form of the hypoth-
esis test (Table 5).

● For a right-tailed test, the p-value is in the right (or upper) tail area.

● For a left-tailed test, the p-value is in the left (or lower) tail area.

● For a two-tailed test, the p-value lies in both tails.

Table 5 Finding the p-value depends on the form of the hypothesis test

Type of hypothesis test Right-tailed test Left-tailed test Two-tailed test

Hypotheses H0 : m 5 m0 
Ha : m > m0

H0 : m 5 m0 
Ha : m < m0

H0 : m 5 m0 
Ha : m fi m0

p-Value is tail area 
associated with Zdata

p-value 5 P(Z . Zdata)  
Area to right of Zdata

p-value 5 P(Z , Zdata)  
Area to left of Zdata

p-value 5 P(Z . uZdatau)
 1 P(Z , 2uZdatau)

5 2 ? P(Z . uZdatau)
Sum of the two tail areas

p-value

0 Zdata 0Zdata

p-value

0 |Zdata|–|Zdata|

Sum of two
areas is
p-value.

eXaMPLe 12 Finding the p-value
For each of the following hypothesis tests, calculate and graph the p-value.

a. H
0
 : m 5 3.0 versus Ha : m . 3.0, Z

data
 5 1

b. H
0
 : m 5 10 versus Ha : m , 10, Z

data
 5 21.45

c. H
0
 : m 5 100 versus Ha : m Þ 100, Z

data
 5 22

Solution
a. We have a right-tailed test, so that the p-value equals the area in the right tail:

p-value 5 P(Z . Z
data

) 5 P(Z . 1)

The Z table gives the probability for P(Z , 1). Thus,

p-value 5 P(Z . 1) 5 1 2 P(Z , 1) 5 1 2 0.8413 5 0.1587 (Figure 6a).

b. We have a left-tailed test, so that the p-value equals the area in the left tail:

p-value 5 P(Z , Z
data

) 5 P(Z , 21.45) 5 0.0735 (Figure 6b)

To review how to calculate these 
probabilities, see Table 8 in 
Chapter 6 on page 355.

p-value
The p-value is the probability of observing a sample statistic (such as x or Zdata) at least as 
extreme as the statistic actually observed if we assume that the null hypothesis is true.

Roughly speaking, the p-value represents the probability of observing the sample 
statistic if the null hypothesis is true. The term p-value means “probability value,” so its 
value must always lie between 0 and 1.

Remember that probability is 
represented by the area under  
the curve.

The p-value is a measure of how well (or how poorly) the data fit the null 
hypothesis.
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5099.3 Z Test for the Population Mean: p-Value Method

c. Here, we have a two-tailed test, so that the p-value equals the sum of the areas in 
the two tails:

p-value 5 P(Z . uZ
data

u) 1 (Z , 2 uZ
data

u)
5 P(Z . u22u) 1 (Z , 2 u22u)
5 P(Z . 2) 1 (Z , 22)
5 0.0228 1 0.0228 5 0.0456 (Figure 6c)

FiGUre 6a p-Value for a right-tailed test. FiGUre 6b p-Value for a left-tailed test. FiGUre 6c p-Value for a two-tailed test.

YOUR TURN
 #5

For each of the following hypothesis tests, calculate and graph the p-value.

a. H
0
 : m 5 75 versus Ha : m . 75, Z

data
 5 0.5

b. H
0
 : m 5 50 versus Ha : m , 50, Z

data
 5 21.2

c. H
0
 : m 5 1     versus Ha : m Þ 1, Z

data
 5 20.1

(The solutions are shown in Appendix A.)

NOW YOU CAN DO
Exercises 7–20.

A p-value is based on the value of Z
data

, so the p-value tells us whether or not Z
data

 is an 
extreme value. Unusual and extreme values of x, and therefore of Z

data
, will have a 

small p-value, whereas values of x and Z
data

 nearer to the center of the distribution will 
have a large p-value.

Assuming H0 is true:
Unusual and extreme values of x and Zdata     Small p-value 

(close to 0; see Figure 6c)
Values of x and Zdata near center          Large p-value 

(greater than, say, 0.15;  
see Figure 6a)

A small p-value indicates a conflict between your sample data and the null hypothesis, 
and will thus lead us to reject H

0
. However, how small is small? We learned in  

Section 9.1 that the probability of Type I error a is chosen by the researcher to be 
small, usually 0.01, 0.05, or 0.10. Thus, a p-value is small if it is # a. This leads us to 
the rejection rule that tells us when we may reject the null hypothesis.

This rejection rule can be applied 
to any type of hypothesis test we 
perform in Chapters 9–14 using 
the p-value method.

rejection rule when Using p-value Method 
The rejection rule for performing a hypothesis test using the p-value method is: 

reject H0 when the p-value # a. Otherwise, do not reject H0.

The value of a represents the boundary between results that are statistically significant 
(where we reject H

0
) and results that are not statistically significant (where we do not 

reject H
0
). Thus, a is called the level of significance of the hypothesis test.

Here are the steps for performing the Z test for m using the p-value method.

0
Z

1–1–3 –2 2 3

p-value =
0.1587

0
Z

1–1–1.45–3 –2 2 3

p-value =
0.0735

0
Z

1–1–3 –2 2 3

0.02280.0228

p-value equals
sum of two
tail areas

The p-Value applet allows you 
to experiment with various 

hypotheses, means, standard 
deviations, and sample sizes in 
order to see how changes in these 
values affect the p-value.
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510 Chapter 9 Hypothesis Testing

Z test for the Population Mean m: p-value Method
When a random sample of size n is taken from a population where the standard deviation 
s is known, you can use the Z test if either (a) the population is normal, or (b) the sample 
size is large (n $ 30).
Step 1 State the hypotheses and the rejection rule. 
Use one of the forms from Table 5 to write the hypotheses. State the meaning of m. The 
rejection rule is “Reject H0 if the p-value # a.”

Step 2 Calculate Zdata.

Zdata 5
x 2 �0

�yÏn
where the sample mean x and the sample size n represent the sample data, and the 
population standard deviation s represents the population data.

Step 3 Find the p-value. 
Either use technology to find the p-value, or calculate it using the form in Table 5 that 
corresponds to your hypotheses.

Step 4 State the conclusion and interpretation.
If the p-value # a, then reject H0. Otherwise do not reject H0. Interpret your conclusion so 
that a nonspecialist (someone who has not had a course in statistics) can understand, as 
follows:
● Interpretation when you reject H0: There is evidence at level of significance a that 

[whatever Ha says].
● Interpretation when you do not reject H0: There is insufficient evidence at level of 

significance a that [whatever Ha says].

eXaMPLe 13 the Z test for the mean using the p-value method: One-tailed test
FlightStats.com compiles user ratings for airports worldwide. The mean rating for JFK 
International Airport in New York for July 2014 was 3.0 (out of 5). Assume that the 
population standard deviation of user ratings is known to be s 5 1. A random sample 
taken this year of n 5 36 user ratings for JFK Airport showed a mean of x 5 2.75. 
Using level of significance a 5 0.05, test whether the population mean user rating for 
JFK Airport has fallen since 2014.

Solution
The sample size n 5 36 is large, and the population standard deviation s is known. We 
may therefore perform the Z test for the mean.

Step 1 State the hypotheses and the rejection rule. 
The key words here are “has fallen,” which means “is less than.” The answer to the 
question “Less than what?” gives us m

0
 5 3.0. Thus, our hypotheses are

H
0
 : m 5 3.0 versus Ha : m , 3.0

where m refers to the population mean user rating for JFK Airport. We will reject H
0
 if 

the p-value # a 5 0.05.

Step 2 Calculate Zdata. 
We have x 5 2.75, m

0
 5 3.0, n 5 36, and s 5 1. Thus, our test statistic is

Z
data

5
x 2 �

0

�yÏn
5

2.75 2 3.0

1yÏ36
5 21.5
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5119.3 Z Test for the Population Mean: p-Value Method

Step 3 Find the p-value.
Our hypotheses represent a left-tailed test from Table 5. Thus,

p-value 5 P(Z , Z
data

) 5 P(Z , 21.5)

This is a Case 1 problem from Table 8 in Chapter 6 (page 355). The Z table (Appendix 
Table C) provides us with the area to the left of Z 5 21.5 (Figure 7):

P(Z , 21.5) 5 0.0668

Thus, the p-value is 0.0668.

FiGUre 7 The p -value 0.0668 is not # 0.05, so do not reject H0.

Step 4 State the conclusion and interpretation. 
Our level of significance is a 5 0.05 (from Step 1). The p-value 5 0.0668 is not  
# 0.05, therefore, we do not reject H

0
. There is insufficient evidence at the level  

of significance a 5 0.05 that the population mean user rating for JFK Airport is less 
than 3.0.

NOW YOU CAN DO
Exercises 21–26.

what if Scenario
What if the sample mean in Example 13 was not x 5 2.75 but was instead some  
unknown value smaller than x 5 2.75? All other statistics and parameters remain the 
same. Suppose we wanted to perform the same hypothesis test as in Example 13. How 
would this decrease in the value of x affect the following, if at all?

a. Z
data

b. p-value

c. The conclusion

Solution
a. In Example 13, x 5 2.75 is smaller than m

0
 5 3.0, which is why Z

data
 is negative. 

If we decrease x to an even smaller value, this will move Z
data 

further into negative 
territory (leftward on the number line).

b. For a left-tailed test, the p-value is the area to the left of Z
data

. So, if Z
data

 is further 
to the left, there is less area to the left of it. Thus, the new p-value will be smaller.

c. We know from (b) that the p-value is decreasing, but not by how much, because 
we don’t know how much smaller x and Z

data 
are. If the p-value decreases just a 

little bit, it will still be greater than a 5 0.05, and so we will still not reject H
0
. 

However, if the p-value decreases by a lot, it will then be less than a 5 0.05, and 
so then we will reject H

0
. Without further information, we just don’t know.

what if

?

0Zdata = –1.5

p-value =
P(Z < –1.5)
= 0.0668
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512 Chapter 9 Hypothesis Testing

Solution
The sample size n 5 44 is large and s 5 528 is known, so we may proceed with the 
Z test for m.

Step 1 State the hypotheses and the rejection rule. 
The key words “differs from” mean that we have a two-tailed test:

H
0
 :  m 5 3200 versus Ha : m Þ 3200

where m refers to the population mean birth weight of Brisbane babies. We will reject 
H

0
 if the p-value # a 5 0.10.

Step 2 Calculate Zdata. 
We will use the instructions provided in the Step-by-Step Technology Guide at the end 
of this section (page 519). Figure 9 shows the TI-83/84 results from the Z test for m:

eXaMPLe 14 the p-value method using technology: two-tailed test

The birth weights, in grams (1000 grams 5 1 kilogram  2.2 pounds), of a random sam-
ple of 44 babies from Brisbane, Australia, have a sample mean weight x 5 3276 grams. 
Formerly, the mean birth weight of babies in Brisbane was 3200 grams. Assume that 
the population standard deviation s 5 528 grams. Is there evidence that the population 
mean birth weight of Brisbane babies now differs from 3200 grams? Use technology to 
perform the appropriate hypothesis test, with level of significance a 5 0.10.

brisbane

FiGUre 9  
TI-83/84 results.

Note from Figure 8 that the sample mean birth weight x 5 3276 grams is close to 
the hypothesized mean birth weight of m

0
 5 3200 grams. This value of x is not 

extreme and thus does not seem to offer strong evidence that the hypothesized mean 
birth weight is wrong. Therefore, we might expect to not reject the hypothesis that 
m

0
 5 3200 grams. 

What Results Might We Expect?

FiGUre 8 Sample mean, x 5 3276, is close to hypothesized mean, m0 5 3200, so we 
expect to not reject the null hypothesis.
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5139.3 Z Test for the Population Mean: p-Value Method

Z
data

5
x 2 �

0

�yÏn
5

3276 2 3200

528yÏ44
5 0.9547859245 < 0.9548

Figure 10 shows the Minitab results, where

● “Test of m 5 3200 versus Þ 3200” refers to the hypotheses being tested,  
H

0
 : m 5 3200 versus Ha : m Þ 3200.

● “The assumed standard deviation 5 528” refers to our assumption that s 5 528.

● SE Mean refers to the standard error of the mean, that is, �yÏn. You can see that 
528yÏ44 < 79.6.

● 90% CI represents a 90% Z confidence interval for m.

● Z refers to our test statistic:

 Z
data

5
x 2 �

0

�yÏn
5 s3276 2 3200dys528yÏ44d 5 0.9547859245 < 0.95

● P represents our p-value of 0.340.

Different software rounds the results 
to different numbers of decimal 
places.

Figure 11 shows the JMP results, where

● “Hypothesized Value” refers to the hypotheses being tested: H
0
 : m 5 3200 versus 

Ha : m Þ 3200.

● “Actual Estimate” refers to the sample mean, x 5 3276.

● “Sigma given” refers to our assumption that s 5 528.

● “Test statistic” refers to Zdata, our test statistic.

● “Prob . uzu,” “Prob . z,” and “Prob , z” refers to the p-value of a two-sided, 
right-tailed, and left-tailed test, respectively. We want the two-sided p-value, 
which is “Prob . uzu” 5 0.3397.

Step 3 Find the p-value. 
We have a two-tailed test from Step 1, so that from Table 5 our p-value is (Figure 12)

p-Value 5 2 · P(Z . uZ
data

u) 5 2 ? P(Z . 0.9548)  2 ? (0.1698)

5 0.3396

FiGUre 10  
Minitab results.

FiGUre 11 JMP results.

0 Zdata = 0.9548–0.9548

Z

Area = 0.1698Area = 0.1698
FiGUre 12  

p-Value is the sum of two tail areas: 
0.1698 1 0.1698 5 0.3396.

Larose_3e_ch09.indd   513 6/16/15   5:52 PM



© 20
16

 W
.H. F

ree
man

 Co.

514 Chapter 9 Hypothesis Testing

Assessing the Strength of evidence Against  
the null Hypothesis
The hypothesis-testing methods we have shown so far deliver a simple “yes-or-no” 
conclusion: either “Reject H

0
” or “Do not reject H

0
.” There is no indication of how 

strong the evidence is for rejecting the null hypothesis. Was the decision close? Was 
it a no-brainer? On the other hand, the p-value itself represents the strength of evi-
dence against the null hypothesis. There is extra information here, which we should 
not ignore.

For instance, we can directly compare the results of hypothesis tests. Suppose that 
we have two hypothesis tests that both result in not rejecting the null hypothesis, with 
level of significance a 5 0.05. However, Test A has a p-value of 0.06, whereas Test B 
has a p-value of 0.57. Clearly, Test A came very close to rejecting the null hypothesis 
and shows a fair amount of evidence against the null hypothesis, whereas Test B shows 
no evidence at all against the null hypothesis. A simple statement of the “yes-or-no” 
conclusion misses the clear distinction between these two situations.

Of course, we are free to determine whether the results are significant using what-
ever a level we want. For example, Test A would have rejected H

0
 for any a value 0.06 

or higher. Some data analysts in fact do not think in terms of rejecting or not rejecting 
the null hypothesis. Rather, they think completely in terms of assessing the strength of 
evidence against the null hypothesis.

For many (though not all) data domains, Table 6 provides a thumbnail impression 
of the strength of evidence against the null hypothesis for various p-values. For certain 
domains (such as the physical sciences), however, alternative interpretations are 
appropriate.

Table 6 Strength of evidence against the null hypothesis for various levels of p-value

p-Value Strength of evidence against H0

p-value # 0.001 Extremely strong evidence

0.001 , p-value # 0.01 Very strong evidence

0.01 , p-value # 0.05 Solid evidence

0.05 , p-value # 0.10 Moderate evidence

0.10 , p-value # 0.15 Slight evidence

0.15 , p-value No evidence

2

NOW YOU CAN DO
Exercises 27–30.

The p-value provides us with the 
smallest level of significance at 
which the null hypothesis would be 
rejected, that is, the smallest value 
of a at which the results would be 
considered significant.

Note: Use Table 6 for all exercises 
that ask for an assessment of the 
strength of evidence against the 
null hypothesis.

Step 4 State the conclusion and interpretation.
Because 0.3396 is not # 0.10, we do not reject H

0
. There is insufficient evidence that 

the population mean birth weight differs from 3200 grams. This conclusion is just as 
we expected.

eXaMPLe 15 Assessing the strength of evidence against H0

Assess the strength of evidence against H
0
 shown by the p-values in (a) Example 13 

and (b) Example 14.

Solution
a. In Example 13, we tested H

0
 : m 5 3.0 versus Ha : m , 3.0, where m refers to the 

population mean user rating for JFK International Airport. Our p-value of 0.0668 
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5159.3 Z Test for the Population Mean: p-Value Method

implies that there is moderate evidence against the null hypothesis that the 
population mean user rating for JFK Airport equals 3.0.

b. In Example 14, we tested H
0
 : m 5 3200 versus Ha : m Þ 3200, where m refers to 

the population mean birth weight of Brisbane babies (in grams). Our p-value of 
0.3397 implies that there is no evidence against the null hypothesis that the 
population mean birth weight of Brisbane babies equals 3200 grams. 

YOUR TURN
 #6

Each of the following p-values was calculated in Example 12. For each, assess the 
strength of evidence against the null hypothesis. 

a. H
0
 : m 5 3.0   versus Ha : m . 3.0, p-value 5 0.1587

b. H
0
 : m 5 10  versus Ha : m , 10, p-value 5 0.0735

c. H
0
 : m 5 100 versus Ha : m Þ 100, p-value 5 0.0456

(The solutions are shown in Appendix A.)

NOW YOU CAN DO
Exercises 31–40.

The Role of the Level of Significance a
Suppose that in Example 13, our level of significance a was 0.10 instead of 0.05. 
Would this have changed anything? Certainly. Our p-value of 0.0668 is less than the 
new a 5 0.10, so we would reject H

0
. Think about that for a moment. The data 

haven’t changed at all, but our conclusion is reversed simply by changing a. What 
is a data analyst to make of a situation like this? Two alternatives are available.

1. We don’t want the choice of a to dictate our conclusion, so perhaps we should 
turn to a direct assessment of the strength of evidence against the null 
hypothesis, as provided in Table 6. In this case, the p-value of about 0.0668 
would offer moderate evidence against the null hypothesis, regardless of the 
value of a.

2. Obtain more data, perhaps through a call for further research. 

Developing Your 
Statistical Sense

the relationship between the p-value Method  
and the Critical-value Method
Figure 13 shows the relationships between the p-value method and the critical-value 
method. The top half represents values of Z and the critical-value method that we stud-
ied in Section 9.2. The bottom half represents probabilities and the p-value method that 
we studied in this section. The left half represents statistics associated with the observed 
sample data. The right half represents critical-value thresholds for significance to 
which these statistics are compared.

Because Z
data

 helps us to determine the p-value, these two values are related. Simi-
larly, because the level of significance a helps to determine the value of Z

crit
, these two 

values are related. Moreover, just as we compare Z
data

 with the threshold Z
crit

, we com-
pare the p-value statistic with the a threshold to determine significance. Thus, the two 
methods for conducting hypothesis tests are equivalent and, in fact, are quite thor-
oughly interwoven.

Figures 14a and 14b illustrate this equivalence for a right-tailed test. The rejection 
rule for the p-value method is to reject H

0
 when the p-value # a. The rejection rule for 

the critical-value method is to reject H
0
 when Z

data
 $ Z

crit
. Note in Figures 14a and 14b 

3
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516 Chapter 9 Hypothesis Testing

how the p-value is determined by Z
data

, and Zcrit is determined by a. In Figure 14a, when 
Z

data
 , Z

crit
, it must also happen that the p-value . a. In both cases we do not reject H

0
. 

However, in Figure 14b, when Z
data

 $ Z
crit

, it also follows that the p-value is # a. In 
both cases, we reject H

0
. Thus, the p-value method and the critical-value method are 

equivalent.

Using Confidence intervals for m to Perform  
two-tailed Hypothesis tests About m
Consider a two-tailed hypothesis test for m:

H
0
 : m 5 m

0
 versus Ha : m Þ m

0

and recall the 100(1 2 a)% Z confidence interval for m from Section 8.1:

x 6 Z
�y2

 _�yÏn+
Both inference methods are based on the Z statistic:

Z 5
x 2 �

�yÏn

4

FiGUre 14a For a right-tailed test, Zdata , Zcrit only 
when the p-value . a.

FiGUre 14b For a right-tailed test, Zdata ≥ Zcrit only 
when the p-value # a.

FiGUre 13 Critical-value method and p-value method are equivalent.

Sample Information

Values of Z

p-Value
Method

Probabilities

Thresholds for Significance

is compared with

is compared with
p-value a

Zcrit

Zcrit is
determined
by a

Zdata 

determines
the p-value

Zdata

Critical-Value
Method

p-value

m0 Zdata Zcrit

a

m0 Zcrit Zdata

a
p-value
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5179.3 Z Test for the Population Mean: p-Value Method

so it makes sense that the two-tailed hypothesis test and the confidence interval are 
equivalent.

equivalence of a two-tailed Hypothesis test and a Confidence interval
● If a certain value for m0 lies outside the corresponding 100(1 2 a)% Z confidence 

interval for m, then the null hypothesis specifying this value for m0 would be rejected for 
level of significance a (see Figure 15).

● Alternatively, if a certain value for m0 lies inside the 100(1 2 a)% Z confidence interval 
for m, then the null hypothesis specifying this value for m0 would not be rejected for 
level of significance a.

Table 7 shows the confidence levels and associated a levels of significance that will 
produce the equivalent inference.

Table 7 Confidence levels for equivalent a levels of significance

Confidence level Level of significance a

90% 0.10

95% 0.05

99% 0.01

We may thus use a single confidence interval to test as many values of m
0
 as necessary.

eXaMPLe 16 equivalence of two-tailed tests and confidence intervals
Recall Example 4 from Section 8.1 (page 432), where we were 90% confident using 
a Z interval that the population mean score on the 2014 SAT Math test lies between 
471.2 and 548.8. Test, using level of significance a 5 0.10, whether the population 
mean SAT Math test score differs from these values: (a) 470, (b) 510, (c) 550.

Solution
Once we have the 90% confidence interval, we may test as many possible values for m

0
 

as necessary, as long as we use level of significance a 5 0.10 (see Table 7).

● If any values of m
0
 lie inside the confidence interval, that is, between 471.2 and 

548.8, we will not reject H
0
 for this value of m

0
.

● If any values of m
0
 lie outside the confidence interval, that is, either to the left of 

471.2 or to the right of 548.8, we will reject H
0
, as shown in Figure 16.

w
av

eb
re

ak
m

ed
ia

/
Sh

ut
te

rs
to

ck

FiGUre 15 Reject H0 for values of m0 that lie outside confidence interval (a, b).

Reject H0

Lower Bound = a Upper Bound = b

Reject H0Do not reject H0

FiGUre 16  
Reject H0 for values of m0 that  

lie outside (471.2, 548.8). Reject H0

Lower Bound = 471.2 Upper Bound = 548.8

Reject H0Do not reject H0

We set up the three two-tailed hypothesis tests as follows:

a. H
0
 : m 5 470 versus Ha : m Þ 470

b. H
0
 : m 5 510 versus Ha : m Þ 510

c. H
0
 : m 5 550 versus Ha : m Þ 550
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518 Chapter 9 Hypothesis Testing

To perform each hypothesis test, simply observe where each value of m
0
 falls on the 

number line shown in Figure 16. For example, in the first hypothesis test, the hypoth-
esized value m

0
 5 470 lies outside the interval (471.2, 548.8). Thus, we reject H0. The 

three hypothesis tests are summarized here.

Value of m0

Form of hypothesis test,  
with a 5 0.10

Where m0 lies in 
relation to 90% 
confidence interval

Conclusion of 
hypothesis test

a. 470 H0 : m 5 470 vs. Ha : m Þ 470 Outside Reject H0

b. 510 H0 : m 5 510 vs. Ha : m Þ 510 Inside Do not reject H0

c. 550 H0 : m 5 550 vs. Ha : m Þ 550 Outside Reject H0

NOW YOU CAN DO
Exercises 41–46.

YOUR TURN
 #7

For the Z interval from Example 16, test, using level of significance a 5 0.10, whether the 
population mean SAT Math test score differs from these values: (a) 548, (b) 477, (c) 549.

(The solutions are shown in Appendix A.)

Increasingly, technology is being used to perform statistical analysis, including  
hypothesis tests. Therefore, it is important to know how to read and interpret the soft-
ware output from a hypothesis test. 

eXaMPLe 17 interpreting software output
Each of (a) and (b) represent software output from a Z test for m. For each, examine 
the indicated software output, and provide the following steps:

Step 1 State the hypotheses and the rejection rule. 

Step 2 Calculate Zdata.

Step 3 Find the p-value. 

Step 4 State the conclusion and interpretation.

Let the level of significance be a 5 0.05 in each case.

a. TI-83/84 output for a Z test for m, where m represents the population mean length 
of laboratory mice (in cm)

b. Minitab output for a Z test for m, where m represents the population mean 
number of farmer’s markets per county, nationwide.

Solution
a. Interpreting the TI-83/84 output.

Step 1 State the hypotheses and the rejection rule. 
In the TI-83/84 output, the “m . 10” indicates the alternative hypothesis. In other 
words, the hypotheses are:

H
0
 : m 5 10 versus Ha : m . 10

where m represents the population mean length of laboratory mice (in cm). We 
will reject H

0 
if the p-value is less than the level of significance a 5 0.05.

TI-83/84 output for 
part (a).

Minitab output for part (b).
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5199.3 Z Test for the Population Mean: p-Value Method

Step 2 Find Zdata.
The “z 5 1” in the TI-83/84 output provides us the value of the test statistic,  
Z

data
 5 1.

Step 3 Find the p-value. 
The “p 5 .1586552596” in the TI-83/84 output represents the p-value.

Step 4 State the conclusion and interpretation.
The p-value from Step 3 is not less than the level of significance a 5 0.05, so we 
do not reject H

0
. There is insufficient evidence that the population mean length of 

laboratory mice is greater than 10 cm.

b. Interpreting the Minitab output.

Step 1 State the hypotheses and the rejection rule. 
The first line in the Minitab output is “Test of m 5 2.3 vs Þ 2.3,” which indicates 
a two-tailed test, as follows:

H
0
 : m 5 2.3 versus Ha : m Þ 2.3

where m represents the population mean number of farmer’s markets per county. 
We will reject H

0
 if the p-value is less than the level of significance a 5 0.05.

Step 2 Find Zdata.
Under “Z” in the Minitab output is found “2.91,” giving us Z

data
 5 2.91.

Step 3 Find the p-value. 
Under “p” in the Minitab output is “0.004,” representing our p-value.

Step 4 State the conclusion and interpretation.
The p-value (0.004) from Step 3 is less than the level of significance a 5 0.05, 
so we reject H

0
. There is evidence that the population mean number of farmer’s 

markets per county, nationwide, differs from 2.3.

SteP-by-SteP teCHnOlOGy GUiDe: Z test for m
We will use the birth weight data from Example 14 (page 512).

TI-83/84
If you have the data values:
Step 1 Enter the data into list L1.
Step 2 Press STAT, highlight TESTS.
Step 3 Press 1 (for Z-Test; see Figure 17a).
Step 4 For input (Inpt), highlight Data, and press ENTER  
(Figure 17b). 
a. For m0, enter the value of m0, 3200.
b. For s, enter the value of s, 528.
c. For List, press 2nd, then L1.
d. For Freq, enter 1.
e. For m, select the form of Ha. Here, we have a two-tailed test, 

so highlight Þ m0 and press ENTER.
f. Highlight Calculate and press ENTER. The results are shown in 

Figure 9 in Example 14.

If you have the summary statistics:
Step 1 Press STAT, highlight TESTS.
Step 2 Press 1 (for Z-Test; see Figure 17a).
Step 3 For input (Inpt), highlight Stats and press ENTER  
(Figure 17c).
a. For m0, enter the value of m0, 3200.
b. For s, enter the value of s, 528.
c. For x, enter the sample mean 3276.
d. For n, enter the sample size 44.
e. For m, select the form of Ha. Here, we have a two-tailed test, 

so highlight Þ m0 and press ENTER.
f. Highlight Calculate and press ENTER. The results are shown in 

Figure 9 in Example 14.

FiGUre 17a FiGUre 17b FiGUre 17c
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EXCEL
JMP add-in for Excel.
There is a JMP add-in for Excel, which is activated when JMP is 
installed. This allows you to easily call upon JMP from within 
Excel, in order to conduct analyses that Excel itself does not 

provide. After installation of the JMP add-in for Excel, when you 
select JMP > Data Table, a new JMP workspace is created  
using the data from your Excel spreadsheet. Use the JMP add-in 
for Excel.

MINITAB
If you have the data values:
Step 1 Enter the data into column C1. 
Step 2 Click Stat > Basic Statistics > 1-Sample Z…. 
Step 3 Select One or more samples, each in a column from 
the drop-down menu. Click inside the box below the drop-down 
menu and select C1. 
Step 4 Enter 528 as Standard Deviation.
Step 5 Select Perform hypothesis test. For Hypothesized Mean, 
enter 3200.
Step 6 Click Options…
a. Choose your Confidence Level as 100(1 – a). Our level of 

significance a here is 0.10, so the confidence level is 90.0. 
b. For Alternative hypothesis, select Mean Þ hypothesized 

mean to symbolize the two-tailed test.
Step 7 Click OK and click OK again. The results are shown in 
Figure 10 in Example 14.

If you have the summary statistics:
Step 1 Click Stat > Basic Statistics > 1-Sample Z.... 
Step 2 From the drop-down menu, select Summarized Data.
Step 3 Enter the Sample Size 44, Sample Mean 3276, and 
Known standard deviation 528.
Step 4 Select Perform hypothesis test, and enter the 
Hypothesized mean 3200.
Step 5 Click Options...
a. Choose your Confidence Level as 100(1 – a). Our level of 

significance a here is 0.10, so the confidence level is 90.0. 
b. For Alternative hypothesis, select Mean Þ hypothesized 

mean to symbolize the two-tailed test.
Step 6 Click OK and click OK again. The results are shown in 
Figure 10 in Example 14.

JMP
If you have the data values:
Step 1 Click File > New > Data Table. Enter the data into 
Column 1.
Step 2 Click Analyze > Distribution. Click Column 1 and then 
Y, Columns. Click OK.

Step 3 Click the red triangle beside Column 1, and select Test 
Mean. For Specify Hypothesized Mean, enter 3200. For Enter 
True Standard Deviation to do z test rather than t test, enter 528. 
Click OK. The results are shown in Figure 11 in Example 14.

CRUNCHIT!
If you have the data values:
Step 1 Click File, highlight Load from Larose, Discostat3e > 
Chapter 9, and click on Example 03_14.
Step 2 Click Statistics, highlight z, and select 1-sample.
Step 3 With the Columns tab chosen, for Sample select Birth 
weight (in grams). For Standard Deviation, enter 528.
Step 4 Select the Hypothesis Test tab. For Mean under null 
hypothesis, enter 3200. For Alternative select Two-sided. Then 
click Calculate.

If you have the summary statistics:
Step 1 Click Statistics, highlight z, and select 1-sample.
Step 2 Choose the Summarized tab. For n, enter the sample 
size 44. For Sample Mean, enter 3276. For Standard Deviation, 
enter 528.
Step 3 Select the Hypothesis Test tab. For Mean under null 
hypothesis, enter 3200. For Alternative, select Two-sided. Then 
click Calculate.

520 Chapter 9 Hypothesis Testing

Section 9.3 Summary
 1. The p-value can be thought of as the probability  
of observing a sample statistic at least as extreme as  
the statistic in your sample if we assume that the null 
hypothesis is true. The rejection rule for the p-value  
method is to reject H

0
 when the p-value # a, the level of 

significance.

Section 9.3 Exercises
CLARIFYING THE CONCEPTS

 1. True or false: It is possible to get a p-value equal to 1.5. 
(p. 508)
 2. State the rejection rule for the p-value method for 
performing the Z test for m. (p. 509)

 2. The p-value can be used to assess the strength of 
evidence against the null hypothesis.
 3. The critical-value method and the p-value method are 
equivalent, and related in several ways.
 4. We can use a single confidence interval for m to help us 
perform any number of corresponding two-tailed hypothesis 
tests about m.

 3. Explain why we might want to assess the strength  
of evidence against the null hypothesis, instead of  
delivering a simple “reject H

0
 or do not reject H

0
” 

conclusion. (p. 514)
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 4. What is the criterion for rejecting H
0
 when using a 

confidence interval to perform a two-tailed hypothesis test 
for m? (p. 517)
 5. True or false: For a right-tailed test, when Zdata , Z

crit
, 

the p-value is always , a. (p. 516)
 6. For (a)–(c), indicate whether or not the quantity 
represents a probability. (p. 516)

a. Z
data

b. p-value
c. a

PRACTICING THE TECHNIquES

• CHECK IT OuT!

To do Check out Topic

Exercises 7–20 Example 12 Calculating the p-value
Exercises 21–26 Example 13 One-tailed Z test for m
Exercises 27–30 Example 14 Two-tailed Z test for m
Exercises 31–40 Example 15 Assessing the strength of 

evidence against H
0

Exercises 41–46 Example 16 Equivalence of two-tailed 
tests and confidence intervals

Exercises 47–50 Example 17 Interpreting software output

For Exercises 7–40, assume that the conditions for 
performing the Z test are met.

For Exercises 7–17, find the p-value.
 7. H

0
 : m 5 10 vs. Ha : m . 10, Z

data
 5 1.5

 8. H
0
 : m 5 10 vs. Ha : m . 10, Z

data
 5 2.5

 9. H
0
 : m 5 25 vs. Ha : m . 25, Z

data
 5 0.6

10. H
0
 : m 5 25 vs. Ha : m . 25, Z

data
 5 1.2

11. H
0
 : m 5 200 vs. Ha : m , 200, Z

data
 5 20.7

12. H
0
 : m 5 200 vs. Ha : m , 200, Z

data
 5 21.27

13. H
0
 : m 5 69 vs. Ha : m , 69, Z

data
 5 22.23

14. H
0
 : m 5 69 vs. Ha : m , 69, Z

data
 5 22.55

15. H
0
 : m 5 31 vs. Ha : m Þ 31, Z

data
 5 0.64

16. H
0
 : m 5 31 vs. Ha : m Þ 31, Z

data
 5 20.64

17. H
0
 : m 5 12 vs. Ha : m Þ 12, Z

data
 5 0

18. Refer to Exercises 7–10. Explain what happens to the 
p-value for a right-tailed test as Z

data
 moves toward the right tail.

19. Refer to Exercises 11−14. Explain what happens to the 
p-value for a left-tailed test as Z

data
 moves toward the left tail.

20. Refer to Exercises 15 and 16. What can we say about 
the p-values of two two-tailed tests whose values of Z

data
 

have the same absolute value?

For Exercises 21−30, perform the Z test for m using level of 
significance a 5 0.05 by doing the following steps:

a. State the hypotheses and the rejection rule.
b. Calculate Z

data
.

c. Find the p-value.
d. State the conclusion and the interpretation.

21. H
0
 : m 5 3.14 vs. Ha : m . 3.14, x 5 3.2, s 5 1, n 5 100

22. H
0
 : m 5 30 vs. Ha : m , 30, x 5 25, s 5 10, n 5 16

23. H
0
 : m 5 21.0 vs. Ha : m . 21.0, x 5 0, s 5 1, n 5 400

24. H
0
 : m 5 2000 vs. Ha : m . 2000, x 5 2050, s 5 200,  

n 5 25

25. H
0
 : m 5 500 vs. Ha : m , 500, x 5 450, s 5 100,  

n 5 16
26. H

0
 : m 5 232 vs. Ha : m . 232, x 5 –30, s 5 40,  

n 5 400
27. H

0
 : m 5 10 vs. Ha : m Þ 10, x 5 10, s 5 5, n 5 100

28. H
0
 : m 5 25 vs. Ha : m Þ 25, x 5 25, s 5 1.5,  

n 5 100
29. H

0
 : m 5 0 vs. Ha : m Þ 0, x 5 20.12, s 5 0.4, n 5 81

30. H
0
 : m 5 46 vs. Ha : m Þ 46, x 5 47, s 5 15, n 5 225

For Exercises 31−40, use the indicated p-value to assess the 
strength of evidence against the null hypothesis, using Table 6.
31. p-value from Exercise 21
32. p-value from Exercise 22
33. p-value from Exercise 23
34. p-value from Exercise 24
35. p-value from Exercise 25
36. p-value from Exercise 26
37. p-value from Exercise 27
38. p-value from Exercise 28
39. p-value from Exercise 29
40. p-value from Exercise 30

For Exercises 41−46, a 100(1 2 a)% Z confidence interval 
is given (see Section 8.1). Use the confidence interval to test, 
using level of significance a, whether m differs from each of 
the indicated hypothesized values.
41. A 95% Z confidence interval for m is (22.7, 6.9). 
Hypothesized values m

0
 are

a. 23 b. 22     c. 0
d. 5 e. 7

42. A 99% Z confidence interval for m is (45, 55). 
Hypothesized values m

0
 are

a. 0  b. 44    c. 50
d. 54 e. 56

43. A 90% Z confidence interval for m is (210, 25). 
Hypothesized values m

0
 are

a. 23 b. 28         c. 211
d. 0  e. 7

44. A 95% Z confidence interval for m is (1024, 2056). 
Hypothesized values m

0
 are

a. 1000 b. 2000   c. 3000
d. 0  e. 1025

45. A 95% Z confidence interval for m is (0, 1). 
Hypothesized values m

0
 are

a. 1.5 b. 21        c. 0.5
d. 0.9 e. 1.2

46. A 95% Z confidence interval for m is (1.3275, 1.4339). 
Hypothesized values m

0
 are

a. 1.3 b. 1.35     c. 1.4
d. 1.45 e. 1.3275

For Exercises 47–50, software output from a Z test for m is 
provided. For each, examine the indicated software output, and 
provide the following steps for level of significance a 5 0.05:
Step 1 State the hypotheses and the rejection rule. 
Step 2 Find Zdata.
Step 3 Find the p-value. 
Step 4 State the conclusion and interpretation.

5219.3 Z Test for the Population Mean: p-Value Method

Larose_3e_ch09.indd   521 6/16/15   5:52 PM



© 20
16

 W
.H. F

ree
man

 Co.

522 Chapter 9 Hypothesis Testing

47. 

48. 

49. 

50. 

APPLYING THE CONCEPTS

For Exercises 51–58, do the following:
a. State the hypotheses and the rejection rule.
b. Calculate Z

data
.

c. Find the p-value.
d. State the conclusion and the interpretation.

51. Car Insurance. Like sports cars? They can be 
expensive. Time.com/Money reports that in 2014 the mean 
annual car insurance premium for a Porsche Panamera 
Turbo-S was $3000. Suppose that a random sample of nine 
such Porsches taken this year has a mean car insurance 
premium of $3120. Assume s 5 $600, and assume that the 
distribution of premiums is normal. Test whether the 
population mean premium has increased, using level of 
significance a 5 0.10.
52. Mobile Apps. In 2014, Nielsen reported that young 
people ages 18–24 spent 37 hours per month using the apps 
on their mobile devices. Suppose that a random sample of 
100 people ages 18–24 showed a sample mean of 40 hours. 
Assume s 5 20. Test whether the population mean number 
of hours using mobile apps by young people ages 18–24 has 
increased, at level of significance a 5 0.05.
53. Eating Trends. According to an NPD Group 
report, the mean number of meals prepared and eaten at 
home is less than 700 per year. Suppose that a random 
sample of 100 households showed a sample mean number of 
meals prepared and eaten at home of 650. Assume s 5 25. 
Test whether the population mean number of such meals is 
less than 700, using level of significance a 5 0.10.
54. DDT in Breast Milk. Researchers compared the 
amount of DDT in the breast milk of 12 Latina women in the 
Yakima Valley of Washington State with the amount of DDT 
in breast milk in the general U.S. population.3 They 
measured the mean DDT level in the general population to 
be 47.2 parts per billion (ppb) and the mean DDT level in 
the 12 Latina women to be 219.7 ppb. Assume s 5 36 and a 
normally distributed population. Test whether the population 
mean DDT level in the breast milk of Latina women in the 

Yakima Valley is greater than that of the general population, 
using level of significance a 5 0.01.
55. Millennials’ Income. The Pew Research Center 
reported in 2014 that Millennials (those ages 25–32) with 
Bachelor’s degrees working full time are making on average 
$17,500 more per year than those Millennials with only a 
high school education ($45,500 vs. $28,000). Suppose that, 
in a random sample of 36 Millennials with Bachelor’s 
degrees taken today, the sample mean income is $50,000. 
Assume s 5 $18,000. Test whether the population mean 
annual income has increased from its previous value of 
$45,500 using level of significance a 5 0.05. 
56. Tree Rings. Do trees grow more quickly when they are 
young? The International Tree Ring Data Base collected data 
on a particular 440-year-old Douglas fir tree.4 The mean 
annual ring growth in the tree’s first 80 years of life was 
1.4261 millimeters (mm). A random sample of size 100 
taken from the tree’s later years showed a sample mean 
growth of 0.56 mm per year. Assume s 5 0.5 mm and a 
normally distributed population. Test whether the population 
mean annual ring growth in the tree’s later years is less than 
1.4261 mm, using level of significance a 5 0.05.
57. Hybrid Vehicles. A study by Edmunds.com examined 
the time it takes for owners of hybrid vehicles to recoup their 
additional initial cost through reduced fuel consumption. 
Suppose that a random sample of nine hybrid cars showed a 
sample mean time of 2.1 years. Assume that the population is 
normal with s 5 0.2. Test, using level of significance a 5 
0.01, whether the population mean time it takes owners of 
hybrid cars to recoup their initial cost is less than three years.
58. Americans’ Height. Americans used to be, on average, 
the tallest people in the world. That is no longer the case, 
according to a study by Dr. Richard Steckel, professor of 
economics and anthropology at The Ohio State University. The 
Norwegians and Dutch are now the tallest, at 178 centimeters, 
followed by the Swedes at 177, and then the Americans, with a 
mean height of 175 centimeters (approximately 5 feet 9 
inches). According to Dr. Steckel, “The average height of 
Americans has been pretty much stagnant for 25 years.”5 
Suppose a random sample of 100 Americans taken this year 
shows a mean height of 174 centimeters, and we assume  
s 5 10 centimeters. Test, using level of significance a 5 0.01, 
whether the population mean height of Americans this year 
has changed from 175 centimeters.

For Exercises 59–66, use the p-value from the indicated 
exercise to assess the strength of evidence against the null 
hypothesis, using Table 6.
59. Car Insurance. Exercise 51.
60. Mobile Apps. Exercise 52.
61. Eating Trends. Exercise 53.
62. DDT in Breast Milk. Exercise 54.
63. Millennials’ Income. Exercise 55.
64. Tree Rings. Exercise 56.
65. Hybrid Vehicles. Exercise 57.
66. Americans’ Height. Exercise 58.
67. Advanced Placement Californians. The College Board 
reports that the mean score on all advanced placement tests 
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5239.3 Z Test for the Population Mean: p-Value Method

taken in California in 2012 was 2.95. Suppose that a random 
sample of 49 test scores for tests taken by Californians this 
year is 2.95. Assume the population standard deviation is 0.21.

a. Construct a 95% Z confidence interval for the 
population mean test score for this year. (Hint: See 
Section 8.1.)

b. Use the confidence interval to test, at level of 
significance a 5 0.05, whether the population 
mean test score differs from the following amounts:

 i.     2.89  ii.  2.90
 iii. 3.00  iv. 3.01

68. Engineers’ Starting Salary. The National Association 
of Colleges and Employers reported in 2013 that the college 
major with the highest mean starting salary was engineering, 
with $62,600. Suppose that a random sample of 36 
engineering starting salaries is $62,600. Assume the 
population standard deviation is $10,000.

a. Construct a 99% Z confidence interval for the 
population mean starting salary for engineers. (Hint: 
See Section 8.1.)

b. Use the confidence interval to test, at level of 
significance a 5 0.01, whether the population 
mean starting salary for engineers differs from the 
following amounts:

 i.     $66,000 ii.  $58,000
 iii. $67,000 iv. $59,000

Health Care Premiums. Use the following information for 
Exercises 69–71. The National Conference of State Legislatures 
reports that the mean annual premium for employer-sponsored 
family health insurance coverage was $16,351 in 2014. A 
random sample of 100 such families showed a mean annual 
premium of $17,251. Assume s 5 $5000. 
69. Test whether the population mean annual premium is 
greater than $16,351, using level of significance a 5 0.05.

70. What if the sample mean premium equaled 
some value larger than $17,251, while everything 
else stayed the same? Explain how this change 

would affect the following, if at all:
a. The hypotheses
b. Z

crit

c. The critical region
d. Z

data

e. The conclusion
71. Test whether the population mean annual premium is 
greater than $16,351 using level of significance a 5 0.01. 
Compare your conclusion with the conclusion in Exercise 70. 
Suggest two possible methods to resolve this contradiction.

Mean Family Size. Use the following information for 
Exercises 72–74: According to the Statistical Abstract of the 
United States, the mean family size in 2010 was 3.14 
persons, reflecting a slow decrease since 1980, when the 
mean family size was 3.29 persons. Has this trend continued 
to the present day? Suppose a random sample of 225 
families taken this year yields a sample mean size of 3.05 
persons, and suppose we assume that the population standard 
deviation of family sizes is 1 person.

72. Test whether the population mean family size in 
America has decreased since 2010, using the p-value 

method and level of significance a 5 0.05. (Try using the 
p-value applet to help you solve this problem.)
73. Refer to Exercise 72.

a. What is the smallest p-value for which you will reject 
H

0
?

b. Which type of error is it possible that we are 
making—a Type I error or a Type II error? Which 
type of error are we certain we are not making?

c. Suppose a newspaper headline referring to the study 
was “Mean Family Size Decreasing.” Is the headline 
supported or not supported by the data and the 
hypothesis test?

what if

?
74. Refer to Exercises 72 and 73, What if the 3.05 
persons had been a typo, and the actual sample 
mean was 3.00 persons? How would this have 

affected the following?
a. Z

data

b. The p-value
c. The conclusion

75. Women’s Heart Rates. A random sample of 15 women 
produced the normal probability plot for their heart rates 
shown here. The sample mean was 75.6 beats per minute. 
Suppose the population standard deviation is known to be 9.
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a. Discuss the evidence for or against the normality 
assumption. Should we use the Z test? Why or why not?

b. Assume that the plot does not contradict the 
normality assumption; test whether the population 
mean heart rate for all women is less than 78, using 
level of significance a 5 0.05.

c. Test whether the population mean heart rate for all 
women differs from 78, using a 5 0.05.

76. Challenge Exercise. Refer to the previous exercise.
a. Compare your conclusions from Exercises 75(b) and 

75(c). Note that the conclusions differ, but the 
meanings of the hypotheses tested also differ. 
Combine the two conclusions into a single sentence. 
Do you find this sentence difficult to explain?

b. Explain in your own words the difference between 
the hypotheses in Exercises 75(b) and 75(c). Also, 
explain how there could be evidence that the 
population mean heart rate is less than 78 but 
not different from 78.

c. Assess the strength of the evidence against the 
null hypothesis for the hypothesis tests in 
Exercises 75(b) and 75(c).

77. Recognizing Extreme Values of Zdata. Try to put your 
calculator down for this exercise, and use your recognition 

what if

?
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524 Chapter 9 Hypothesis Testing

of the extreme values of the standard normal distribution to 
solve it. Suppose we want to test whether the population 
mean test score differs from 70. The level of significance a 
is undisclosed, but lies somewhere between 0.01 and 0.10. 
Different samples provided each of the following different 
values of Z

data
. Provide conclusions for each.

a. Z
data

 5 10
b. Z

data
 5 0.1

c. Z
data

 5 215
d. Z

data
 5 0

BRINGING IT ALL TOGETHER
Sodium in Breakfast Cereal. Use the following information 
for Exercises 78–83. A random sample of 23 breakfast cereals 
containing sodium had a mean sodium content per serving of 
192.39 grams. Assume that the population standard deviation 
equals 50 grams. We are interested in whether the population 
mean sodium content per serving is less than 210 grams.
78. Based on the normal probability plot of the sodium 
content in the accompanying figure, should we proceed to 
apply the Z test? Why or why not?
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79. Assuming that the normal probability plot shows 
acceptable normality, we will test whether the population 
mean sodium content per serving is less than 210 grams, 
using level of significance a 5 0.01. 

a. State the hypotheses and the rejection rule. Make 
sure you state the meaning of m. 

b. Calculate Z
data

. 
c. Find the p-value. Draw a normal probability curve 

indicating Z
data

 and the p-value.
d. State the conclusion and the interpretation.

80. For the p-value in Exercise 79, assess the strength of 
evidence against the null hypothesis.
81. Use the equivalence between two-tailed hypothesis tests 
and confidence intervals to perform a set of hypothesis tests, 
as follows.

a. Construct a 95% Z confidence interval for the 
population mean sodium content. (Hint: See  
Section 8.1.) 

b. Use the confidence interval to test, at level of 
significance a 5 0.05, whether the population mean 
sodium content differs from the following amounts: 

 i.   200  ii.  215
 iii. 170  iv. 160

what if

?
82. Refer to the hypothesis test in Exercise 79. What 
if the population standard deviation of 50 grams had 
been a typo, and the actual population standard 

deviation was smaller? How would this have affected the 
following?

a. The standard deviation of the sampling distribution
b. Z

data

c. p-value
d. The conclusion

what if

?
83. Refer to the hypothesis test in Exercise 79. 
What if our level of significance a equaled 0.05 
instead of 0.01?

a. Perform the appropriate hypothesis test using the 
p-value method, but this time using level of 
significance a 5 0.05.

b. Note that your conclusion differs from that 
obtained using level of significance a 5 0.01. Have 
the data changed? Why did your conclusion change?

c. Suggest two alternatives for addressing the contradiction 
between Exercise 79 and Exercise 83(a).

WORKING WITH LARGE DATA SETS
Texas Towns. Work with the Texas data set for  
Exercises 84–86. texas
84. How many observations are in the data set? How many 
variables?
85. Use technology to explore the variable tot_occ, which 
lists the total occupied housing units for each county in 
Texas. Generate numerical summary statistics and graphs for 
the total occupied housing units. What is the sample mean? 
The sample standard deviation? Comment on the symmetry 
or skewness of the data set.
86. Suppose we are using the data in this data set as a 
sample of the total occupied housing units of all the counties 
in the southwestern United States, and let s 5 88,400. Use 
technology to test, at level of significance a 5 0.05, whether 
the population mean total occupied housing units for these 
counties differs from 40,000.

WORKING WITH LARGE DATA SETS

case  
study

Chapter 9 Case Study: Clothing Store Sales. 
Open the Chapter 9 Case Study data set, Clothing 
Store. Here, we will perform a hypothesis test for 
the population mean number of items purchased 

per customer. We will then see whether this hypothesis test 
made the correct decision. Use technology to do the 
following exercises. clothingstore

87. Obtain a random sample of size 100 from the data set.
88. The assistant manager wants to determine whether the 
mean number of items customers are buying is less than 20. 
Using your sample, perform the appropriate hypothesis test, 
using level of significance a 5 0.05. Assume s 5 25.
89. Using the same sample, test whether the population 
mean number of items purchased per customer is less than 
18, using level of significance a 5 0.05. Assume s 5 25.
90. Find the actual value of the population mean number of 
items purchased per customer.

a. Did your hypothesis test in Exercise 89 make the 
right decision? Explain.

b. Discuss the decision your hypothesis test in Exercise 89 
made, using the concept of “beyond a reasonable doubt.”
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9.4 t Test for the Population Mean

ObjeCtiveS By the end of this section, I will be able to . . .
1 Perform the t test for the mean using the critical-value method.
2 Perform the t test for the mean using the p-value method.
3 Use confidence intervals to perform two-tailed hypothesis tests.

t test for m Using the Critical-value Method
In many real-world scenarios, the value of the population standard deviation s is 
unknown. When this occurs, we should use neither the Z interval nor the Z test. Recall 
that in Section 8.2, we used the t distribution to find a confidence interval for the mean 
when s was not known. The situation is similar for hypothesis testing.

Let x be the sample mean, m be the unknown population mean, s be the sample 
standard deviation, and n be the sample size. The t statistic

t 5
x 2 �

syÏn

with n 2 1 degrees of freedom may be used when either the population is normal or 
the sample size is large. We call this t statistic tdata because its value depends largely on 
the sample data.

1

Extreme values of x, that is, values of x that are significantly far from the hypothe-
sized m, will translate into extreme values of t

data
.
 
In other words, just as with Z

data
, when 

x is far from m
0
, t

data
 will be far from 0. We answer the question “How extreme is 

extreme?” using the critical-value method by finding a critical value of t, called t
crit

. This 
threshold value t

crit
 separates the values of t

data
 for which we reject H

0
 (the critical region) 

from the values of t
data

 for which we will not reject H
0
 (the noncritical region). Because 

a different t curve exists for every different sample size, you need to know the following 
to find the value of t

crit
: (a) the form of the hypothesis test (right-tailed, left-tailed, or 

two-tailed), (b) the degrees of freedom (df 5 n 2 1), and (c) the level of significance a.

Note: Students may want to review 
the characteristics of the t 
distribution on page 450 of 
Chapter 8.

The test statistic used for the t test for the mean is

tdata 5
x 2 �0

syÏn
tdata represents the number of standard errors x

_
 lies above or below m0.

t test for the Population Mean m: Critical-value Method
When a random sample of size n is taken from a population, you can use the t test if 
either the population is normal or the sample size is large (n $ 30).
Step 1 State the hypotheses.
Use one of the forms from Table 8. State the meaning of m.
Step 2 Find tcrit and state the rejection rule.
Use Table D in the Appendix and Table 8.
Step 3 Calculate tdata.

tdata 5
x 2 �0

syÏn

Step 4 State the conclusion and the interpretation.
If tdata falls within the critical region, then reject H0. Otherwise, do not reject H0. Interpret 
your conclusion so that a nonspecialist can understand.

The degrees of freedom is a 
measure of how the t distribution 
changes as the sample size 
changes.
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526 Chapter 9 Hypothesis Testing

Table 8 contains the critical regions and rejection rules for the t test.

Table 8 Critical regions and rejection rules for various forms of the t test for m

Form of test Right-tailed test Left-tailed test Two-tailed test

Hypotheses H0 : m 5 m0
Ha : m . m 0
level of significance a

H0 : m 5 m0
Ha : m , m0
level of significance a

H0 : m 5 m0
Ha : m Þ m0
level of significance a

Critical region

tcrit0

a

Noncritical
region

Critical
region

a

–tcrit 0

Noncritical
region

Critical
region

tcrit

Critical
region

a /2a /2

–tcrit 0

Noncritical
region

Critical
region

Rejection rule Reject H0 if tdata $ tcrit Reject H0 if tdata # 2tcrit Reject H0 if tdata $ tcrit or  
tdata # 2tcrit

EXAMPLE 18 t Test for m using critical-value method: Left-tailed test
We are interested in testing, using level of significance a 5 0.05, whether the mean 
age at onset of anorexia nervosa in young women has been decreasing. Assume that 
the previous mean age at onset was 15 years old. Data were gathered for a study of  
the onset age for this disorder.6 From these data, a random sample (shown here) was 
taken of n 5 20 young women who were admitted under this diagnosis to the Toronto 
Hospital for Sick Children. The Minitab descriptive statistics shown here indicate a 
sample mean age of x 5 14.250 years and a sample standard deviation of s 5 1.512 
years. If appropriate, perform the t test.

Age at onset of anorexia

14.50 15.75 14.17 14.00

14.67 17.25 11.00 16.00

14.50 15.17 12.00 13.00

13.00 13.50 15.42 16.08

14.00 12.58 13.50 14.92

Solution
The sample size n 5 20 is not large, so we need to verify normality. The normal prob-
ability plot of the ages at onset in Figure 18 indicates that the ages in the sample are 
normally distributed. We may proceed to perform the t test for the mean.

Step 1 State the hypotheses.
The key word “decreasing” guides us to state our hypotheses as follows:

H
0
 : m 5 15 versus Ha : m , 15

where m refers to the population mean age at onset.

Step 2 Find tcrit and state the rejection rule.
Our hypotheses from Step 1 indicate that we have a left-tailed test, meaning that the 
critical region represents an area in the left tail (see Figure 20, page 528). To find t

crit
, 

Descriptive statistics for anorexia 
data.
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5279.4 t Test for the Population Mean

we turn to the t table, an excerpt of which is shown in Figure 19. Because we have a 
one-tailed test, under “Area in one tail,” select the column with our a value 0.05. Then 
choose the row with our df 5 n 2 1 5 20 2 1 5 19, so that we get t

crit
 5 1.729. Be-

cause we have a left-tailed test, the rejection rule from Table 8 is “Reject H
0
 if t

data
 # 

2tcrit ”; that is, we will reject H
0
 if t

data
 # 21.729.

FiGUre 18  
Normal probability plot for age  

at onset of anorexia nervosa.
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FiGUre 19  
Finding tcrit for a one-tailed  
test. For a two-tailed test,  

use “Area in two tails.”

    Area in one tail
  0.10 0.05 0.025

    Area in two tails
  0.20 0.10 0.05

df 1 3.078 6.314 12.706
 2 1.886 2.920 4.303
 3 1.638 2.353 3.182
 4 1.533 2.132 2.776
 5 1.476 2.015 2.571

 6 1.440 1.943 2.447
 7 1.415 1.895 2.365 
 8 1.397 1.860 2.306
 9 1.383 1.833 2.262
 10 1.372 1.812 2.228

 11 1.363 1.796 2.201
 12 1.356 1.782 2.179
 13 1.350 1.771 2.160
 14 1.345 1.761 2.145
 15 1.341 1.753 2.131

 16 1.337 1.746 2.120
 17 1.333 1.740 2.110
 18 1.330 1.734 2.101
 19 1.328 1.729 2.093
 20 1.325 1.725 2.086

Step 3 Calculate tdata. 
We have n 5 20, x 5 14.250, and s 5 1.512 years. Also, m

0 
5 15, because this is the 

hypothesized value of m stated in H
0
. Therefore, our test statistic is

t
data

5
x 2 �

0

syÏn
5

14.250 2 15

1.512yÏ20
< 22.2183

Step 4 State the conclusion and interpretation. 
The rejection rule from Step 2 says to reject H

0
 if t

data
 # 21.729. From Step 3, we 

have t
data

 5 22.2183. Because 22.2183 is less than 21.729, our conclusion is to  
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528 Chapter 9 Hypothesis Testing

reject H
0
. If you prefer the graphical approach, consider Figure 20, which shows 

where t
data

 falls in relation to the critical region. Because t
data

 5 22.2183 falls within 
the critical region, our conclusion is to reject H

0
. There is evidence at level of signifi-

cance a 5 0.05 that the population mean age of onset has decreased from its previous 
level of 15 years.

FiGUre 20 Our tdata 5 22.2183 falls in the critical region.

Critical region

– tcrit = –1.729tdata = –2.2183

Noncritical region

0

a  = 0.05

NOW YOU CAN DO
Exercises 3–8.

YOUR TURN
 #8

a. For the data in Example 18, test, using level of significance a 5 0.01, whether 
the mean age at onset of anorexia nervosa in young women has been decreasing.

b. Discuss two possible resolutions to the contradiction between the conclusions in 
Example 18 and Part (a).

(The solutions are shown in Appendix A.)

0

a /2 = 0.05 a /2 = 0.05

Critical region Critical region

tdata = –1.5

tcrit
= 1.699

–tcrit
= –1.699

FiGUre 21 Critical region for 
two-tailed test.

eXaMPLe 19 t test for m using critical-value method: two-tailed test
CNN reported in 2014 that, even after factoring in part-time jobs, Americans worked 
an average of 38 hours per week. Suppose a social science researcher disputes this find-
ing and is interested in testing whether the population mean number of hours worked 
per week differs from 38. A random sample of n 5 30 working Americans yields a 
sample mean of x 5 35.26 hours worked, with a sample standard deviation of s 5 10 
hours. If the conditions are met, perform the appropriate hypothesis test using level of 
significance a 5 0.10.

Solution
Because n 5 30 $ 30, we may proceed with the t test.

Step 1 State the hypotheses. 
The key words “differs from” indicate a two-tailed test, with m

0
 5 38, because we are 

testing whether m differs from 38. So our hypotheses are

H
0
 : m 5 38 versus Ha : m Þ 38

where m represents the population mean number of hours worked per week.

Step 2 Find tcrit and state the rejection rule. 
To find t

crit
 for a two-tailed test with level of significance a 5 0.10, we look in the 0.10 

column in the “Area in two tails” section of Table D in the Appendix. The degrees of 
freedom df 5 n 2 1 5 29 gives us t

crit
 5 1.699. From Table 8, the rejection rule is: 

“Reject H
0
 if tdata $ 1.699 or t

data
 # 21.699.”
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NOW YOU CAN DO
Exercises 9–14.

Step 3 Calculate tdata:

t
data

5
x 2 �

0

syÏn
5

35.26 2 38

10yÏ30
< 21.5

Step 4 State the conclusion and the interpretation. 
t
data

 5 21.5 is not $ 1.699 and it is not # 21.699; therefore, we do not reject H
0
. See 

Figure 21. There is insufficient evidence, at level of significance a 5 0.10, that the 
population mean number of hours worked per week differs from 38.

t test for m Using the p-value Method
We may also use the p-value method for performing the t test for m. The critical-value 
method and the p-value are equivalent, so they will provide identical conclusions.

2

t test for the Population Mean m: p-value Method
When a random sample of size n is taken from a population, you can use the t test if 
either the population is normal or the sample size is large (n $ 30).
Step 1 State the hypotheses and the rejection rule. 
Use one of the forms from Table 9. State the meaning of m. The rejection rule is “Reject H0 
if the p-value ≤ a.”
Step 2 Calculate tdata.

tdata 5
x 2 �0

syÏn

Step 3 Find the p-value.
Either use technology to find the p-value or estimate the p-value using Table D, t Distribution, 
in the Appendix.
Step 4 State the conclusion and the interpretation.
If the p-value # a, then reject H0. Otherwise, do not reject H0. Interpret your conclusion.

The definition of a p-value for a t test is similar to the p-value for a Z test. Unusual 
and extreme values of x, and therefore of t

data
, will have a small p-value, whereas values 

of x and t
data

 nearer to the center of the distribution will have a large p-value. Table 9 
summarizes the definition of the p-value for t tests. Note that we will not be finding 
these p-values manually but will either (a) use a computer or calculator or (b) estimate 
them using the t table.

Table 9 p-Values for t tests

Form of test Right-tailed test Left-tailed test Two-tailed test

Hypotheses H0 : m 5 m0
Ha : m . m0
level of significance a

H0 : m 5 m0
Ha : m , m0
level of significance a

H0 : m 5 m0
Ha : m Þ m0
level of significance a

p-Value is tail area 
associated with tdata

p-value 5 P(t . tdata ) 
Area to the right of tdata

p-value 5 P(t , tdata ) 
Area to the left of tdata

p-value 5  P(t . utdatau) 1 
P(t , 2utdatau)

5 2 ? P(t . utdatau)
Sum of the two tail areas

tdata0

p-value

tdata 0

p-value

Sum of two areas
is p-value.

–|tdata| |tdata|0
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530 Chapter 9 Hypothesis Testing

Step 1 State the hypotheses and the rejection rule. 
The key words “is greater than” means that we have a right-tailed test. Answering the 
question “Greater than what?” gives us m

0
 5 3.65.

H
0
 : m 5 3.65 versus Ha : m . 3.65

where m represents the population mean price of milk. We will reject H
0
 if the p-value 

# a 5 0.10.

Step 2 Calculate tdata. 
We use the instructions from the Step-by-Step Technology Guide on page 537.  
Figure 23 shows the TI-83/84 results from the t test for m.

eXaMPLe 20 t test using the p-value method: right-tailed test
The U.S. Bureau of Labor Statistics reports that the mean price for a gallon of milk 
in July 2014 was $3.65. Gallons of milk were recently bought in a random sample of 
n 5 10 different cities, with the prices shown in the accompanying table. Test, using 
level of significance a 5 0.05, whether the population mean price for a gallon of milk 
is greater than $3.65.

Solution
We first check whether the conditions for performing the t test are met. Because our 
sample size is small, we must check for normality. The normal probability plot in  
Figure 22 shows acceptable normality, allowing us to proceed with the t test.

milkprice

Milk prices

3.86 3.78

3.82 3.61

3.74 3.72

3.70 3.65

3.60 3.66

1

5
10

20
30
40
50
60
70
80

90
95

99

3.4 3.5 3.6 3.7 3.8 3.9 4.0 4.1

Milk prices

Pe
rc

en
t

FiGUre 22  
Normal probability plot  

of milk prices.

For a more accurate calculation of 
the p-value, we retain 9 decimal 
places for the value of tdata.

Using the statistics from Figure 23, we have the test statistic

t
data

5
x 2 �

0

syÏn
5

3.714 2 3.65

0.0873307888yÏ10
5 2.317461838 < 2.3175

Step 3 Find the p-value. 
From Figures 23 and 24, we have

p-value 5 P(t ≥ 2.317461838) 5 0.0228376005  0.0228

FiGUre 23  
TI-83/84 results for  

right-tailed t test.
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5319.4 t Test for the Population Mean

FiGUre 24  
The p-value for a  
right-tailed t test.

p-value = 0.0228

tdata = 2.3175t distribution, df = 9 0

Step 4 State the conclusion and the interpretation. 
The p-value  0.0228 is less than the level of significance a 5 0.05; therefore, reject 
H

0
. There is evidence, at level of significance a 5 0.05, that the population mean price 

of milk is greater than $3.65.
NOW YOU CAN DO

Exercises 15–20.

YOUR TURN
 #9

In Example 20, suppose the level of significance was a 5 0.01. Describe how this 
would affect the following, if at all:

a. Hypotheses

b. t
data

c. p-value

d. Conclusion

(The solutions are given in Appendix A.)

eXaMPLe 21 t test using the p-value method: two-tailed test

the Golden ratio
Euclid’s Elements, the Parthenon, the Mona Lisa, and the beadwork of the Shoshone 
tribe all have in common an appreciation for the golden ratio.

Suppose we have two quantities A and B, with A . B . 0. Then A/B is called the 
golden ratio if

A 1 B
A

5
A
B

that is, if the ratio of the sum of the quantities to the larger quantity equals the ratio of the 
larger to the smaller (see Figure 25a).

Euclid wrote about the golden ratio in his Elements, calling it the “extreme and 
mean ratio.” The ratio of the width A and height B of the Parthenon, one of the most 
famous temples in ancient Greece, equals the golden ratio (Figure 25b). If you enclose 
the face of Leonardo da Vinci’s Mona Lisa in a rectangle, the resulting ratio of the long 
side to the short side follows the golden ratio (Figure 26). The golden ratio has a value 
of approximately 1.618.

Now, we will test whether evidence exists for the use of the golden ratio in the 
artistic traditions of the Shoshone, a Native American tribe from the American West. 
Figure 27 shows a detail of a nineteenth-century Shoshone beaded dress that belonged 
to Nahtoma, the daughter of Chief Washakie of the Eastern Shoshone.7 It is intriguing 

A

A + B

A + B is to A as A is to B

B

FiGUre 25a The golden ratio.

P
ur

es
to

ck
/P

un
ch

st
oc

k

A

B

FiGUre 25b The Parthenon 
follows the golden ratio.
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B

A

FiGUre 26 Mona Lisa’s face 
follows the golden ratio.

©
 L

eo
 M
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ar

lo
/A

la
m

y

FiGUre 27 Beaded dress of Nahtoma, daughter of Chief Washakie of the Eastern Shoshone, 
showing rectangles that may follow the golden ratio.
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Shoshone beaded rectangle ratios (n = 18)

2.0

FiGUre 28  
Normal probability plot.

to consider whether the Shoshone beaded rectangles, such as those on this dress, fol-
low the golden ratio. Table 10 contains the ratios of lengths to widths of 18 beaded 
rectangles made by Shoshone artisans.8 We will perform a hypothesis test to deter-
mine whether the population mean ratio of Shoshone beaded rectangles equals the 
golden ratio of 1.618.

Table 10 Ratio of length to width of a sample of Shoshone beaded rectangles

1.44 1.75 1.64 1.66 1.64

1.51 1.34 1.53 1.74 1.81

1.45 1.49 1.63 1.49

1.65 1.59 1.50 1.65

Solution
The population standard deviation for such rectangles is unknown, so we must use a  
t test instead of a Z test. Our sample size n 5 18 is not large, so we must assess whether 
the data are normally distributed. Figure 28 shows the normal probability plot, indicat-
ing acceptable support for the normality assumption. We proceed with the t test, using 
level of significance a 5 0.05.

We use the TI-83/84 and CrunchIt! to perform this hypothesis test, using the Step-by-
Step Technology Guide at the end of this section.

Step 1 State the hypotheses and the rejection rule. 
We are interested in whether the population mean length-to-width ratio of Shoshone 
beaded rectangles equals the golden ratio of 1.618, so we perform a two-tailed test:

H
0
 : m 5 1.618 versus Ha : m Þ 1.618

where m represents the population mean length-to-width ratio of Shoshone beaded 
rectangles. We will reject H

0
 if the p-value # 0.05.
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5339.4 t Test for the Population Mean

Step 2 Find tdata. 
Using the statistics from Figure 29a, we have the test statistic

t
data

5
x 2 �

0

syÏn
5

1.583888889 2 1.618

0.1230083158yÏ18
< 21.176515482 < 21.1765

Step 3 Find the p-value. 
From Figures 29a, 29b, and 30, we have 

p-value 5 P(t . u21.1765u) 1 P(t , 2u21.1765u)  0.2556

Step 4 State the conclusion and interpretation. 
Because p-value ≈ 0.2556 is not # a 5 0.05, we do not reject H

0
. Thus, there is insuf-

ficient evidence, at level of significance a 5 0.05, that the population mean ratio dif-
fers from 1.618. In other words, the data do not reject the claim that Shoshone beaded 
rectangles follow the same golden ratio exhibited by the Parthenon and the Mona Lisa. 

FiGUre 29a TI-83/84 results. FiGUre 29b CrunchIt! results.

FiGUre 30 p-Value for two-tailed t test is sum of two tail areas.

p-value for a two-tailed test
is sum of two tail areas.

P(tdata > 1.1765)
= 0.1278

P(tdata < –1.1765)
= 0.1278

0–|tdata| = –1.1765 |tdata| = 1.1765

eXaMPLe 22 estimating the p-value using the t table
Suppose we did not have access to technology. Estimate the p-value from Example 19 
using the t table (Appendix Table D). For Example 19, our hypotheses are

H
0
 : m 5 38 versus Ha : m Þ 38

where m represents the population mean number of hours worked per week. Our test 
statistic is t

data
 5 21.5.

Solution
For a two-tailed test, choose the row of the t table with the heading “Area in two tails.” 
Then select the row in the table with the appropriate degrees of freedom, in this case 

NOW YOU CAN DO
Exercises 21–26.
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534 Chapter 9 Hypothesis Testing

df 5 n 2 1 5 30 2 1 5 29. Note the t-values in this row: 1.311, 1.699, 2.045, 2.462, 
and 2.756. Think of these values as existing on a horizontal number line. We want to 
place our t

data
 5 2 1.5 somewhere on this number line, but all the t-values in the table 

are positive. Fortunately, because of the symmetry of the t distribution about zero, we 
may take ut

data
u 5 1.5. Now, where would ut

data
u 5 1.5 fit on this “number line”? Between 

1.311 and 1.699, as indicated in Figure 31, an excerpt from the t table. Therefore, we 
may estimate the p-value to be between 0.20 and 0.10. In fact, the actual p-value for 
this problem is about 0.144 (see Figure 32), so that our estimate is confirmed.

Using Confidence intervals to Perform two-tailed  
t tests
Just as we did for two-tailed Z tests in Section 9.3, we may use a 100(1 2 a)% t con-
fidence interval to perform a two-tailed t test with level of significance a for various 
hypothesized values of m

0
. The strategy is the same: if a certain value for m

0
 lies outside 

the 100(1 2 a)% t confidence interval for m, then the null hypothesis specifying this 
value for m

0
 would be rejected. Otherwise, it would not be rejected.

3

NOW YOU CAN DO
Exercises 27–30.

FiGUre 31 Estimating the p-value using the t table.

FiGUre 32 Actual 
p-value confirms the 
estimate.

YOUR TURN
 #10

Estimate the p-value for the hypothesis test in Example 18.

(The solution is shown in Appendix A.)

Area in two tails
0.20 0.10 0.05 0.02 0.01

df 29 1.311 1.699 2.045 2.462 2.756

|tdata| = 1.5 lies between 1.311 and 1.699,
so the p-value lies between 0.20 and 0.10.

|tdata| = 1.5

eXaMPLe 23 Using a confidence interval to perform two-tailed t tests
In Example 14 of Chapter 8 (page 452), we found the 99% t-confidence interval  
for m, the population mean sodium content per serving of all breakfast cereals, to be 
the following:

Lower bound 5 144.1 grams  Upper bound 5 227.7 grams

Test, using level of significance a 5 0.01, whether the population mean amount of 
sodium differs from the following values: (a) 100 grams, (b) 170 grams, (c) 250 grams.

Solution
The key words “differs from” mean that we are using two-tailed tests. Then, for each 
hypothesized value of m

0
, we determine whether it falls inside or outside the given 

confidence interval.

a. H
0
 : m 5 100 versus Ha : m Þ 100

 The confidence interval is (144.1, 227.7), and because m
0
 5 100 lies outside the 

interval (see Figure 33), we reject H
0
.
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5359.4 t Test for the Population Mean

b.  H
0
 : m 5 170 versus Ha : m Þ 170

m
0
 5 170 lies inside the interval, so we do not reject H

0
.

c. H
0
 : m 5 250 versus Ha : m Þ 250

m
0
 5 250 lies outside the interval, so we reject H

0
. 

FiGUre 33 Reject H0 for values of m0 that lie outside (144.1, 227.7).

NOW YOU CAN DO
Exercises 31–36.

Reject H0

Lower Bound = 144.1 Upper Bound = 227.7

Reject H0Do not reject H0

m0 = 250m0 = 170m0 = 100

In Section 9.3, we showed how to perform and interpret Z tests for m using the  
TI-83/84 and Minitab software output. Here, in Section 9.4, we demonstrate how to 
perform and interpret t tests for m using software output from SPSS and JMP.

eXaMPLe 24 interpreting software output
Each of (a) and (b) represent software output from a t test for m. For each, examine the 
indicated software output, and provide the following steps:

Step 1 State the hypotheses and the rejection rule. 

Step 2 Find tdata.

Step 3 Find the p-value.

Step 4 State the conclusion and the interpretation.

Use level of significance a 5 0.10 for each hypothesis test.

a. SPSS output for a t test for m, where m represents the population mean number 
of orchard farms per county, nationwide.

b. JMP output for a t test for m, where m represents the population mean number of 
grocery stores per county, nationwide.
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536 Chapter 9 Hypothesis Testing

Solution
a. Interpreting the SPSS output.

Step 1 State the hypotheses and the rejection rule. 
In the SPSS output, the “Test Value 5 40” indicates that m

0
 5 40. Also, the 

“2-tailed” in the output indicates that we have a two-tailed test. Thus, our  
hypotheses are:

H
0
 : m 5 40 versus Ha : m Þ 40

where m represents the population mean number of orchard farms per county,  
nationwide. We will reject H

0 
if the p-value is less than level of significance  

a 5 0.10.

Step 2 Find tdata.
Under the “t” in the SPSS is the value for t

data
, 21.079.

Step 3 Find the p-value.
The abbreviation “Sig.” stands for “Significance,” which represents the p-value: 
0.281.

Step 4 State the conclusion and the interpretation.
The p-value of 0.281 is not less than the level of significance a 5 0.10, so we do 
not reject H

0
. There is insufficient evidence that the population mean number of 

orchard farms per county differs from 40.

b. Interpreting the JMP output.

Step 1 State the hypotheses and the rejection rule. 
In the JMP output, the “Hypothesized Value” indicates that m

0
 5 20. Now, JMP 

is unusual in that it performs all three types of hypothesis test simultaneously: 
two-tailed, right-tailed, and left-tailed, as shown in the JMP output. It does not 
specify a particular form of the test. Let us use the right-tailed test for this ex-
ample. Thus, our hypotheses are: 

H
0
 : m 5 20 vs Ha : m . 20

where m represents the population mean number of grocery stores per county, 
nationwide. We will reject H

0
 if the p-value is less than level of significance a 5 

0.10.

Step 2 Find tdata.
Next to “Test Statistic” in the JMP output, we find the value of our test statistic, 
t
data

, 0.3324.

Step 3 Find the p-value.
Here, we need to be careful, because JMP gives us three different p-values, de-
pending on which form of the hypothesis test is performed. We chose the right-
tailed test, so our p-value is next to “Prob . t”: p-value 5 0.3698, as indicated 
in the JMP output.

Step 4 State the conclusion and the interpretation.
The p-value of 0.3698 is not less than the level of significance a 5 0.10, so we do 
not reject H

0
. There is insufficient evidence that the population mean number of 

grocery stores per county is greater than 20.
NOW YOU CAN DO

Exercises 37–40.
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SteP-by-SteP teCHnOlOGy GUiDe: t test for m
We will use the golden ratio data from Example 21 (page 531).

TI-83/84
If you have the data values:
Step 1 Enter the data into list L1.
Step 2 Press STAT, highlight TESTS.
Step 3 Press 2 (for T-Test; see Figure 34a).
Step 4 For input (Inpt), highlight Data and press ENTER  
(Figure 34b). 
a. For m0, enter the value of m0, 1.618.
b. For List, press 2nd, then L1.
c. For Freq, enter 1.
d. For m, select the form of Ha. Here, we have a two-tailed test, 

so highlight ≠ m0 and press ENTER (Figure 34b).
e. Highlight Calculate and press ENTER. The results are shown in 

Figure 29a in Example 21.

If you have the summary statistics:
Step 1 Press STAT, highlight TESTS.
Step 2 Press 2 (for T-Test; see Figure 34a).
Step 3 For input (Inpt), highlight Stats and press ENTER  
(Figure 34c). 
a. For m0, enter the value of m0, 1.618. 
b. For x, enter the sample mean 1.583888889.
c. For Sx, enter the value of s, 0.1230083158.
d. For n, enter the sample size 18.
e. For m, select the form of Ha. Here, we have a two-tailed test, 

so highlight ≠ m0 and press ENTER (Figure 34c).
f. Highlight Calculate and press ENTER. The results are shown in 

Figure 29a in Example 21.

EXCEL
Use the JMP add-in for Excel.

MINITAB
If you have the data values:
Step 1 Enter the data into column C1.
Step 2 Click Stat > Basic Statistics > 1-Sample t….
Step 3 Select One or more samples, each in a column from 
the drop-down menu, click inside the box under the drop-down 
menu, and select C1.
Step 4 Select Perform hypothesis test. For Hypothesized mean, 
enter 1.618.
Step 5 Click Options…
a. Choose your Confidence Level as 100(1 2 a). Our level of 

significance a here is 0.05, so the confidence level is 95.0.
b. Select Mean Þ hypothesized mean for the Alternative 

hypothesis.
Step 6 Click OK and click OK again.

If you have the summary statistics:
Step 1 Click Stat > Basic Statistics > 1-Sample t.
Step 2 Select Summarized Data from the drop-down menu.
Step 3 Enter the Sample size 18, the Sample mean 1.58, and 
the Standard deviation 0.123. Check Perform hypothesis test, 
and enter a Hypothesized mean of 1.618.
Step 4 Click Options…
a. Choose your Confidence Level as 100(1 2 a). Our level of 

significance a here is 0.05, so the confidence level is 95.0.
b. Select Mean ≠ hypothesized mean for the Alternative 

hypothesis.
Step 5 Click OK and click OK again.

SPSS
If you have the data values:
The following is for two-tailed tests only.
Step 1 Enter the data in the first column.
Step 2 Select Analyze > Compare Means > One-sample T 
Test. Move the variable to the Test Variable(s) box. 

Step 3 Enter a Test Value of 1.618. Click OK. The p-value  
is found in the Sig. (2-tailed) box in the One-Sample Test  
table.

5379.4 t Test for the Population Mean

FiGUre 34a FiGUre 34b FiGUre 34c
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Section 9.4 Summary
 1. The test statistic used for the t test for the mean is

t
data

5
x 2 �

0

syÏn

with n 2 1 degrees of freedom. The t test may be used under 
either of the following conditions: (a) the population is 
normal, or (b) the sample size is large (n $ 30). For the 

Section 9.4 Exercises
CLARIFYING THE CONCEPTS

 1. What assumption is required for performing the Z test 
that is not required for the t test? (p. 525)
 2. What do we use to estimate the unknown population 
standard deviation s? (p. 525)

PRACTICING THE TECHNIquES

• CHECK IT OuT!

To do Check out Topic

Exercises 3–8 Example 18 One-tailed t test for m: 
critical value method 

Exercises 9–14 Example 19 Two-tailed t test for m: 
critical value method

Exercises 15–20 Example 20 One-tailed t test for m: 
p-value value method

critical-value method, we compare the values of t
data

 and t
crit

. 
If t

data
 falls in the critical region, we reject H

0
.

 2. For the p-value method, we reject H
0
 if the p-value  

# a.
 3. We may use 100(1 2 a)% t confidence interval to 
perform two-tailed t tests at level of significance a for 
various values of m

0
.

To do Check out Topic

Exercises 21–26 Example 21 Two-tailed t test for m: 
p-value method

Exercises 27–30 Example 22 Estimating the p-value 
for a t test for m

Exercises 31–36 Example 23 Equivalence between 
confidence intervals and 
two-tailed t tests for m

Exercises 37–40 Example 24 Interpreting software 
output

For Exercises 3–14, do the following:
a. State the hypotheses.
b. Calculate the t critical value t

crit
 and state the 

rejection rule. Also, sketch the critical region.
c. Find the test statistic t

data
.

d. State the conclusion and the interpretation.

538 Chapter 9 Hypothesis Testing

CRUNCHIT!
If you have the data values:
Step 1 Click File, then highlight Load from Larose, Discostat3e 
> Chapter 9 and click on Example 04_20.
Step 2 Click Statistics, highlight t, and select 1-sample. With 
the Columns tab chosen, for Sample select Ratio.
Step 3 Select the Hypothesis Test tab. For Mean under null 
hypothesis, enter 1.618. For Alternative, select Two-sided. Then 
click Calculate. Results are in Figure 29b in Example 21.

If you have the summary statistics:
Step 1 Click Statistics, highlight t, and select 1-sample.
Step 2 Choose the Summarized tab. For n, enter the sample 
size 18; for Sample Mean enter 1.583. For Standard Deviation, 
enter 0.123.
Step 3 Select the Hypothesis Test tab. For Mean under null 
hypothesis, enter 1.618. For Alternative, select Two-sided. Then 
click Calculate.

JMP
If you have the data values:
Step 1 Enter the data in the first column.
Step 2 Select Analyze > Distribution. Move the variable to the 
Y, Columns box. Click OK.
Step 3 Click the red triangle beside the variable name. Select 
Test Mean. For Specify Hypothesized Mean, enter 1.618. Click 
OK. The output is shown in Figure 34d.

FiGUre 34d  
JMP results.
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5399.4 t Test for the Population Mean

 3. H
0
 : m 5 22 vs. Ha : m , 22, x 5 20, s 5 4, n 5 31,  

a 5 0.05
 4. H

0
 : m 5 3 vs. Ha : m , 3, x 5 2, s 5 1, n 5 41,  

a 5 0.10
 5. H

0
 : m 5 11 vs. Ha : m . 11, x 5 12, s 5 3, n 5 16,  

a 5 0.01, population is normal
 6. H

0
 : m 5 80 vs. Ha : m . 80, x 5 82, s 5 5, n 5 9,  

a 5 0.05, population is normal
 7. A random sample of size 25 from a normal population 
yields x 5 104 and s 5 10. Researchers are interested in 
finding whether the population mean exceeds 100, using 
level of significance a 5 0.01.
 8. A random sample of size 100 from a population with an 
unknown distribution yields a sample mean of 25 and a 
sample standard deviation of 5. Researchers are interested in 
finding whether the population mean is less than 24, using 
level of significance a 5 0.05.
 9. H

0
 : m 5 102 vs. Ha : m Þ 102, x 5 106, s 5 10, n 5 81, 

a 5 0.05
10. H

0
 : m 5 95 vs. Ha : m Þ 95, x 5 99, s 5 10, n 5 31,  

a 5 0.01
11. H

0
 : m 5 1000 vs. Ha : m Þ 1000, x 5 975, s 5 100,  

n 5 25, a 5 0.10, population is normal
12. H

0
 : m 5 210 vs. Ha : m Þ 210, x 5 28, s 5 5, n 5 25, 

a 5 0.05, population is normal
13. A random sample of size 36 from a population with an 
unknown distribution yields x 5 10 and s 5 3. Researchers 
are interested in finding whether the population mean differs 
from 9, using level of significance a 5 0.10.
14. A random sample of size 16 from a normal population 
yields x 5 995 and s 5 15. Researchers are interested in 
finding whether the population mean differs from 1000, 
using level of significance a 5 0.01.

For Exercises 15–26, do the following:
a. State the hypotheses and the rejection rule using the 

p-value method.
b. Calculate the test statistic t

data
.

c. Find the p-value. (Use technology or estimate the 
p-value.)

d. State the conclusion and the interpretation.
15. H

0
 : m 5 10 vs. Ha : m , 10, x 5 7, s 5 5, n 5 81,  

a 5 0.01
16. H

0
 : m 5 50 vs. Ha : m , 50, x 5 42, s 5 8, n 5 41,  

a 5 0.05
17. H

0
 : m 5 100 vs. Ha : m . 100, x 5 120, s 5 50, n 5 25, 

a 5 0.10, population is normal
18. H

0
 : m 5 3.0 vs. Ha : m . 3.0, x 5 3.2, s 5 0.5,  

n 5 25, a 5 0.05, population is normal
19. A random sample of size 400 from a population with an 
unknown distribution yields a sample mean of 230 and a 
sample standard deviation of 5. Researchers are interested in 
finding whether the population mean is greater than 200, 
using level of significance a 5 0.05.
20. A random sample of size 100 from a population with 
an unknown distribution yields x 5 27 and s 5 10. 
Researchers are interested in finding whether the 

population mean is less than 28, using level of significance 
a 5 0.05.
21. H

0
 : m 5 25 vs. Ha : m Þ 25, x 5 25, s 5 1, n 5 31,  

a 5 0.01
22. H

0
 : m 5 98.6 vs. Ha : m Þ 98.6, x 5 99, s 5 10, n 5 81, 

a 5 0.05
23. H

0
 : m 5 3.14 vs. Ha : m Þ 3.14, x 5 3.17, s 5 0.5,  

n 5 9, a 5 0.10, population is normal
24. H

0
 : m 5 2.72 vs. Ha : m Þ 2.72, x 5 2.57, s 5 0.1,  

n 5 25, a 5 0.05, population is normal
25. A random sample of size 9 from a normal population 
yields x 5 1 and s 5 0.5. Researchers are interested in 
finding whether the population mean differs from 0, using 
level of significance a 5 0.05.
26. A random sample of size 16 from a normal population 
yields x 5 2.2 and s 5 0.3. Researchers are interested in 
finding whether the population mean differs from 2.0, using 
level of significance a 5 0.01.

For Exercises 27–30, use the t table to estimate the p-value 
for the hypothesis tests in the indicated exercises.
27. Exercise 3
28. Exercise 4
29. Exercise 9
30. Exercise 10

For Exercises 31–36, a 100(1 2 a)% t confidence interval is 
given. Use the confidence interval to test, using level of 
significance a, whether m differs from each of the indicated 
hypothesized values.
31. A 95% t confidence interval for m is (1, 4). 
Hypothesized values m

0
 are

a. 0   b. 2   c. 5
32. A 99% t confidence interval for m is (57, 58). 
Hypothesized values m

0
 are

a. 55.5   b. 59.5   c. 57.5
33. A 90% t confidence interval for m is (220, 210). 
Hypothesized values m

0
 are

a. 221   b. 25   c. 212
34. A 95% t confidence interval for m is (2010, 2015). 
Hypothesized values m

0
 are

a. 2012   b. 2007   c. 2014
35. A 95% t confidence interval for m is (21, 1). 
Hypothesized values m

0
 are

a. 1.5   b. 21.5   c. 0
36. A 95% t confidence interval for m is (19,570, 20,105). 
Hypothesized values m

0
 are

a. 20,000   b. 21,000   c. 19,571

For Exercises 37–40, software output from a t test for m is 
provided. For each, examine the indicated software output, 
and provide the following steps:

Step 1 State the hypotheses and the rejection rule. 
Step 2 Find Zdata.
Step 3 Find the p-value. 
Step 4 State the conclusion and interpretation.
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540 Chapter 9 Hypothesis Testing

Use level of significance a 5 0.05 for each hypothesis test.
37. TI-83/84 output

38. Minitab output

39. SPSS output

40. JMP output: Choose the left-tailed test.

APPLYING THE CONCEPTS

41. Health Care Costs. The U.S. Agency for Healthcare 
Research and Quality (www.ahrq.gov) reports that, in 2010, 
the mean cost of a stay in the hospital for American women 
ages 18–44 was $15,200. A recent random sample of 400 
hospital stays of women ages 18–44 showed a mean cost of 
$16,000, with a standard deviation of $5000. Test whether 
the population mean cost has increased since 2010, using 
level of significance a 5 0.05.
42. iPhone Apps. According to a 2010 Nielsen survey,9 the 
mean number of apps downloaded by iPhone users is 40. 
Suppose a recent sample of 36 iPhone users downloaded an 
average of 45 apps, with a standard deviation of 24. Test 
whether the population mean number of apps is greater than 
40, using level of significance a 5 0.10.
43. Facebook Friends. According to Facebook.com,  
the mean number of Facebook friends is 130. Suppose  
a sample of 100 Facebook users has a mean number of  
110 Facebook friends, with a standard deviation of 50.  
Test whether the population mean number of Facebook 

friends is less than the reported 130, using level of 
significance a 5 0.05.
44. Small Business Employees. The U.S. Census Bureau 
reports that the average number of employees in a small 
business is 16.1. Suppose a sample of 49 small businesses 
showed a mean of 15 employees, with a standard deviation 
of 25. Test whether the population mean number of 
employees in a small business is different from the 
reported 16.1, using level of significance a 5 0.01.

Internet Response Times. Use the following information for 
Exercises 45 and 46: The Web site www.internettrafficreport 
.com monitors Internet traffic worldwide and reports on the 
response times of randomly selected servers.
45. On June 6, 2011, the Web site reported the following 
response times to Asia, in milliseconds:

165 175 2221 872 311 127 195 1801 769 225 261 249 421

We want to test whether the population mean response  
time is slower than 180 milliseconds, using a t test and  
level of significance a 5 0.05. A boxplot of the data is 
provided.

(Hint: The boxplot is right-skewed and the normal 
distribution is symmetric.) Can we proceed with the t test? 
Explain.
46. On June 6, 2011, the Web site reported the following 
response times to Asia, in milliseconds:

61 32 50 73 51 42 55 65 59 57 76 77 67 71

The normal probability plot of the data is also shown. We 
want to perform a t test.

a. Are the conditions for performing the t test satisfied? 
Explain how you know.

b. Test, using level of significance a 5 0.05, whether 
the population mean response time is less than 
60 milliseconds.

c. Explain why we can’t use a Z test for this problem.
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Deepwater Horizon Cleanup Costs. The following table 
represents the amount of money disbursed by BP to a 
random sample of six Florida counties, for cleanup of the 
Deepwater Horizon oil spill, in millions of dollars.10 Use the 
following information for Exercises 47−49. 

deepwaterclean

Larose_3e_ch09.indd   540 6/16/15   5:52 PM



© 20
16

 W
.H. F

ree
man

 Co.

5419.4 t Test for the Population Mean

County
Cleanup costs  

($ millions)

Broward 0.85
Escambia 0.70
Franklin 0.50
Pinellas 1.15
Santa Rosa 0.50
Walton 1.35

47. The normality of the data was confirmed in the 
Section 8.1 exercises. Test, at level of significance a 5 0.10, 
whether the population mean amount of cleanup money 
exceeds $500,000.
48. Answer the following:

a. Repeat your test from Exercise 47, this time using 
level of significance a 5 0.01.

b. How do you think we should resolve the apparent 
contradiction in Exercise 47 and part (a) of this 
exercise?

c. Assess the strength of the evidence against the null 
hypothesis. Does this change depending on which 
level of a you use?

49. What if we changed m
0
 to some larger value 

(though still smaller than x)? Otherwise, everything 
else remains unchanged. Describe how this change 

would affect the following, if at all:
a. t

data

b. t
crit

c. The p-value
d. The conclusion from Exercise 47
e. The conclusion from Exercise 48(a)
f. The strength of the evidence against the null 

hypothesis
50. Wii Game Sales. The following table represents the 
number of units sold in the United States for the week 
ending March 26, 2011, for a random sample of eight Wii 
games.11 The normality of the data was confirmed in the 
Section 8.1 exercises.

a. Construct and interpret a 95% t interval for the 
population mean number of units sold. (See  
Section 8.2.)

b. Use your confidence interval to test, using level of 
significance a 5 0.05, whether m differs from the 
following values:
i.     30,000 units
ii.  31,000 units
iii.   0 units
iv.  79,000 units wiisales

Game
units 

(1000s) Game 
units 

(1000s)

Wii Sports Resort 65 Zumba Fitness  56
Super Mario All Stars 40 Wii Fit Plus  36
Just Dance 2 74 Michael Jackson  42
New Super Mario 
Bros.

16 Lego Star Wars 110

51. A Rainy Month in Georgia? The following table 
represents the total rainfall (in inches) for the month of 
February 2011 for a random sample of 10 locations in 
Georgia.12 The normality was checked in the Section 8.1 
exercises. Test whether the population mean amount of 
rainfall differs from 4 inches, using level of significance  
a 5 0.10. georgiarain

Location
Rainfall 
(inches) Location 

Rainfall 
(inches)

Athens 4.72 Atlanta 4.25

Augusta 4.31 Cartersville 3.03

Dekalb 2.96 Fulton 4.36

Gainesville 4.06 Lafayette 3.75

Marietta 3.20 Rome 3.26

52. Electric Cars. The accompanying table shows the 
miles-per-gallon equivalent (MPGe) for five electric cars, as 
reported by www.hybridcars.com in 2014. Assume the data 
are drawn from a normal distribution. Test whether the 
population mean mileage is greater than 90 MPGe, using 
level of significance a 5 0.10. electricmiles

Electric Vehicle
Mileage 
(MPGe)

Tesla Model S  89
Nissan Leaf  99
Ford Focus 105
Mitsubishi i-MiEV 112
Chevrolet Spark 119

BRINGING IT ALL TOGETHER
Community College Tuition. Use the following information 
for Exercises 53−63. The College Board reported that the 
mean tuition and fees at community colleges nationwide for 
the 2013–2014 academic year was $3264. Data were 
gathered on the total tuition and fees for a random sample of 
10 community colleges in 2015. The normal probability plot 
is shown here.
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53. Is it appropriate to apply the t test for the mean? Why or 
why not?
54. Find the t critical value for a right-tailed hypothesis test 
using level of significance a 5 0.05.
55. For the sample of 10 community colleges, the sample 
mean tuition and fees was $3541 with a sample standard 
deviation of $438. Test whether the population mean  
tuition and fees have increased using level of significance  
a 5 0.05.
56. Estimate the p-value for the hypothesis test in the 
previous exercise.
57. Assess the strength of evidence against the null 
hypothesis.
58. A 95% confidence interval for the population mean 
tuition and fees is given by lower bound 5 $3227, upper 
bound 5 $3854. Use this confidence interval to test, at level 
of significance a 5 0.05, whether m differs from the 
following values.

a. $4000
b. $3500
c. $3264

59. A data analyst, in attempting to use technology to test 
whether the population mean tuition and fees have increased, 
obtained the following Minitab output. However, it appears 
that the analyst asked for the wrong hypothesis test. How 
can you tell?

Minitab t test output.

60. How can we use the p-value on the Minitab printout to 
find the p-value needed for the right-tailed hypothesis test 
we performed in Exercise 55?
61. Suppose, when we did Exercise 55, we also asked for 
the wrong hypothesis test, and obtained this Minitab output. 
For level of significance a 5 0.05, what would have been 
our conclusion in that case? Why would this have been in 
error? What are some of the possible consequences of 
making an error of this sort?
62. Based on your experiences in these exercises, write  
a sentence about the importance of understanding the 
statistics behind the “point and click” power of statistical 
software.
63. Challenge Exercise. Note that we have concluded that 
there is insufficient evidence that the population mean cost 
has changed, but evidence exists that the population mean 
cost has increased. How can the mean cost have increased 

without changing? Explain what is going on here, in terms 
of either critical regions or p-values.

WORKING WITH LARGE DATA SETS
New York Towns. Work with the New York data set for 
Exercises 64 and 65. newyork

64. Use technology to find the summary statistics for  
the variable tot_pop, which lists the population for each  
of the towns and cities in New York with at least 1000 
people.
65. Suppose we are using the data in this data set as a sample 
of the population of all the towns and cities in the northeastern 
United States with at least 1000 people. Use technology to 
test at level of significance a 5 0.05 whether the population 
mean of these towns differs from 50,000.

WORKING WITH LARGE DATA SETS
Fast Food versus Full Service Restaurants. Open the  
data set, Restaurants. Here, we will look at the variable 
FFR per 1000, which refers to the number of fast food 
restaurants per 1000 residents of the county. For example,  
a value of 0.6 would mean that there are 0.6 fast food 
restaurants per 1000 residents in the county. We will 
perform a hypothesis test for the population mean FFR  
per 1000. We will then see whether this hypothesis test 
made the correct decision. Use technology to do the 
following:   
66. Obtain a random sample of size 100 from the data set.
67. Using your sample, test whether the population mean 
number of fast food restaurants per 1000 residents differs 
from 0.4, using level of significance a 5 0.05.
68. Find the actual value of the population mean number of 
fast food restaurants per county. Did your hypothesis test in 
Exercise 67 make the right decision? Explain.

WORKING WITH LARGE DATA SETS

case  
sTudy

Chapter 9 Case Study: Clothing Store Sales. 
Open the Chapter 9 Case Study data set, Clothing 
Store. Retail stores want you to come back again 
and again, with a short amount of time between 

purchases. The Clothing Store data set tracks the number of 
days since the last purchase for each customer. The 
marketing manager wants to make sure that the mean 
number of days since the last purchase is less than 150 days. 
Use technology to do the following:   
69. Obtain a random sample of size 100 from the  
data set.
70. Using your sample, test whether the population mean 
number of days since the last purchase is less than 150, 
using level of significance a 5 0.05.

restaurants

clothingstore

542 Chapter 9 Hypothesis Testing
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5439.5 Z Test for the Population Proportion

the Z test for p Using the Critical-value Method
Thus far, we have dealt with testing hypotheses about the population mean m only. In 
this section, we will learn how to perform the Z test for the population proportion p. 
For our point estimate of the unknown population proportion p, we use the sample 
proportion p⁄ 5 xyn, where x equals the number of successes. 

Just as with the Z test for the mean, in the Z test for the proportion the null hypoth-
esis will include a certain hypothesized value for the unknown parameter, which we 
call p

0
. For example, the hypotheses for the two-tailed test have the following form: 

H
0
 : p 5 p

0
 versus Ha : p Þ p

0

where p
0
 represents a particular hypothesized value of the unknown population propor-

tion p. For instance, if a researcher is interested in determining whether the population 
proportion of Americans who support increased funding for higher education differs 
from 50%, then p

0
 5 0.50 and q

0
 5 1 2 p

0
 5 0.50.

If we assume H
0
 is correct, then the population proportion of successes is p

0
. Then 

Facts 5 and 6 from Section 7.2 tell us that the sampling distribution of p has a mean of 
p

0
 and the standard deviation

�
p⁄

5Îp ? q
n

5Îp
0

? q
0

n

because we claim in H
0
 that p 5 p

0
. Here, �

p⁄
is called the standard error of the pro-

portion. Fact 7 from Section 7.2 tells us that the sampling distribution of p⁄ is approxi-
mately normal whenever both of the following conditions are met: n ? p $ 5 and n ? q 
$ 5. This leads us to the following statement of the essential idea about hypothesis 
testing for the proportion.

1

9.5 Z Test for the Population Proportion

ObjeCtiveS By the end of this section, I will be able to . . .
1 Perform the Z test for p using the critical-value method.
2 Perform the Z test for p using the p-value method. 
3 Use confidence intervals for p to perform two-tailed hypothesis tests about p.

For example, if a baseball player 
has x 5 30 hits in n 5 100 at-bats, 
his batting average is p̂ 5 x/n 5 
30/100 5 0.3 (or .300).

the essential idea About Hypothesis testing for the Proportion
When the sample proportion p̂ is unusual or extreme in the sampling distribution of p̂ that is 
based on the assumption that H0 is correct, we reject H0. Otherwise, there is insufficient 
evidence against H0, and we should not reject H0.

The test statistic used for the Z test for the proportion is

Zdata 5
p⁄ 2 p0

Îp0 ? q0

n
where p̂ is the observed sample proportion of successes, p0 is the value of p hypothesized 
in H0, q0 5 1 2 p0, and n is the sample size.

The remainder of this section explains the details of implementing hypothesis testing 
for the proportion. The critical-value method for the Z test for p is similar to that of the 
Z test for m, in that we compare one Z-value (Z

data
) with another Z-value (Z

crit
). In this 

section, Z
data

 represents the number of standard errors (�
p⁄

) the sample proportion p⁄ lies 
above or below the hypothesized proportion p

0
.
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544 Chapter 9 Hypothesis Testing

YOUR TURN
 #11

For Example 25, suppose the sample found 50 of 400 computers that were Chrome-
books. Calculate the test statistic Z

data
.

(The solution is shown in Appendix A.)

NOW YOU CAN DO
Exercises 7–14.

To find the Z
crit 

critical values, the critical regions, or the rejection rules, you can 
use Table 11.

Table 11 Table of critical values Zcrit for common values of the level of significance a

Form of Hypothesis Test

Level of 
significance a

Right-tailed 
H0 : p 5 p0 
Ha : p > p0

Left-tailed 
H0 : p 5 p0 
Ha : p < p0

Two-tailed 
H0 : p 5 p0 
Ha : p Þ p0

0.10 Zcrit 5 1.28 Zcrit 5 21.28 Zcrit 5 1.645

0.05 Zcrit 5 1.645 Zcrit 5 21.645 Zcrit 5 1.96

0.01 Zcrit 5 2.33 Zcrit 5 22.33 Zcrit 5 2.58

Zcrit 0

Noncritical
region

a

Critical
region

Zcrit 0

Noncritical
region

a

Critical
region

Critical
region

Critical
region

Noncritical
region

0–Zcrit Zcrit 

a /2 a /2

Rejection rule Reject H0 if 
Zdata $ Zcrit

Reject H0 if 
Zdata # Zcrit

Reject H0 if
Zdata # 2Zcrit or Zdata $ Zcrit

eXaMPLe 25 Calculating Zdata for the Z test for proportion
The NPD Group reported in 2013 that sales of the Chromebook accounted for 20% of 
the U.S. computer market. Suppose a random sample of n 5 400 computers found 76 
that were Chromebooks. We are interested in testing whether the population proportion 
of Chromebooks has changed from 20%. 

a. Construct the hypotheses.

b. Calculate the test statistic Z
data

.

Solution
The key words “has changed” indicate a two-tailed test. “Changed from what?” The 
hypothesized proportion p

0
 5 0.20. The hypotheses are

H
0
 : p 5 0.20 versus H

a
 : p Þ 0.20

The sample proportion of Chromebooks is

p⁄ 5
x
n

5
number in sample that are Chromebooks

sample size
5

76

400
5 0.19

We then calculate the value of the test statistic Z
data

:

Z
data

5
p⁄ 2 p

0

Îp
0

? q
0

n

5
0.19 2 0.20

Î0.20s0.80d
400

5
20.01

0.02
5 20.5
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5459.5 Z Test for the Population Proportion

Z test for the Population Proportion p: Critical-value Method
When a random sample of size n is taken from a population, you can use the Z test for 
the proportion if both of the normality conditions are satisfied:

n ? p0 $ 5 and n ? q0 $ 5

Step 1 State the hypotheses.
Use one of the forms from Table 11. State the meaning of p.
Step 2 Find Zcrit and state the rejection rule. 
Use Table 11.
Step 3 Calculate Zdata.

Zdata 5  
p⁄ 2 p0

� ⁄p

 5 
p⁄ 2 p0

Îp0 ? q0

n

Step 4 State the conclusion and the interpretation. 
If Zdata falls in the critical region, then reject H0. Otherwise, do not reject H0. Interpret the 
conclusion so that a nonspecialist can understand.

eXaMPLe 26 Z test for p using the critical-value method
Refer to Example 25. Test whether the population proportion of Chromebook computers 
has changed from 20%, using the critical-value method and level of significance a 5 0.10.

Solution
First, we check that both of our normality conditions are met. From Example 25, we 
have p

0
 5 0.20 and n 5 400.

n ? p
0
 5 (400)(0.20) 5 80 $ 5 and n ? q

0
 5 (400)(0.80) 5 320 $ 5

The normality conditions are met and we may proceed with the hypothesis test.

Step 1 State the hypotheses. 
From Example 25, our hypotheses are

H
0
 : p 5 0.20 versus Ha : p Þ 0.20

where p represents the population proportion of computers that are Chromebooks.

Step 2 Find Zcrit and state the rejection rule.
We have a two-tailed test, with a 5 0.10. This gives us our critical value Z

crit 
5 1.645. The 

rejection rule from Table 11 is: Reject H
0
 if Z

data
 $ 1.645 or Z

data
 # 21.645 (Figure 35).

As a check on your arithmetic, 
the two quantities you obtain 
when checking the normality 
conditions should add up to n. 
Here, 80 1 320 5 400 5 n.

0
Z

Zdata 
–0.5

–1.645 1.645

a /2 = 0.05a /2 = 0.05

Critical regionCritical region

FiGUre 35  
Zdata does not fall in  

the critical region.

Step 3 Calculate Zdata. 
From Example 25, we have Z

data
 5 20.5
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546 Chapter 9 Hypothesis Testing

Z test for p: the p-value Method
The p-value method for the Z test for p is equivalent to the critical-value method. The 
p-values are defined similarly to those for the Z test for m, as shown in Table 12.

2

Table 12 Finding the p-value depends on the form of the hypothesis test

Type of test Right-tailed test Left-tailed test Two-tailed test

Hypotheses
H0 : p 5 p0 
Ha : p > p0

H0 : p 5 p0 
Ha : p < p0

H0 : p 5 p0 
Ha : p Þ p0

p-Value is tail area 
associated with Zdata

p-value 5 P(Z > Zdata)  
Area to right of Zdata

p-value 5 P(Z , Zdata)  
Area to left of Zdata

p-value 5 P(Z . uZdatau)
   1 P(Z , 2uZdatau)

5 2 ? P(Z . uZdatau)
Sum of the two tail areas.

p-value

0 Zdata

p-value

0Zdata

Sum of two
areas is
p-value.

0 |Zdata|–|Zdata|

Note that the p-value has precisely the same definition and behavior as in the Z test 
for the population mean m. That is, the p-value is roughly a measure of how extreme 
your value of Z

data
 is and takes values between 0 and 1, with small values indicating 

extreme values of Z
data

.

The Difference Between the p-Value and the Population Proportion p
Be careful to distinguish between the p-value and the population proportion p. 
The latter represents the population proportion of successes for a binomial experi-
ment and is a population parameter. The p-value is the probability of observing  
a value of Z

data
 at least as extreme as the Z

data
 actually observed. The p-value 

depends on the sample data, but the population proportion p does not depend on 
the sample data. 

Developing Your 
Statistical Sense

Z test for the Population Proportion p: p-value Method
When a random sample of size n is taken from a population, you can use the Z test for 
the proportion if both of the normality conditions are satisfied:

n ? p0 $ 5 and n ? q0 $ 5

Step 4 State the conclusion and the interpretation. 
The test statistic Z

data
 5 20.5 is not $ 1.645 and not # 21.645. Thus, we do not reject 

H
0
. There is insufficient evidence at level of significance a 5 0.10 that the population 

proportion of computers that are Chromebooks differs from 20%. 
NOW YOU CAN DO

Exercises 15–18.
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5479.5 Z Test for the Population Proportion

Step 1 State the hypotheses and the rejection rule.
Use one of the forms from Table 12. State the meaning of p. State the rejection rule as 
“Reject H0 when the p-value # a.”
Step 2 Calculate Zdata.

Zdata 5
p⁄ 2 p0

Îp0 ? q0

n
Step 3 Find the p-value.
Either use technology to find the p-value, or calculate it using the form in Table 12 that 
corresponds to your hypotheses.
Step 4 State the conclusion and the interpretation.
If the p-value # a, then reject H0. Otherwise, do not reject H0. Interpret your conclusion so 
that a nonspecialist can understand.

eXaMPLe 27 Z test for p using the p-value method
The National Transportation Safety Board publishes statistics on the number of  
automobile crashes that people in various age groups have. Young people ages 18–24 
have an accident rate of 12%, meaning that on average 12 out of every 100 young 
drivers per year had an accident. A researcher claims that the population proportion 
of young drivers having accidents is greater than 12%. Her study examined 1000 
young drivers ages 18–24 and found that 134 had an accident this year. Perform  
the appropriate hypothesis test using the p-value method with level of significance 
a 5 0.05.

Solution
First, we check that both of our normality conditions are met. We are interested in 
whether the proportion has increased from 12%, so we have p

0
 5 0.12.

n ? p
0
 5 (1000)(0.12) 5 120 $ 5 and n ? q

0
 5 (1000)(0.88) 5 880 $ 5

The normality conditions are met and we may proceed with the hypothesis test.

Step 1 State the hypotheses and the rejection rule. 
Our hypotheses are

H
0
 : p 5 0.12 versus Ha : p . 0.12

where p represents the population proportion of young people ages 18–24 who had an 
accident. We reject the null hypothesis if the p-value # a 5 0.05.

Step 2 Calculate Zdata. 
Our sample proportion is p⁄ 5 134/1000 5 0.134. Because p

0
 5 0.12, the standard  

error of p⁄ is

�⁄p
5Îp

0
? q

0

n
5Îs0.12ds0.88d

1000
< 0.0103

Thus, our test statistic is

Z
data

5
p⁄ 2 p

0

Îp
0

? q
0

n

5
0.134 2 0.12

Îs0.12ds0.88d
1000

< 1.36

G
eo

rg
e 

D
oy

le
/P

un
ch

st
oc

k

We report Zdata to two decimal 
places to allow the use of the Z 
table to calculate the p-value.
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548 Chapter 9 Hypothesis Testing

That is, the sample proportion p⁄ 5 0.134 lies approximately 1.36 standard errors above 
the hypothesized proportion p

0
 5 0.12.

Step 3 Find the p-value. 
We have a right-tailed test, so our p-value from Table 12 is P(Z . Z

data
). This is a  

Case 2 problem from Table 8 in Chapter 6 (page 355), where we find the tail area by 
subtracting the Z table area from 1 (Figure 36):

P(Z . Z
data

) 5 P(Z . 1.36) 5 1 2 0.9131 5 0.0869

Step 4 State the conclusion and the interpretation. 
The p-value 0.0869 is not # a 5 0.05, so we do not reject H

0
. There is insufficient evi-

dence that the population proportion of young people ages 18–24 who had an  accident 
has increased.

YOUR TURN
 #12

For Example 27, suppose 150 of the 1000 young drivers ages 18–24 had an accident 
this year. Now test whether the population proportion of young drivers who had an ac-
cident exceeds 0.12, using level of significance, a 5 0.05.

(The solution is shown in Appendix A.)

NOW YOU CAN DO
Exercises 19–22.

eXaMPLe 28 Performing the Z test for p using technology
A study reported that 1% of American Internet users who are married or in a long-term 
relationship met on a blind date or through a dating service.13 A survey of 500 Ameri-
can Internet users who are married or in a long-term relationship found 8 who met on 
a blind date or through a dating service. If appropriate, test whether the population 
proportion has increased. Use the p-value method with level of significance a 5 0.05.

Solution
We have p

0
 5 0.01 and n 5 500. Checking the normality conditions, we have

n ? p
0
 5 (500)(0.01) 5 5 $ 5 and n ? q

0
 5 (500)(0.99) 5 495 $ 5

The normality conditions are met and we may proceed with the hypothesis test.

Step 1 State the hypotheses and the rejection rule. 
Our hypotheses are

H
0
 : p 5 0.01 versus Ha : p . 0.01

where p represents the population proportion of American Internet users who are mar-
ried or in a long-term relationship and who met on a blind date or through a dating 
service. We will reject H

0
 if the p-value # 0.05.

Step 2 Calculate Zdata. 
We use the instructions supplied in the Step-by-Step Technology Guide on page 552. 
Figure 37 shows the TI-83/84 results from the Z test for p, Figure 38 shows the results 
from Minitab, and Figure 39 shows the results from CrunchIt!.

FiGUre 37  
TI-83/84 results.

p-value =
0.0869

Zdata = 1.360

FiGUre 36 p-Value for a right-tailed 
test equals area to right of Zdata.
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We have

Z
data

5
p⁄ 2 p

0

Îp
0

? q
0

n

5
0.016 2 0.01

Îs0.01ds0.99d
500

< 1.348399725

which concurs with the TI-83/84 results in Figure 37.

Step 3 Find the p-value. 
From Figures 37, 38, 39, and 40 we have

p-value 5 P(Z . 1.348399725) 5 0.0887649866  0.08876

Note: Minitab, TI-83/84, and 
CrunchIt! round results to different 
numbers of decimal places.

FiGUre 38 Minitab results.

Test of p = 0.01 vs p > 0.01
                               95%
                             Lower
Sample  X    N  Sample p     Bound  Z-Value  P-Value
1       8  500  0.016000  0.006770     1.35    0.089
        p̂ Zdata   p-valueX    n (not used)

FiGUre 39 CrunchIt! results.

0 Zdata = 1.3484399725

p-value =
P(Z > 1.3484399725)
≈ 0.08876FiGUre 40  

p-Value for a right-tailed test.

Step 4 State the conclusion and interpretation. 
Because p-value ≈ 0.08876 is not # a 5 0.05, we do not reject H

0
. There is insufficient 

evidence that the population proportion of American Internet users who are married 
or in a long-term relationship and who met on a blind date or through a dating service 
has increased. 

Using Confidence intervals for p to Perform  
two-tailed Hypothesis tests About p
Just as for m, we can use a 100(1 – a)% confidence interval for the population propor-
tion p in order to perform a set of two-tailed hypothesis tests for p.

3

eXaMPLe 29  Using a confidence interval for p to perform two-tailed hypothesis tests 
about p

In 2013, Facebook reported that 73% of its users access Facebook using a mobile  
device. Suppose that a 95% confidence interval for the population of mobile ac-
cessers is (lower bound 5 0.70, upper bound 5 0.76). Use the confidence interval  
to test, using level of significance a 5 0.05, whether the population proportion dif-
fers from
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a. 0.69

b. 0.72

c. 0.77

Solution
There is equivalence between a 100(1 – a)% confidence interval for p and a two-tailed 
test for p with level of significance a. Values of p

0
 that lie outside the confidence inter-

val lead to rejection of the null hypothesis, whereas values of p
0
 within the confidence 

interval lead to not rejecting the null hypothesis. Figure 41 illustrates the 95% confi-
dence interval for p.

Reject H0

Lower Bound = 0.70 Upper Bound = 0.76

Reject H0Do not reject H0

FiGUre 41  
Reject H0 for values p0 that lie 

outside the interval (0.70, 0.76).

We want to perform the following two-tailed hypothesis tests:

a. H
0
 : p 5 0.69 versus Ha : p Þ 0.69

b. H
0
 : p 5 0.72 versus Ha : p Þ 0.72

c. H
0
 : p 5 0.77 versus Ha : p Þ 0.77

To perform each hypothesis test, simply observe where each value of p
0
 falls on the 

number line. For example, in the first hypothesis test, the hypothesized value p
0
 5 0.69 

lies outside the interval (0.70, 0.76). Thus, we reject H
0
. The three hypothesis tests are 

summarized here. 

Value of p0

Form of hypothesis test, 
with a 5 0.05

Where p0 lies in relation 
to 95% confidence 
interval

Conclusion of 
hypothesis test

a. 0.69 H0 : p 5 0.69 Ha : p Þ 0.69 Outside Reject H0

b. 0.72 H0 : p 5 0.72 Ha : p Þ 0.72 Inside Do not reject H0

c. 0.77 H0 : p 5 0.77 Ha : p Þ 0.77 Outside Reject H0

Each of (a) and (b) represent software output from a Z test for p. For each, examine the 
indicated software output, and provide the following steps:

Step 1 State the hypotheses and the rejection rule. 
Step 2 Find Zdata. 
Step 3 Find the p-value. 
Step 4 State the conclusion and the interpretation. 

Use level of significance a 5 0.05 for each hypothesis test.

a. TI-83/84 output for a Z test for p, where p represents the population proportion 
of quiz questions answered correctly. 

NOW YOU CAN DO
Exercises 23–26.

eXaMPLe 30 interpreting software output

Larose_3e_ch09.indd   550 6/16/15   5:53 PM



© 20
16

 W
.H. F

ree
man

 Co.

5519.5 Z Test for the Population Proportion

Solution
a. Interpreting the TI-83/84 output

Step 1 State the hypotheses and the rejection rule. 
In the TI-83/84 output, the “prop . .75” tells us that we have a right-tailed test:

H
0
 : p 5 0.75 versus Ha : p . 0.75

where p represents the population proportion of quiz questions answered  
correctly. We will reject H

0
 if the p-value is less than the level of significance  

a 5 0.05

Step 2 Find Zdata. 
The “z 5 2.309401077” in the TI-83/84 output gives us the value for Z

data
.

Step 3 Find the p-value. 
Here, we need to be a little bit careful, because there are two items containing p 
in the TI-83/84 output. Don’t pick p⁄, which represents the sample proportion of 
successes. Instead, the p-value is given as “p 5 .0104606407.”

Step 4 State the conclusion and the interpretation. 
The p-value is less than the level of significance a 5 0.05, so we reject H0. There 
is evidence that the population proportions of quiz questions answered correctly 
is greater than 0.75.

b. Interpreting the Minitab output

Step 1 State the hypotheses and the rejection rule. 
The line “Test of p 5 0.62 vs p Þ 0.62” tells us that we have the following two- 
tailed test.

H
0
 : p 5 0.62 versus Ha : p Þ 0.62

where p represents the population proportion of counties having at least one spe-
cialty store. We will reject H

0
 if the p-value is less than the level of significance  

a 5 0.05.

Step 2 Find Zdata. 
The “Z-value” of 1.46 in the Minitab output gives us the value for Zdata.

Step 3 Find the p-value. 
Under “P-Value,” Minitab gives us p-value 5 0.143. 

Step 4 State the conclusion and the interpretation. 
The p-value is not less than the level of significance a 5 0.05, so we do not reject 
H0. There is insufficient evidence that the population proportions of counties hav-
ing at least one specialty store differs from 0.62.

NOW YOU CAN DO
Exercises 27–30.

b. Minitab output for a Z test for p, where p represents the population proportion of 
counties having at least one specialty store. 
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MINITAB
If you have the summary statistics:
Step 1 Click Stat > Basic Statistics > 1 Proportion… .
Step 2 Select Summarized Data from the drop-down menu.
Step 3 Enter the Number of events, 8 and the Number of trials, 
500. Select Perform hypothesis test. For Hypothesized 
proportion, enter 0.01.
Step 4 Click Options.

a.  Choose your Confidence Level as 100(1 2 a). Our level of 
significance a here is 0.05, so the confidence level is 95.0.

b.  Select Proportion > hypothesized proportion for the 
Alternative hypothesis.

c.  Select Normal approximation for Method.
Step 5 Click OK and click OK again. The results are shown in 
Figure 38 in Example 28.

EXCEL
Use the JMP add-in for Excel.

TI-83/84
Step 1 Press STAT, highlight TESTS.
Step 2 Press 5 for 1-PropZTest (see Figure 42a).
Step 3 For p0, enter the value of p0, 0.01.
Step 4 For x, enter the number of successes, 8.
Step 5 For n, enter the number of trials, 500.
Step 6 For prop, enter the form of Ha. Here, we have a 
right-tailed test, so highlight > p0 and press ENTER (see Figure 42b).
Step 7 Highlight Calculate and press ENTER. The results are 
shown in Figure 37 in Example 28.

CRUNCHIT!
If you have the summary statistics:
Step 1 Click Statistics, highlight Proportion, and select 
1-sample.
Step 2 Choose the Summarized tab. For n, enter the number  
of trials 500; for Successes, enter 8.

Step 3 Select the Hypothesis Test tab. For Proportion  
under null hypothesis, enter 0.01.
Step 4 For Alternative, select Greater than. Then  
click Calculate. Results are shown in Figure 39 in  
Example 28.

Section 9.5 Summary
 1. The test statistic used for the Z test for the proportion is

Z
data

5
p⁄ 2 p

0

Îp
0

? q
0

n

where ⁄p  is the observed sample proportion of successes, p
0
 

is the value of p hypothesized in H
0
, q

0
 5 1 2 p

0
, and n is 

the sample size. Z
data

 represents the number of standard 
deviations (�

p⁄
) the sample proportion p⁄ lies above or below 

the hypothesized proportion p
0
. Extreme values of p⁄ will be 

Section 9.5 Exercises
CLARIFYING THE CONCEPTS

 1. What is the difference between p⁄ and p? (p. 543)
 2. What are the conditions for the Z test for p? (p. 545)
 3. Explain the essential idea about hypothesis testing for 
the proportion. (p. 543)

associated with extreme values of Z
data

. The Z test for the 
proportion may be performed using either the p-value 
method or the critical-value method. For the critical-value 
method, we compare the values of Z

data
 and Z

crit
. If Z

data
 falls 

in the critical region, we reject H
0
.

 2. For the p-value method, we reject H
0
 if the p-value  

# a.
 3. We can use a single 100(1 2 a)% confidence interval 
for p to help us perform any number of two-tailed hypothesis 
tests about p with level of significance a.

 4. Explain what p
0
 refers to. (p. 543)

 5. What possible values can p
0
 take? (p. 543)

 6. What is the difference between p and a p-value?  
(p. 546)

SteP-by-SteP teCHnOlOGy GUiDe: Z test for p
We will use the information from Example 28 (page 548).

552 Chapter 9 Hypothesis Testing
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PRACTICING THE TECHNIquES

• CHECK IT OuT!

To do Check out Topic

Exercises 7–14 Example 25 Calculating Z
data

 for the  
Z test for proportion

Exercises 15–18 Example 26 Z test for p using the 
critical-value method

Exercises 19–22 Example 27 Z test for p using the 
p-value method

Exercises 23–26 Example 29 Using a confidence 
interval for p to perform 
two-tailed hypothesis 
tests about p

Exercises 27–30 Example 30 Interpreting software 
output

For Exercises 7–9, find the value of the test statistic Z
data

 for 
a right-tailed test with p

0
 5 0.4.

 7. A sample of size 50 yields 30 successes.
 8. A sample of size 50 yields 40 successes.
 9. A sample of size 50 yields 45 successes.
10. What kind of pattern do we observe in the value of Z

data
 

for a right-tailed test as the number of successes becomes 
more extreme?

For Exercises 11–13, find the value of the test statistic Z
data

 
for a two-tailed test with p

0
 5 0.5. 

11. A sample of size 80 yields 20 successes.
12. A sample of size 80 yields 30 successes.
13. A sample of size 80 yields 40 successes.
14. What kind of pattern do we observe in the value of Z

data
 

as the sample proportion approaches p
0
?

For Exercises 15–18, do the following:
a. Check the normality conditions.
b. State the hypotheses.
c. Find Z

crit
 and the rejection rule.

d. Calculate Z
data

.
e. Compare Z

crit
 with Z

data
. State the conclusion and the 

interpretation.
15. Test whether the population proportion is less than 0.5. 
A random sample of size 225 yields 100 successes. Let level 
of significance a 5 0.05.
16. Test whether the population proportion differs from 0.3. 
A random sample of size 100 yields 25 successes. Let level 
of significance a 5 0.01.
17. Test whether the population proportion exceeds 0.6. A 
random sample of size 400 yields 260 successes. Let level of 
significance a 5 0.05.
18. Test whether p differs from 0.4. A random sample of size 
900 yields 400 successes. Let level of significance a 5 0.10.

For Exercises 19–22, do the following:
a. Check the normality conditions.
b. State the hypotheses and the rejection rule for the 

p-value method, using level of significance a 5 0.05.

c. Find Z
data

.
d. Find the p-value.
e. Compare the p-value with level of significance  

a 5 0.05. State the conclusion and the  
interpretation.

19. Test whether the population proportion exceeds 0.4. 
A random sample of size 100 yields 44 successes. 
20. Test whether the population proportion is less than 0.2. 
A random sample of size 400 yields 75 successes.
21. Test whether the population proportion differs from 0.5. 
A random sample of size 900 yields 475 successes.
22. Test whether the population proportion exceeds 0.9. 
A random sample of size 1000 yields 925 successes.

For Exercises 23–26, a 100(1 2 a)% Z confidence interval 
for p is given. Use the confidence interval to test, using level 
of significance a, whether p differs from each of the 
indicated hypothesized values.
23. A 95% Z confidence interval for p is (0.1, 0.9). 
Hypothesized values p

0
 are

a. 0
b. 1
c. 0.5

24. A 99% Z confidence interval for p is (0.51, 0.52). 
Hypothesized values p

0
 are

a. 0.511
b. 0.521
c. 0.519

25. A 90% Z confidence interval for p is (0.1, 0.2). 
Hypothesized values p

0
 are

a. 0.09
b. 0.9
c. 0.19

26. A 95% Z confidence interval for p is (0.05, 0.95). 
Hypothesized values p

0
 are

a. 0.01
b. 0.5
c. 0.06

For Exercises 27–30, software output from a Z test for p is 
provided. For each, examine the indicated software output, 
and provide the following steps:
Step 1 State the hypotheses and the rejection rule. 
Step 2 Find Zdata. 
Step 3 Find the p-value. 
Step 4 State the conclusion and the interpretation. 

Use level of significance a 5 0.05 for each hypothesis  
test.
27. TI-83/84 output
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28. TI-83/84 output

29. Minitab output

30. Minitab output

APPLYING THE CONCEPTS

31. Facebook Not Cool Anymore? In 2014, Facebook 
reported that 23% of its users were ages 18–24, a decrease 
from the 2011 level of 30.9%. (Though this is partly due to 
more older people joining Facebook, there was nevertheless 
a loss of over 3 million users in this age group.) A survey of 
500 randomly selected Facebook users showed that 100  
of them were ages 18–24. If appropriate, test, using level of 
significance a 5 0.10, whether the population proportion  
of Facebook users who are ages 18–24 has decreased  
from 23%.
32. Twenty-Somethings. According to the U.S. Census 
Bureau, 7.1% of Americans living in 2004 were between 
the ages of 20 and 24. Suppose that a random sample of 
400 Americans taken this year yields 35 between the ages of 
20 and 24. If appropriate, test whether the population 
proportion of Americans ages 20–24 is different from 7.1%. 
Use level of significance a 5 0.01.
33. Nonmedical Pain Reliever use. The National 
Survey on Drug Use and Health reported that 4.8% of 
persons ages 12 or older used a prescription pain reliever 
nonmedically.14 Suppose that a random sample of  
900 persons ages 12 or older found 54 who had used a 
prescription pain reliever nonmedically. If appropriate, test 
whether the population proportion has increased, using level 
of significance a 5 0.01.
34. Is This a Date, or What? In 2014, USA Today reported 
that 57% of 18- to 24-year-olds agreed that texting has made 
it more difficult to determine whether an outing is an actual 
date or not. Suppose that a recent random sample of 1000 
18- to 24-year-olds found 500 who agreed with that 
sentiment. Test whether the population proportion of 18- to 
24-year-olds who agree that texting has made it more 
difficult to determine whether an outing is an actual date has 
decreased, using level of significance a 5 0.05. 
35. Mutual Fund Performance. Business Insider reported 
that 58% of mutual funds underperformed in 2013, against 
the Standard and Poor 500 benchmark. Suppose a random 

sample of 100 mutual funds showed 67 that had 
underperformed. Test whether the population proportion has 
increased, using level of significance a 5 0.05.
36. Affective Disorders Among Women. What do you 
think is the most common nonobstetric (not related to 
pregnancy) reason for hospitalization among 18- to  
44-year-old American women? According to the U.S. Agency 
for Healthcare Research and Quality (www.ahrq.gov), this is 
the category of affective disorders, such as depression. In 
2002, of hospitalizations among 18- to 44-year-old American 
women, 7% were for affective disorders. Suppose that a 
random sample taken this year of 1000 hospitalizations of 
18- to 44-year-old women showed 80 admitted for affective 
disorders. We are interested in whether the population 
proportion of hospitalizations for affective disorders has 
changed since 2002. Test, using level of significance  
a 5 0.10.
37. Latino Household Income. The U.S. Census Bureau 
reported that 15.3% of Latino families had household 
incomes of at least $75,000. We are interested in whether the 
population proportion has changed, using the critical-value 
method and level of significance a 5 0.01. Suppose that a 
random sample of 100 Latino families reported 23 with 
household incomes of at least $75,000.

a. Is it appropriate to perform the Z test for the 
proportion? Why or why not?

b. Perform the appropriate hypothesis test.
38. Massively Online Dropouts? TechCrunch.com reported 
in 2014 that the completion rate for massively open online 
courses (MOOCs) is only 6.5%. Suppose a new study of 
1000 randomly chosen students taking a MOOC found that 
75 completed the course. Test, using level of significance  
a 5 0.05, whether the population proportion of students 
completing MOOCs has increased.
39. Living with the Parents. The National Association of 
Home Builders reported that 57% of young people ages 
18–24 were living with their parents. Suppose a sample of 
100 young people ages 18–24 showed 60 who were living 
with their parents. Test, using level of significance a 5 0.10, 
whether the population proportion has changed.
40. Living with the Parents. Refer to Exercise 39.

a. Evaluate the strength of evidence against the null 
hypothesis.

b. Suppose that we decide to perform the same Z test as 
Exercise 39, however, this time using a different 
method. (If you used the critical-value method 
earlier, use the p-value method, and vice-versa.) 
Without actually performing the test, what would the 
conclusion be and why?

c. Would a 95% Z interval for p contain p 5 0.57? 
Explain.

BRINGING IT ALL TOGETHER
Children and Environmental Tobacco Smoke at Home. 
Use the following information for Exercises 41–44. The 
Environmental Protection Agency reported that 11% of 
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children age 6 and under were exposed to environmental 
tobacco smoke (ETS) at home on a regular basis (at least 
four times per week).15A random sample of 100 children  
age 6 and under showed that 6% of these children had been 
exposed to ETS at home on a regular basis.
41. Answer the following:

a. Is it appropriate to perform the Z test for the 
proportion? Why or why not?

b. Test at level of significance a 5 0.05 whether the 
population proportion of children age 6 and under 
exposed to ETS at home on a regular basis has 
decreased.

42. Refer to Exercise 41.
a. Which is the only possible error you can be making 

here, a Type I or a Type II error? What are some 
consequences of this error?

b. Suppose that a newspaper headline reported 
“Second-hand Smoke Prevalence Down.” How would 
you respond? Does your inference support this 
headline?

43. Refer to your work in Exercise 41.
a. Test at level of significance a 5 0.10 whether the 

population proportion of children age 6 and under 
exposed to ETS at home on a regular basis has 
decreased.

b. How do you explain the different conclusions you 
got in the two hypothesis tests above?

c. Evaluate the strength of evidence against the null 
hypothesis.

44. Refer to Exercise 41. What if the sample 
proportion p⁄ decreased, but everything else stayed 
the same? Describe what would happen to the 

following, and why.
a. �

p⁄

b. Z
data

c. The p-value
d. a
e. The conclusion

Car Accidents Among Young Drivers. Use the following 
information for Exercises 45–47. The National 
Transportation Safety Board publishes statistics on the 
number of automobile crashes that people in various age 
groups have. Young people ages 18–24 have an accident rate 
of 12%, meaning that on average 12 out of every 100 young 
drivers per year had an accident. A researcher claims that the 
population proportion of young drivers having accidents is 
greater than 12%. Her study examined 1000 young drivers 
ages 19–24 and found that 134 had an accident this year.
45. Perform the appropriate hypothesis test with level of 
significance a 5 0.05.

46. What if our sample size and the number of 
successes are doubled, so that p⁄ remains the same? 
Otherwise, everything else is the same. Describe 

how this change would affect the following.
a. �

p⁄

b. Z
data

c. The p-value
d. a
e. The conclusion

47. What if the hypothesized proportion p
0
 was no 

longer 0.12? Instead, p
0
 takes some value between 

0.12 and 0.134. Otherwise, everything else is the 
same as in the original example. Describe how this change 
would affect the following.

a. �
p⁄

b. Z
data

c. The p-value
d. a
e. The conclusion

WORKING WITH LARGE DATA SETS
Fast Food versus Full Service Restaurants. Open the  
data set, Restaurants. Here, we will look at the fast food 
restaurants, but in a different way. We will explore the 
proportion of counties that have no fast food restaurants at 
all. Use technology to do the following:

48. Obtain a random sample of size 100 from the  
data set.
49. Find the sample proportion of counties with zero fast 
food restaurants.
50. Using your sample, test whether the population 
proportion of counties with no fast food restaurants is less 
than 0.10, using level of significance a 5 0.05.
51. Find the actual value of the population proportion  
of counties with no fast food restaurants. Did your 
hypothesis test in Exercise 50 make the right decision? 
Explain.

WORKING WITH LARGE DATA SETS

case  
sTudy

Chapter 9 Case Study: Clothing Store Sales. 
Open the Chapter 9 Case Study data set, Clothing 
Store. Here, we will compare the proportions of 

buyers of blouses and buyers of suits. Use technology to do 
the following:

52. Obtain a random sample of size 100 from the  
data set.
53. Find the sample proportion of customers who have 
bought a blouse (value 5 1 for variable 5 blouse). 
54. Find the sample proportion of customers who have 
bought a suit (value 5 1 for variable 5 suit). 
55. Using your sample, test whether the population 
proportion of customers who have bought a blouse exceeds 
0.5, using level of significance a 5 0.10.
56. Explain why we need not perform a hypothesis test to 
determine whether the population proportion of customers 
who have bought a suit exceeds 0.5.
57. Using your sample, test whether the population 
proportion of customers who have bought a suit exceeds 0.1, 
using level of significance a 5 0.10.

restaurants

clothingstore

what if

?

what if

?

what if

?
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9.6 Chi-Square Test for the Population Standard 
Deviation

ObjeCtiveS By the end of this section, I will be able to . . .
1 Perform the x2 test for s using the critical-value method.
2 Perform the x2 test for s using the p-value method.
3 Use confidence intervals for s to perform two-tailed hypothesis tests about s.

x2 (Chi-Square) test for s using the Critical-value 
Method
In Section 8.4, we used the x2 distribution to help us construct confidence intervals 
for the population variance and standard deviation. Here, in Section 9.6, we will use 
the x2 distribution to perform hypothesis tests about the population standard devia-
tion s. Why might we be interested in doing so? A pharmaceutical company that 
wants to ensure the safety of a particular new drug would perform statistical tests to 
make sure that the drug’s effect was consistent and did not vary widely from patient 
to patient. The biostatisticians employed by the company would therefore perform  
a hypothesis test to make sure that the population standard deviation s was not  
too large.

Under the assumption that H
0
 : s = s

0
 is true, the x2 statistic takes the following 

form:

�2
data

5
sn 2 1ds2

�2
0

For the hypothesis test about s, our test statistic is called �2
data

 because the values of n 2 1 
and s2 come from the observed data. The test statistic �2

data
 takes a moderate value when 

the value of s2 is moderate, assuming H
0
 is true, and �2

data
 takes an extreme value when the 

value of s2 is extreme, assuming H
0
 is true. This leads us to the following.

1

Readers may want to review the 
characteristics of the x2 distribution 
in Section 8.4 on page 474.

the essential idea About Hypothesis testing for the Standard Deviation
When the observed value of �2

data is unusual or extreme on the assumption that H0 is true, 
we should reject H0. Otherwise, there is insufficient evidence against H0, and we should 
not reject H0.

x2 test for s: Critical-value Method
This hypothesis test is valid only if we have a random sample from a normal population.
Step 1 State the hypotheses.
Use one of the forms in Table 13. State the meaning of s.
Step 2 Find the x2 critical value or values and state the rejection rule.
Use Table 13.
Step 3 Calculate x2

data.
Either use technology to find the value of the test statistic �2

data or calculate the value of �2
data 

as follows:

The remainder of Section 9.6 explains the details of implementing hypothesis testing 
for the standard deviation. The x2 test for s may be performed using the p-value method 
or the critical-value method. We begin with the critical-value method.
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5579.6 Chi-Square Test for the Population Standard Deviation

The x2 critical values in the right-tailed, left-tailed, or two-tailed tests use the follow-
ing notations: �2

�
, �2

12�
, �2

�y2
, and �2

12�y2
 (see Table 13). In each case, the subscript indicates 

the area to the right of the x2 critical value. Find these values just as you did in Section 8.4, 
using either technology or Table E, Chi-Square (x2) Distribution, in the Appendix.

�2
data 5

sn 2 1ds2

�2
0

which follows a x2 distribution with n 2 1 degrees of freedom, and where s2 represents 
the sample variance.
Step 4 State the conclusion and the interpretation.
If �2

data falls in the critical region, then reject H0. Otherwise do not reject H0. Interpret your 
conclusion so that a nonspecialist can understand.

Table 13 Critical values and rejection rules for the x2 test for s

Right-tailed test Left-tailed test Two-tailed test

H0 : s 5 s0 
Ha : s . s0

H0 : s 5 s0
Ha : s , s0

H0 : s 5 s 0
Ha : s Þ s0

Critical value: �2
�

Reject H0 if �
2
data

 $ �2
�

level of significance a

Critical value: �2
12�

Reject H0 if �
2
data

 # �2
12�

level of significance a

Critical values: �2
�y2

 and �2
12�y2

Reject H0 if �
2
data

 $ �2
�y2

or if �2
data

 # �2
12�y2

level of significance a

Reject H0 if
c 2

data
 � c 2 

a

c 2 
a

0

Noncritical
region

Critical
region

Reject H0 if
c 2 

data � c 2
1–a

0 c 2
1–a

Noncritical
region

Critical
region

Reject H0 if
c2

data � c2
1–a /2 Reject H0 if

c2
data � c2

a /2

0 c 2
1–a/2 c 2

a/2

Noncritical
region

Critical
region

Critical
region

eXaMPLe 31 x2 test for s using the critical-value method

Carbon emissions

State
Carbon emissions  

(millions of metric tons)

Florida 230.98

Kentucky 148.36

Missouri 135.54

New Hampshire  16.41

New Mexico  56.60

New York 166.32

Tennessee 105.73

Virginia  99.86

Source: U.S. Department of Energy.

The table contains the carbon emissions from all sources for a random sample of eight 
states. Test whether the population standard deviation s of carbon emissions differs 
from 60 million metric tons, using level of significance a 5 0.05.

carbonemissions8
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558 Chapter 9 Hypothesis Testing

Solution
The normal probability plot indicates acceptable normality.

1

5
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99

95

20
30
40
50
60
70
80

90

−100 0 100 200 300 400

Carbon emissions

Pe
rc

en
t

Step 1 State the hypotheses.
The phrase “differs from” indicates that we have a two-tailed test. The value s

0
 5 60 

answers the question “Differs from what?” (Note that s
0
 is 60, and not 60,000,000  

because the data are expressed in millions.) Thus, we have our hypotheses:

H
0
 : s 5 60 versus Ha : s Þ 60

where s represents the population standard deviation of carbon emissions in millions 
of metric tons.

Step 2 Find the x2 critical values and state the rejection rule. 
We have n 5 8, so degrees of freedom 5 n 2 1 5 7. Because a is given as 0.05,  
ay2 5 0.025 and 1 2 ay2 5 0.975. Then, from the x2 table (Appendix Table E), we 
have �2

�y2
 5 �2

0.025
 

 
5 16.013, and �2

12�y2
 5 �2

0.975
 

 
5 1.690. We will reject H

0
 if �2

data
 is 

either $ �2
�y2

 5 16.013 or ≤ �2
12�y2

 5 1.690.

Step 3 Find x2
data.

The descriptive statistics in Figure 43 tell us that the sample variance is s2 5 4409.7 
million metric tons, squared.

FiGUre 43  
Descriptive statistics  

from Minitab.

Thus, our test statistic is:

�2
data

5
sn 2 1ds2

�2
0

5
s8 2 1ds4409.7d

602
< 8.57

Step 4 State the conclusion and the interpretation. 
In Step 2, we said that we would reject H

0
 if �2

data
 was either $ 16.013 or ≤ 1.690. 

Because �2
data

 5 8.57 is neither $ 16.013 nor ≤ 1.690 (see Figure 44), we do not reject 
H

0
. There is insufficient evidence at level of significance a = 0.05 that the population 

standard deviation of the state carbon emissions differs from 60 million.
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5599.6 Chi-Square Test for the Population Standard Deviation

x2 test for s Using the p-value Method
We may also use the p-value method to perform the x2 test for s.

2

1.690 16.013

Chi-square (df = 7)

c 2 
data

 = 8.57

a /2 = 0.025

a /2 = 0.025

FiGUre 44 �2
data = 8.57 does not fall in critical region, so do not reject H0.

NOW YOU CAN DO
Exercises 7–12.

x2 test for s: p-value Method
This hypothesis test is valid only if we have a random sample from a normal population.
Step 1 State the hypotheses and the rejection rule.
Use one of the forms in Table 14. State the rejection rule as “Reject H0 when the p-value 
≤ a.” State the meaning of s.
Step 2 Calculate x2

data.
Either use technology to find the value of the test statistic �2

data or calculate the value of �2
data 

as follows:

�2
data 5

sn 2 1ds2

�2
0

which follows a x2 distribution with n – 1 degrees of freedom, and where s2 represents the 
sample variance.
Step 3 Find the p-value.
Use Table 14.
Step 4 State the conclusion and the interpretation.
If the p-value ≤ a, then reject H0. Otherwise, do not reject H0. Interpret your conclusion so 
that a nonspecialist can understand.

Table 14 p-Value method for the x2 test for s

Right-tailed test Left-tailed test Two-tailed test

H0 : s 5 s0
Ha : s . s0

H0 : s 5 s0
Ha : s , s0

H0 : s 5 s0
Ha : s Þ s0

p-value = P(x2 > �2
data

)
Area to right of �2

data

p-value =
P(c 2 > c 2

data
)

0 c 2
data 

p-value = P(x2 < �2
data

)
Area to left of �2

data

0 c 2
data 

 p-value =
P(c 2 < c 2 

data
)

If P(x2 > �2
data

) ≤ 0.5, then

a. �2
data

 is on the right side of the distribution

b. p-value = 2 ? P(x2 > �2
data

)

If P(x2 > �2
data

) > 0.5, then

a. �2
data

 is on the left side of the distribution

b. p-value = 2 ? P(x2 < �2
data

)
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FiGUre 45 Normal probability 
plot of calories.

Solution
The normal probability plot in Figure 45 indicates acceptable normality, allowing us to 
proceed with the hypothesis test.

Step 1 State the hypotheses and the rejection rule.
The phrase “larger than” indicates that we have a right-tailed test. The question “Larger 
than what?” tells us that s

0
 = 100, giving us

H
0
 : s 5 100 versus Ha : s . 100

We reject H
0
 if the p-value ≤ a = 0.05.

Step 2 Find x2
data.

We use the Step-by-Step Technology Guide on page 562. The Minitab descriptive sta-
tistics in Figure 46 tell us that the sample variance is s2 5 17,742.5 calories squared.

Thus,

�2
data

5
sn 2 1ds2

�2
0

5
s10 2 1ds17,742.5d

1002
< 15.97

Step 3 Find the p-value.
For our right-tailed test, Table 14 tells us that

p-value = P(x2 > �2
data

) = P(x2 > 15.97)

That is, the p-value is the area to the right of �2
data

 = 15.97, as shown in Figure 47. 
To find the p-value, we use the instructions provided in the Step-by-Step Technology 
Guide provided at the end of this section. The TI-83/84 results shown in Figure 48 tell 
us that p-value = P(x2 > 15.97) = 0.0675107153  0.0675.

FiGUre 46 Calories descriptive 
statistics.

0

p-value =
P (c 2 > 15.97)

c 2
data = 15.97

FiGUre 47 p-Value for x2 test FiGUre 48 TI-83/84 results.

NOW YOU CAN DO
Exercises 13–18.

The table contains the calories in ten entrée food items, courtesy of Food-A-Pedia. 
Test whether the population standard deviation is larger than 100 calories, using level 
of significance a 5 0.05.

Entrée item Calories Entrée item Calories

Grilled steak 387 Ground beef (95% lean, 
medium patty)

167

Fried steak 440 Grilled pork chop (large) 314

Breaded fried steak 600 Fried pork chop (large) 326

Ground beef (75% lean, medium 
patty)

234 Meat pizza, thin crust, large 325

1 large BBQ short rib with sauce 148 Fried catfish (breaded or 
battered)

276

eXaMPLe 32 x2 test for s using the p-value method and technology

entreecalories

Step 4 State the conclusion and the interpretation.
Because p-value = 0.0675 is not ≤ a = 0.05, we do not reject H

0
. There is insufficient 

evidence that the population standard deviation is greater than 100 calories. 
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5619.6 Chi-Square Test for the Population Standard Deviation

Using Confidence intervals for s to Perform  
two-tailed Hypothesis tests for s
Suppose we have a 100(1 – a)% confidence interval for s, of the form (lower bound, 
upper bound), and are interested in two-tailed hypothesis tests using level of signifi-
cance a of the form:

H
0
 : s

 
=

 
s

0
 versus Ha : s Þ s

0

We will not reject H
0
 for values of s

0
 that lie between the lower bound and upper bound 

of the confidence interval, and we will reject H
0
 for values of s

0
 that lie outside this 

interval.

3

eXaMPLe 33 Using confidence intervals for s to conduct two-tailed x2 tests for s
A 95% confidence interval for the population mean sodium content of breakfast cere-
als, in milligrams (mg) per serving, is given by

(44.53 mg, 81.50 mg)

Assume that the data are normally distributed. Test, using level of significance a = 0.05, 
whether s differs from the following.

a. 80 mg

b. 40 mg

Solution
a. For the hypothesis test H

0
 : s = 80 versus Ha : s Þ 80, s

0
 = 80 lies between 

the lower bound 44.53 and the upper bound 81.50 of the confidence interval, 
and we therefore do not reject H

0
. There is insufficient evidence that the 

population standard deviation of sodium content differs from 80 mg.

b. For the hypothesis test H
0
 : s = 40 versus Ha : s Þ 40, s

0
 = 40 lies outside the 

confidence interval, and we therefore reject H
0
. There is evidence that the 

population standard deviation of sodium content differs from 40 mg.
NOW YOU CAN DO

Exercises 19–22.

TI-83/84
Step 1 Press 2nd > DISTR, then x2 cdf(, and press ENTER.
Step 2 On the home screen, enter the value of �2

data, comma, 
1E99, comma, degrees of freedom, close parenthesis, as shown 
 

in Figure 48. (Remember that this “E” is inserted by pressing 2nd, 
followed by the comma key.)
Step 3 Press ENTER. The results are shown in Figure 48 of 
Example 32.

SteP-by-SteP teCHnOlOGy GUiDe: Finding x2 p-value
We will use the information from Example 32 (page 559). The steps for finding the x2 critical values are given in the Step-by-Step 
Technology Guide at the end of Section 8.4 (pages 479–480).

EXCEL
Step 1 Select cell A1. Click the Insert Function icon fx.
Step 2 For Search for a Function, type chidist, click Go, then 
click OK.

Step 3 For X, enter the value of �2
data, and for Deg_freedom, 

enter the degrees of freedom. Excel displays the p-value in the 
cell in the dialog box.
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MINITAB
Step 1 Click on Calc > Probability Distributions > Chi-Square.
Step 2 Select Cumulative probability, and enter the Degrees of 
freedom.
Step 3 For Input constant, enter the value of �2

data and click OK.

SPSS
Step 1 Enter a number into the first element of the spreadsheet.
Step 2 Select Transform > Compute Variable…. Enter the 
variable name under Target Variable. Select CDF and 
Noncentral CDF under Function group, and double-click Cdf.
Chisq under Functions and Special Variables. 

JMP
Step 1 Click File > New > Data Table. Enter a number into the 
first element of Column 1. Select Column 1 and click Cols > 
Formula….
Step 2 Select Probability from the Functions (grouped) 
drop-down menu, then select ChiSquare Distribution from the list 
below the menu.

CRUNCHIT!
Step 1 Click Distribution Calculator and select Chi-square.
Step 2 For df enter the degrees of freedom.

Step 4 Minitab displays the area to the left of �2
data  

in the session window. To find the p-value, subtract this area  
from 1.

Step 3 Replace the two question marks in Numeric Expression 
with the value of �2

data and the degrees of freedom, respectively. 
Click OK, then OK. Minimize the output window. 
Step 4 SPSS displays the area to the left of �2

data in the data 
spreadsheet. To find the p-value, subtract this area from 1.

Step 3 In the formula, replace x with the value of �2
data and DF 

with the degrees of freedom. Click OK.
Step 4 JMP displays the area to the left of �2

data in the data 
spreadsheet. To find the p-value, subtract this area from 1.

Step 3 Select the Probability tab. From the drop-down menu, 
select >. In the box, enter the value of �2

data and click Calculate. 

562 Chapter 9 Hypothesis Testing

Section 9.6 Summary
 1. Under the assumption that H

0
 is true, the x2 statistic 

takes the following form:

�2
data

5
sn 2 1ds2

�2
0

The hypothesis test about s may be performed using the 
p-value method or the critical-value method. Either way, the 
test is valid only if we have a random sample from a normal 
population. The critical-value method compares �2

data
 with 

one or two critical values.

 2. The p-value method compares the p-value to the level of 
significance a.
 3. If we have a 100(1 – a)% confidence interval for s, of 
the form (lower bound, upper bound), and are interested in a 
two-tailed hypothesis test, using a, of the form

H
0
 : s = s

0
 versus Ha : s Þ s

0

we will not reject H
0
 for values of s

0
 that lie between the 

lower bound and upper bound of the confidence interval. We 
will reject H

0
 for values of s

0
 that lie outside this interval.

Section 9.6 Exercises
CLARIFYING THE CONCEPTS

 1. Think of one instance where an analyst would be 
interested in performing a hypothesis test about the 
population standard deviation s. (p. 556)
 2. What is the difference between s and s

0
? (p. 558)

 3. Does it make sense to test whether s < 0? Explain.  
(p. 556)

 4. What condition must be fulfilled for us to perform a 
hypothesis test about s? (p. 556)
 5. Explain how we can use a confidence interval to 
determine significance. (p. 561)
 6. In the previous exercise, what must be the relationship 
between a and the confidence level? (p. 561)
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5639.6 Chi-Square Test for the Population Standard Deviation

PRACTICING THE TECHNIquES

• CHECK IT OuT!

To do Check out Topic

Exercises 7–12 Example 31 x2 test for s: critical-
value method

Exercises 13–18 Example 32 x2 test for s: p-value 
method

Exercises 19–22 Example 33 Using confidence 
intervals for s to conduct 
two-tailed x2 tests for s 

For Exercises 7–12, a random sample is drawn from a 
normal population. For each exercise, do the following:

a. State the hypotheses.
b. Find the x2 critical values and state the rejection rule.
c. Calculate �2

data
.

d. Compare �2
data

 with the critical value or values. State 
the conclusion and interpretation.

 7. Test whether s . 1, using a = 0.05. We have a sample 
of size n = 21 and a sample variance of s2 = 3. 
 8. Test whether s , 5, using a = 0.05. We have a sample 
of size n = 11 and a sample variance of s2 = 25. 
 9. Test whether s Þ 3, using a = 0.05. We have a sample 
of size n = 16 and a standard deviation of s = 2.5. 
10. Test whether s > 10, using a = 0.01. We have a sample 
of size n = 14 and a standard deviation of s = 12. 
11. Test whether s < 20, using a = 0.10. We have a sample 
of size n = 8 and a sample variance of s2 = 350. 
12. Test whether s Þ 5, using a = 0.05. We have a sample 
of size n = 26 with a standard deviation of s = 5. 

For Exercises 13–18, a random sample is drawn from a 
normal population. Do the following:

a. State the hypotheses and the rejection rule.
b. Calculate �2

data
. Draw a x2 distribution and indicate 

the location of �2
data

.
c. Find the p-value and indicate the p-value in your 

distribution in (b). 
d. Compare the p-value with level of significance  

a = 0.05. State the conclusion and interpretation.
13. We are testing whether s > 1 and have a sample of size 
n = 21 with a sample variance of s2 = 3.
14. We are testing whether s < 5 and have a sample of size 
n = 11 with a sample variance of s2 = 25.
15. We are testing whether s Þ 3 and have a sample of size 
n = 16 with a standard deviation of s = 2.5.
16. We are testing whether s > 10 and have a sample of 
size n = 14 with a standard deviation of s = 12.
17. We are testing whether s < 20, and have a sample of 
size n = 8 and a sample variance of s2 = 350.
18. We are testing whether s Þ 5 and have a sample of size 
n = 26 with a standard deviation of s = 5.

For Exercises 19–22, a 100(1 – a)% x2 confidence interval 
for s is given. Use the confidence interval to test, using level 
of significance a, whether s differs from each of the 
indicated hypothesized values.

19. A 95% x2 confidence interval for s is (1, 4). 
Hypothesized values s

0
 are

a. 0
b. 2
c. 5

20. A 99% x 2 confidence interval for s is (10, 25). 
Hypothesized values s

0
 are

a. 15
b. 26
c. 5

21. A 90% x2 confidence interval for s is (100, 200). 
Hypothesized values s

 0
 are

a. 150
b. 250
c. 0

22. A 95% x2 confidence interval for s is (127, 698). 
Hypothesized values s

0
 are

a. 125
b. 128
c. 700

APPLYING THE CONCEPTS

23. Biomass Power Plants. Power plants around the 
country are retooling in order to consume biomass instead of 
or in addition to coal. The table contains a random sample of 
nine such power plants and the amount of energy generated 
in megawatts (MW) in 2014.16 The normality was checked  
in the Section 8.4 exercises. Test whether the population 
standard deviation differs from 25 MW, using level of 
significance a 5 0.05. biomass

Company Location
Capacity 

(MW)

Hoge Lumber Co.  New Knoxville, 
Ohio 

 3.7

Evergreen Clean Energy  Eagle, CO  12.0
GreenHunter Energy  Grapevine, TX  18.5
Covanta Energy 
Corporation 

Niagara Falls, NY  30.0

Northwest Energy 
Systems Co. 

Warm Springs, 
OR 

37.0

Riverstone Holdings  Kenansville, NC  44.1
Lee County Solid Waste 
Authority 

Ft. Myers, FL  57.0

Energy Investor Funds  Detroit, MI  68.0
Dominion Virginia Power  Hurt, VA  83.0

24. Carbon Emissions. The following table represents the 
carbon emissions (in millions of tons) from consumption of 
fossil fuels, for a random sample of five nations.17 Test 
whether the population standard deviation is greater than 
100 million tons, using level of significance a 5 0.10. 

carbon
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Chapter 9 Hypothesis Testing564

Nation
Emissions  

(in millions of tons)

Brazil 361
Germany 844
Mexico 398
Great Britain 577
Canada 631

25. Calories in Breakfast Cereals. A random sample of six 
well-known breakfast cereals yielded the following calorie 
data. Can we perform a x2 test for the population standard 
deviation of the number of calories? Why or why not? 

cerealcalories

Cereal Calories

Apple Jacks 110
Cocoa Puffs 110
Mueslix 160
Cheerios 110
Corn Flakes 100
Shredded Wheat  80

26. Deepwater Horizon Cleanup Costs. The following 
table represents the amount of money disbursed by BP to a 
random sample of six Florida counties, for cleanup of the 
Deepwater Horizon oil spill, in millions of dollars.18 The 
normality of the data was confirmed in the Section 8.1 
exercises. Test whether the population standard deviation  
is less than $500,000, using level of significance 
 a 5 0.05.  deepwaterclean

County
Cleanup costs  

($ millions)

Broward 0.85

Escambia 0.70
Franklin 0.50

Pinellas 1.15
Santa Rosa 0.50

Walton 1.35

27. Does Score Variability Differ by Gender? Recently, 
researchers have been examining the evidence for 
whether there is greater variability in boys’ scores than girls’ 
scores on cognitive abilities tests. For example, one study 
found that boys were overrepresented at both the top and the 
bottom of nonverbal reasoning tests and quantitative 
reasoning tests.19 Suppose that the standard deviation for 
girls’ scores is known to be 50 points for a particular test and 
that the population of all scores is normal. A random sample 
of 101 boys has a sample variance of 2600. Test whether the 
population standard deviation for boys exceeds 50 points, 
using level of significance a = 0.05.
28. Heart Rate Variability. A reduction in heart rate 
variability is associated with elevated levels of stress, 
because the body continues to pump adrenaline after 
high-stress situations, even when at rest.20 Suppose the 
standard deviation of heartbeats in the general population is 
20 beats per minute, and that the population of heart rates is 
normal. A random sample of 50 individuals leading high-
stress lives has a sample variance of 200 beats per minute. 
Test, using level of significance a 5 0.05, whether the 
population standard deviation for those leading high-stress 
lives is lower than that in the general population.

9.7 Probability of a Type II Error and the Power of a 
Hypothesis Test

ObjeCtiveS By the end of this section, I will be able to . . .
1 Calculate the probability of a Type II error for a Z test for m.
2 Compute the power of a Z test for m and construct a power curve.

Probability of a type ii error
In Section 9.1, we defined a Type II error as follows:

Type II error: not rejecting H
0
 when H

0
 is false

For example, the criminal trial scenario on page 494 had the following hypotheses:

H
0
 : defendant is not guilty versus Ha : defendant is guilty

1
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5659.7 Probability of a Type II Error and the Power of a Hypothesis Test

Calculating b, the Probability of a Type II Error
Use the following steps to calculate b, the probability of a Type II error.
Step 1 Recall that Zcrit divides the critical region from the noncritical region. Let x cr it  be 
the value of the sample mean x  associated with Zcrit. The following table shows how to 
calculate xcrit for the three forms of the hypothesis test.

Form of test Value of x̄crit

Right-tailed H0 : m 5m0    vs. Ha : m . m0 xcrit 5 �0 1 Zcrit ?
�

Ïn

Left-tailed H0 : m 5 m0 vs. Ha : m , m0 xcrit 5 �0 2 Zcrit ?
�

Ïn

Two-tailed H0 : m 5 m0 vs. Ha : m Þ m0 xcrit, lower 5 �0 2 Zcrit ?
�

Ïn

xcrit, upper 5 �0 1 Zcrit ?
�

Ïn

Here, m0 is the hypothesized value of the population mean, s is the population standard 
deviation, and n is the sample size.
Step 2 Let ma represent a particular value for the population mean m chosen from the 
values indicated in the alternative hypothesis Ha. Draw a normal curve centered at ma, 
with the value or values of xcrit from Step 1 indicated (see Example 34).
Step 3 Calculate b for the particular ma chosen using the following table.

Form of test b 5 probability of Type II error

Right-tailed H0 : m 5 m0 vs. Ha : m . m0 The area under the normal curve 
drawn in Step 2 to the left of xcrit.

Left-tailed H0 : m 5 m0 vs. Ha : m , m0 The area under the normal curve 
drawn in Step 2 to the right of xcrit.

Two-tailed H0 : m 5 m0 vs. Ha : m Þ m0
The area under the normal curve 
drawn in Step 2 between xcrit, lower 
and xcrit, upper.

In this case, a Type II error was to find the defendant not guilty (not reject H
0
) when in 

reality he did commit the crime (H
0
 is false). In this section, we learn how to calculate 

the probability of making a Type II error for a Z test for m, called b (beta), and to use 
the value of b to compute the power of a Z test for m.

Let us illustrate the steps for calculating b, the probability of a Type II error, using an 
example.

EXAMPLE 34 Calculating b, the probability of a Type II error

ATM network operator Star Systems of San Diego reported that active users of debit 
cards used them an average of 11 times per month. Suppose we are interested in testing 
whether people use debit cards on average more than 11 times per month, using level 
of significance a 5 0.01. The hypotheses are

H
0
 : m 5 11 versus H

a
 : m . 11
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566 Chapter 9 Hypothesis Testing

where m represents the population mean debit card usage per month. Suppose we have 
n 5 36, x 5 11.5, and s 5 3, and from Table 4 (page 500) we have Z

crit
 = 2.33.

a. State what a Type II error would be in this case.

b. Let m
a
 = 13. That is, suppose the population mean debit card usage is actually 13 times 

per month. Calculate b, the probability of making a Type II error when m
a
 = 13.

Solution
a. We make a Type II error when we do not reject H

0
 when H

0
 is false. In this  

case, a Type II error would be to conclude that the population mean debit card 
usage was 11 times per month when in actuality it was more than 11 times  
per month.

b. We follow the steps for calculating b.

Step 1 We have a right-tailed test, so that

x
crit

5 �
0

1 Z
crit

?
�

Ïn
5 11 1 2.33 ?

3

Ï36
5 12.165

Step 2 Figure 49 shows the normal curve centered at m
a
5 13, with x

crit
 = 12.165 

labeled.

This is a Case 1 problem from 
Table 8 of Chapter 6 on page 355.

NOW YOU CAN DO
Exercises 5–16.

FiGUre 49  
b probability of Type II error.

crit = 12.165
_
x

b = 0.0475

ma = 13

Step 3 The right-tailed test tells us that b equals the area under the normal curve 
drawn in Step 2 to the left of xcrit 5 12.165. This is the shaded area in Figure 49. 
Area represents probability, so we have

b 5 P(x , 12.165) when m
a
5 13

Standardizing with m
a
 5 13, s 5 3, and n 5 36:

b 5 P(x , 12.165)

              5 P1Z ,
12.165 2 13

3yÏ36 2
       5 P(Z , –1.67) 5 0.0475

Thus, b 5 0.0475. This represents the probability of making a Type II error, that 
is, of not rejecting the hypothesis that the population mean debit card usage is 11 
times per month when in actuality it is 13 times per month.
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5679.7 Probability of a Type II Error and the Power of a Hypothesis Test

EXAMPLE 35 Power of a hypothesis test

Power of a Hypothesis Test
It is a correct decision to reject the null hypothesis when the null hypothesis is false. 
The probability of making this type of correct decision is called the power of the test.

2

Power of a Hypothesis Test
The power of a hypothesis test is the probability of rejecting the null hypothesis when 
the null hypothesis is false. Power is calculated as

power 5 12 b

Calculate the power, for the particular alternative value of the mean, of the hypothesis 
test in Example 34.

Solution
The probability of a Type II error was found in Example 34 to be b 5 0.0475. Thus, 
the power of the hypothesis test is

power 5 1 – b = 1 – 0.0475 = 0.9525

The probability of correctly rejecting the null hypothesis is 0.9525. 

NOW YOU CAN DO
Exercises 17–28.

FIGURE 50 Smaller ma leads to an increase in b.

What if Scenario: Type II Errors and Power of the Test
Suppose that we have the same hypothesis test from Example 34 and the same value  
x

crit = 12.165. Now, what if we decrease m
a
 such that it is less than 13 but still larger 

than 12.165? Describe what will happen to the following, and why:

a. The probability of a Type II error, b

b. The power of the test, 1 – b

Solution

a. Consider Figure 50. The distribution of sample means remains centered at ma, so 
that a smaller m

a
 will “slide” the normal curve toward the value of xcrit = 12.165. 

This results in a larger area to the left of 12.165, as you can see by comparing 
Figure 50 with Figure 49. Therefore, a smaller m

a
 leads to an increase in the 

probability of a Type II error, b.

b. As b increases, 1 – b decreases. Therefore, a smaller m
a
 leads to a decrease in the 

power of the test.

what if

?

crit = 12.165
_
x

1 – b = power
of the test

b = probability
of Type II error

ma = 12.5
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568 Chapter 9 Hypothesis Testing

a. Calculate the power of the hypothesis test from Example 34 for the following 
values of m

a
: 11.0, 11.5, 12.0, 12.165, 12.5, 13.5.

b. Construct the power curve by graphing the values for the power of the test on the 
vertical axis against the values of m

a
 on the horizontal axis.

Solution
a. We have xcrit 5 12.165, s 5 3, and n 5 36. The calculations are provided in the 

following table.

ma Probability of Type II error: b Power of the test: 1 – b

11.0 P1Z ,
12.165 2 11

3yÏ36 2 5 PsZ , 2.33d 5 0.9901 1 – 0.9901 = 0.0099

11.5 P1Z ,
12.165 2 11.5

3yÏ36 2 5 PsZ , 1.33d 5 0.9082 1 – 0.9082 = 0.0918

12.0 P1Z ,
12.165 2 12

3yÏ36 2 5 PsZ , 0.33d 5 0.6293 1 – 0.6293 = 0.3707

12.165 P1Z ,
12.165 2 12.165

3yÏ36 2 5 PsZ , 0.00d 5 0.5 1 – 0.5 = 0.5

12.5 P1Z ,
12.165 2 12.5

3yÏ36 2 5 PsZ ,20.67d 5 0.2514 1 – 0.2514 = 0.7486

13.5 P1Z ,
12.165 2 13.5

3yÏ36 2 5 PsZ , 22.67d 5 0.0038 1 – 0.0038 = 0.9962

b. Figure 51 represents a power curve, because it plots the values for the power of 
the test on the vertical axis against the values of ma on the horizontal axis. Note 
that, as ma moves farther away from the hypothesized mean m

0
 5 11, the power 

of the test increases. This is because it is more likely that the null hypothesis will 
be correctly rejected as the actual value of the mean ma gets farther away from 
the hypothesized value m

0
.

eXaMPLe 36 Power curve

For completeness, we include the 
power for ma 5 13 from Example 
35 in this power curve.

FiGUre 51 Power curve.

NOW YOU CAN DO
Exercises 29 and 30.

11

1
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A power curve plots the values for the power of the test versus the values of m
a
.
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5699.7 Probability of a Type II Error and the Power of a Hypothesis Test

Section 9.7 Summary
 1. We may calculate b, the probability of making a Type II 
error for a Z test for m, given a particular alternative value 
for the population mean, m

a
.

 2. The power of a hypothesis test is the probability of 
rejecting a false null hypothesis, and is calculated as power = 
1 – b. We may then build the power curve by plotting the 
power against values of ma.

Section 9.7 Exercises
CLARIFYING THE CONCEPTS

 1. Explain what a Type II error is. (p. 565)
 2. Describe what x

crit
 is. (p. 565)

 3. In words, what do we mean by the power of a 
hypothesis test? (p. 567)
 4. How do we calculate the power of a test? (p. 567)

PRACTICING THE TECHNIquES

• CHECK IT OuT!

To do Check out Topic

Exercises 5−16 Example 34 Calculating b, the 
probability of a Type II 
error

Exercises 17−28 Example 35 Power of a hypothesis 
test

Exercises 29−30 Example 36 Power curve

For Exercises 5–16, assume that the conditions for 
performing the Z test are met. 

For Exercises 5–16, do the following:
a. Calculate the value or values of xcrit.
b. Draw a normal curve, centered at m

a
, with the value 

or values of xcrit indicated.
c. Calculate b, the probability of a Type II error for that 

value of m
a
. Shade the corresponding area under the 

normal curve.
 5. H

0
 : m = 50 vs. H

a
 : m > 50, a = 0.10, s = 4, n = 25, 

m
a
 = 51

 6. H
0
 : m = 50 vs. H

a
 : m > 50, a = 0.10, s = 4, n = 25, 

m
a
 = 52

 7. H
0
 : m = 50 vs. H

a
 : m > 50, a = 0.10, s = 4, n = 25, 

m
a
 = 53

 8. H
0
 : m = 50 vs. H

a
 : m > 50, a = 0.10, s = 4, n = 25, 

m
a
 = 54

 9. H
0
 : m = 50 vs. H

a
 : m > 50, a = 0.10, s = 4, n = 25, 

m
a
 = 55

10. H
0
 : m = 50 vs. H

a
 : m > 50, a = 0.10, s = 4, n = 25, 

m
a
 = 56

11. H
0
 : m = 100 vs. H

a
 : m < 100, a = 0.05, s = 12,  

n = 36, m
a
 = 96

12. H
0
 : m = 100 vs. H

a
 : m < 100, a = 0.05, s = 12,  

n = 36, m
a
 = 94

13. H
0
 : m = 100 vs. H

a
 : m < 100, a = 0.05, s = 12,  

n = 36, m
a
 = 92

14. H
0
 : m = 100 vs. H

a
 : m < 100, a = 0.05, s = 12,  

n = 36, m
a
 = 90

15. H
0
 : m = 100 vs. H

a
 : m < 100, a = 0.05, s = 12,  

n = 36, m
a
 = 88

16. H
0
 : m = 100 vs. H

a
 : m < 100, a = 0.05, s = 12,  

n = 36, m
a
 = 86

For Exercises 17−28, calculate the power of the hypothesis 
test for the indicated exercise.
17. Exercise 5
18. Exercise 6
19. Exercise 7
20. Exercise 8
21. Exercise 9
22. Exercise 10
23. Exercise 11
24. Exercise 12
25. Exercise 13
26. Exercise 14
27. Exercise 15
28. Exercise 16
29. Refer to Exercises 17–22. Construct the power curve for 
the given values of m

a
.

30. Refer to Exercises 23–28. Construct the power curve for 
the given values of m

a
.

APPLYING THE CONCEPTS

31. Stock Market. The Statistical Abstract of the United 
States reports that the mean daily number of shares traded 
on the New York Stock Exchange in 2009 was 2.9 billion. 
Let this value represent the hypothesized population mean, 
and assume that the population standard deviation equals 
0.7 billion shares. Suppose that we have a random sample of 
36 days from the present year, and we are interested in 
testing whether the population mean daily number of shares 
traded has increased, using level of significance a 5 0.05.

a. Describe what a Type II error would mean in the 
context of this problem.

b. What is the probability of making a Type II error 
when the actual mean number of shares traded equals 
the following values?

 i.      3.0 billion ii.   3.1 billion 
iii. 3.2 billion iv. 3.3 billion

c. Calculate the power of the hypothesis test for the 
values of ma given in (b).

d. Construct the power curve for the values of ma given 
in (b).
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570 Chapter 9 Hypothesis Testing

32. Credit Scores in Georgia. According to CreditReport 
.com, the mean credit score in Georgia in 2014 was 668. 
Suppose we have a recent random sample of 900 credit 
scores in Georgia, and assume that the population standard 
deviation is 150. We are interested in testing using level of 
significance a = 0.05 whether the population mean credit 
score in Georgia has decreased since that time.

a. Describe what a Type II error would mean in the 
context of this problem.

b. What is the probability of making a Type II error 
when the actual mean credit score takes the following 
values?

 i. 650  ii. 645  iii. 640  iv. 635
c. Calculate the power of the hypothesis test for the 

values of m
a
 given in (b).

d. Construct the power curve for the values of m
a
 given 

in (b).
33. Accountants’ Salaries. According to Salary.com, the 
mean salary for entry-level accountants in 2010 was 
$41,560. Let this value represent the hypothesized 
population mean, and assume that the population standard 
deviation equals $5000. Suppose we have a recent random 
sample of 100 entry-level accountants and want to test, using 
level of significance a = 0.05, whether the population mean 
salary has changed since 2010.

a. Describe what a Type II error would mean in the 
context of this problem.

b. What is the probability of making a Type II error when 
the actual mean salary takes the following values?

 i. $42,000 ii. $43,000 iii. $44,000 iv. $45,000
c. Calculate the power of the hypothesis test for the 

values of m
a
 given in (b).

d. Construct the power curve for the values of m
a
 given 

in (b).
34. Price of Milk. The U.S. Bureau of Labor Statistics reports 
that the mean price for a gallon of milk in June 2014 was 
$3.63. Suppose that we have a random sample taken this year 
of 400 gallons of milk, and assume that the population standard 
deviation equals $1.00. We want to conduct a hypothesis test, 
using level of significance a = 0.01, to investigate if the 
population mean price of milk this year has increased.

a. Describe what a Type II error would mean in the 
context of this problem.

b. What is the probability of making a Type II error when 
the actual mean price takes the following values?

 i. $3.70 ii. $3.90 iii. $4.10 iv. $4.30
c. Calculate the power of the hypothesis test for the 

values of m
a
 given in (b).

d. Construct the power curve for the values of m
a
 given 

in (b).

Chapter 9 Formulas and Vocabulary
SECTION 9.1

●● a (alpha) (p. 495)
●● Alternative hypothesis (p. 489)
●● b (beta) (p. 495)
●● Hypothesis testing (p. 488)
●● Level of significance (p. 495)
●● Null hypothesis (p. 489)
●● Statistical significance (p. 492)
●● Type I error (p. 494)
●● Type II error (p. 494)

SECTION 9.2
●● Critical region (p. 500)
●● Critical value, Zcrit (p. 500)
●● Essential idea about hypothesis testing for the mean 

(p. 498)
●● Level of significance a (p. 500)
●● Noncritical region (p. 500)
●● Test statistic (p. 499)
●● Zdata (p. 499).

● Z
data

5
x 2 �

0

�yÏn

SECTION 9.3
●● p-Value (p. 508)
●● Rejection rule for performing a hypothesis test using 

the p-value method (p. 509)

SECTION 9.4
●● Critical value, tcrit (p. 525)
●● tdata (p. 525).

● t
data

5
x 2 �

0

syÏn
SECTION 9.5

●● Essential idea about hypothesis testing for the 
proportion (p. 543)

●● Standard error of the proportion (p. 543)
●● Zdata 

for the hypothesis test for the population 
proportion

 
(p. 543).

Z
data

5
p⁄ 2 p

0

Îp
0s1 2 p

0d
n

SECTION 9.6
●● x2

data
 (p. 556).

�
data
2 5

sn 2 1ds2

�
0
2

●● Essential idea about hypothesis testing for the 
standard deviation (p. 556)

SECTION 9.7
●● Power curve (p. 567)
●● Power of a hypothesis test (p. 567)
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571Chapter 9 Review Exercises

Chapter 9 Review Exercises
SECTION 9.1
For Exercises 1–3, provide the null and alternative hypotheses.
 1. Test whether m < 12.
 2. Test whether m > 10.
 3. Test whether m is below zero.

For Exercises 4–6, do the following.
a. Provide the null and alternative hypotheses.
b. Describe the two ways a correct decision could be 

made.
c. Describe what a Type I error would mean in the 

context of the problem.
d. Describe what a Type II error would mean in the 

context of the problem.
 4. Household Size. The U.S. Census Bureau reported 
(2010) that the mean household size is 2.58 persons. We 
conduct a hypothesis test to determine whether the 
population mean household size has changed.
 5. Speeding-Related Traffic Fatalities. The National 
Highway Traffic Safety Administration reports that the mean 
number of speeding-related traffic fatalities over the 
Thanksgiving holiday period from 1994 to 2003 was 202.7. 
We conduct a hypothesis test to examine whether the 
population mean number of such fatalities has decreased.
 6. Salaries of Accounting Associate Professors. Salary 
.com reports that the mean salary for accounting associate 
professors in 2014 was $94,000. A hypothesis test was 
conducted to determine if the population mean salary of 
accounting associate professors has increased.

SECTION 9.2
For Exercises 7–9, find the value of Z

data
.

 7. x = 59, s = 10, n = 100, m
0
 = 60

 8. x = 59, s = 5, n = 100, m
0
 = 60

 9. x = 59, s = 1, n = 100, m
0
 = 60

For each of the following hypothesis tests in Exercises 10–12, 
do the following:

a. Find the value of Z
crit

.
b. Find the critical-value rejection rule.
c. Draw a standard normal curve and indicate the 

critical region.
d. State the conclusion and interpretation.

10. H
0
 : m = m

0
 vs. Ha : m Þ m

0
, a = 0.01, Z

data
 = –2.5

11. H
0
 : m = m

0
 vs. Ha : m . m

0
, a = 0.10, Z

data
 = 1.5

12. H
0
 : m = m

0
 vs. Ha : m . m

0
, a = 0.05, Z

data
 = –2.5

13. Credit Scores in Georgia. According to CreditReport.
com, the mean credit score in Georgia in 2014 was 668. A 
random sample of 144 Georgia residents this year shows a mean 
credit score of 650. Assume s = 50. Perform a hypothesis test, 
using level of significance a = 0.05, to determine if the 
population mean credit score in Georgia has decreased.

a. State the hypotheses.
b. Find the value of Z

crit
 and the rejection rule. Also, draw 

a standard normal curve, indicating the critical region.

c. Calculate Z
data

. Draw a standard normal curve 
showing Z

crit
, the critical region, and Z

data
.

d. State the conclusion and the interpretation.

SECTION 9.3
For Exercises 14 and 15, perform the following steps:

a. State the hypotheses and the rejection rule for the 
p-value method.

b. Calculate Z
data

.
c. Find the p-value. Draw the standard normal curve, 

with Z
data

 and the p-value indicated on it.
d. State the conclusion and the interpretation.

14. We are interested in testing at level of significance a = 
0.05 whether the population mean differs from 500. A 
random sample of size 100 is taken, with a mean of 520. 
Assume s = 50.
15. We want to test, at level of significance a = 0.01, 
whether the population mean is less than –10. A random 
sample of size 25 is taken from a normal population. The 
sample mean is –12. Assume s = 2.
16. Sleeping During the Full Moon. A study found that 
subjects slept on average 20 minutes less on nights of the 
full moon than otherwise.21 Other researchers disagree and 
are interested in testing whether the mean difference in  
sleep is less than 20 minutes. A random sample of 100 
subjects showed that they slept, on average, 10 minutes less 
on nights of the full moon than otherwise. Assume the 
population standard deviation is 15 minutes. Perform the 
appropriate hypothesis test using level of significance  
a 5 0.01.

SECTION 9.4
For Exercises 17–19, find the critical value t

crit
 and sketch the 

critical region. Assume normality.
17. H

0
 : m 5 100, Ha : m > 100, n = 8, a = 0.10 

18. H
0
 : m 5 100, Ha : m > 100, n = 8, a = 0.05

19. H
0
 : m 5 100, Ha : m > 100, n = 8, a = 0.01

20. Describe what happens to the t critical value t
crit 

for 
right-tailed tests as a decreases.
21. A random sample of size 16 from a normal population 
yields a sample mean of 10 and a sample standard deviation 
of 3. Test whether the population mean differs from 9, using 
level of significance a 5 0.10.
22. A random sample of size 144 from an unknown 
population yields a sample mean of 45 and a sample 
standard deviation of 10. Test whether the population mean 
differs from 45, using level of significance a = 0.10.

SECTION 9.5
For Exercises 23–25, do the following:

a. Check the normality conditions.
b. State the hypotheses.
c. Find Z

crit
 and the rejection rule.

d. Calculate Z
data

.
e. State the conclusion and the interpretation.
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23. Test whether the population proportion exceeds 0.8.  
A random sample of size 1000 yields 830 successes. Let  
a = 0.10.
24. Test whether the population proportion is below 0.2. A 
random sample of size 900 yields 160 successes. Let a = 0.05.
25. Test whether the population proportion is not equal to 0.4. 
A random sample of size 100 yields 55 successes. Let a = 0.01.
For Exercises 26 and 27, do the following:

a. Check the normality conditions.
b. State the hypotheses and the rejection rule for the 

p-value method, using level of significance a 5 0.05.
 c. Calculate Z

data
.

 d. Calculate the p-value.
 e. State the conclusion and the interpretation.

26. Test whether the population proportion differs from 0.7. 
A random sample of size 144 yields 110 successes.
27. Test whether the population proportion is less than 0.25. 
A random sample of size 100 yields 25 successes.
28. DSL Internet Service. The U.S. Department of 
Commerce reports that 41.6% of Internet users preferred DSL 
as their method of service delivery.22 A random sample of 
1000 Internet users shows 350 who preferred DSL. If 
appropriate, test whether the population proportion who prefer 
DSL has decreased, using level of significance a = 0.05.

SECTION 9.6
For Exercises 29 and 30, assume normality of the data, and 
do the following:

a. State the hypotheses.
b. Find the x2 critical value or values, and state the 

rejection rule.
c. Find �2

data
. Also, draw a x2 distribution and indicate 

�2
data

 and the x2 critical value or values.
d. State the conclusion and the interpretation.

29. We are testing whether s . 6 and have a random 
sample of size 20 with a standard deviation of s = 9. Let  
a = 0.05.

30. We are testing whether s Þ 10 and have a random sample 
of size 26 with a sample variance of 90. Let a = 0.05.

For Exercises 31 and 32, assume normality of the data, and 
do the following:

a. State the hypotheses and the p-value rejection rule 
for a = 0.05.

b. Find �2
data

.
c. Find the p-value. Also, draw a x2 distribution and 

indicate �2
data

 and the p-value.
d. State the conclusion and the interpretation.

31. We are testing whether s , 35 and have a random 
sample of size eight with a sample variance of 1200.
32. We are testing whether s Þ 50 and have a random 
sample of size 26 with a standard deviation of s = 45.

SECTION 9.7
For Exercises 33–38, assume that the conditions for 
performing the Z test are met. Do the following:

a. Calculate the value or values of x
crit

.
b. Draw a normal curve, centered at m

a
, with the value 

or values of x
crit

 indicated.
c. Calculate b, the probability of a Type II error for that 

value of m
a
. Shade the corresponding area under the 

normal curve.
d. Calculate the power of the hypothesis test.

33. H
0
 : m = 100 vs. H

a
 : m Þ 100, a = 0.01, s = 15,  

n = 64, m
a
 = 103

34. H
0
 : m = 100 vs. H

a
 : m Þ 100, a = 0.01, s = 15,  

n = 64, m
a
 = 106

35. H
0
 : m = 100 vs. H

a
 : m Þ 100, a = 0.01, s = 15,  

n = 64, m
a
 = 109

36. H
0
 : m = 100 vs. H

a
 : m Þ 100, a = 0.01, s = 15,  

n = 64, m
a
 = 112

37. H
0
 : m = 100 vs. H

a
 : m Þ 100, a = 0.01, s = 15,  

n = 64, m
a
 = 115

38. Refer to Exercises 33–37. Construct the power curve for 
the given values of m

a
.

Chapter 9 Quiz
TRuE OR FALSE
 1. True or false: It is possible that both the null and 
alternative hypotheses are correct at the same time.
 2. True or false: The conclusion you draw from 
performing the critical-value method for the Z test is the 
same as the conclusion you draw from performing the 
p-value method for the Z test.
 3. True or false: We do not need the estimated  
p-value method if we have access to a computer or 
calculator.

FILL IN THE BLANK
 4. To reject H

0
 when H

0
 is true is a Type ___________ error.

 5. An extreme value of x is associated with a ___________ 
p-value.

 6. The rejection rule for performing a hypothesis test using 
the p-value method is to reject H

0
 when the p-value is less 

than or equal to___________.

SHORT ANSWER
 7. Under what conditions may we apply the Z test for the 
population proportion?
 8. What does a small p-value indicate with respect to the 
null hypothesis? A large p-value?
 9. Does the value of Z

data
 change when the form of the 

hypothesis test changes (for example, left-tailed instead of 
right-tailed)?

CALCuLATIONS AND INTERPRETATIONS
10. ATM Fees. Do you hate paying the extra fees imposed 
by banks when withdrawing funds from an automated teller 

572 Chapter 9 Hypothesis Testing
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machine (ATM) not owned by your bank? The Federal 
Reserve System reported in 2010 that the mean such fee is 
$1.14. A random sample of 36 such transactions yielded a 
mean of $1.07 in extra fees. Suppose the population standard 
deviation of such extra fees is $0.25.

 a. Test, using level of significance a 5 0.05, whether 
there has been a reduction in the population mean 
fee charged on such transactions.

 b. Which type of error is it possible that we are making, 
a Type I error or a Type II error? Which type of error 
are we certain we are not making?

11. Alcohol-Related Fatal Car Accidents. The National 
Traffic Highway Safety Commission keeps statistics on the 
“mean years of potential life lost” in alcohol-related fatal 
automobile accidents. For males, the mean years of life lost 
is 32. That is, on average, males involved in fatal drinking-
and-driving accidents had their lives cut short by 32 years. 
A random sample of 36 alcohol-related fatal accidents had a 
mean years of life lost of 33.8, with a standard deviation of 
6 years.

a. Test whether the population mean years of life lost 
has changed, using a t test and level of significance 
a = 0.10.

b. Assess the strength of the evidence against the null 
hypothesis.

12. Biomass Power Plants. Power plants around the country 
are retooling in order to consume biomass instead of or in 

addition to coal. The following table contains a random sample 
of 10 such power plants and the amount of biomass they 
consumed in 2006, in trillions of BTU (British thermal units).23 
Test whether the population standard deviation is greater than 
2 trillion BTU using level of significance a = 0.05.

Power plant Location

Biomass 
consumed 
(trillions of 

BTu)
Georgia Pacific 
Naheola Mill

Choctaw, AL 13.4

Jefferson Smurfit 
Fernandina Beach

Nassau, FL 12.9

International Paper 
Augusta Mill

Richmond, GA 17.8

Gaylord Container 
Bogalusa

Washington, LA 15.1

Escanaba Paper 
Company

Delta, MI 19.5

Weyerhaeuser 
Plymouth NC

Martin, NC 18.6

International Paper Georgetown, SC 13.8
Bowater Newsprint McMinn, TN 10.6
Covington Facility Covington, VA 12.7
Mosinee Paper Marathon, WI 17.6
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