
The symbol   2 _ 5   can be interpreted in several ways. In this chapter we discuss two such ways, 
and we make the connections between the different meanings of the fraction symbol.

DISCUSSION 1  Which Is Greater?
1. In which of the following descriptions is the teacher referring to the largest part of his 

or her class? Be prepared to defend your answer.

 a.   3 _ 5   of the class b.   18
 

__ 30   of the class c. 0.6 of the class d. 60% of the class

2. Which represents the greatest quantity of cheese? Be prepared to defend your answer.

 a. 1  3 _ 4   pounds b.   7 _ 4   pounds c. 1.75 pounds d. 28 ounces 

These questions illustrate an especially important idea: The value of a quantity may be 
expressed in many ways. When a part of a quantity is involved, there is an especially rich 
variety of forms that the numerical value can take: fractions, decimals, mixed numbers, and 
percents.

In general, the term “fractional expression” includes all of the following:

   
  √ 

__
 3  
 _ 4      

3 1  3 √ 
__

 7  
 __ 5      9 _ 10      2 _ 3      1.382 _ 0.94      

12  3 _ 4   _ 
1  5 _ 6  

      2.3 3 103
 __ 

1.7 3 1022
      a

2
 _ b  

In this chapter, however, the term fraction is usually limited to the form most prominent in 
elementary school:          whole number

       
________________              nonzero whole number . You may recall the terms numerator and denominator, 

which can be used with any fraction:    numerator
    

_______        denominator  .

6.1 Understanding the Meanings of   a _ 
b

There are different meanings associated with a fraction in the usual elementary school cur-
riculum. The first one introduced to the children is the part–whole meaning of a fraction, 
then the division meaning (although sometimes not made explicit), and later the ratio 
meaning of the symbol   a _ b  . 

The part–whole meaning for the fraction   a _ b    has these three elements:

1. The unit, or whole, is clearly in mind. (What equals 1?)
2.  The denominator indicates into how many pieces of equal size the 

unit is cut (or is thought of as being cut).
3. The numerator indicates how many such pieces are being considered.

109

Chapter

Meanings for Fractions

Notes

6

  
a __ b  

SEE INSTRUCTOR NOTE 6 for 
an overview of this chapter and 
information about this section.

Materials needed for this 
chapter: cardboard rectangle, 
circle, and square (for 
chalkboard templates).

DISCUSSION 1
1. All are the same.
2. All are the same.

Reminder
We expect students to have 
knowledge of basic operations 
on fractions. If your students 
do not, then remind them of 
Appendix F: Review of Some 
Rules.

Note that not all fractions 
represent rational numbers.  
For example,  √

 
__

 3
 __  4    cannot be 

expressed as a ratio of two 
integers.

A fraction is also used to 
represent a probability.
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Chapter 6: Meanings for Fractions110

  a _ b   is the quantity formed by a parts of size   1 _ b  . There are two basic kinds of wholes, depending 
on whether the unit is discrete or continuous. The whole can be a single thing or a group of 

things. Recall from Chapter 3 that quantities that are separate, countable objects are discrete. If 

one child of a team of six is a fourth-grader, then   1 _ 6   of the team is in fourth grade. The whole is 
a group of discrete (countable) things that are considered as a unit (the team). Or we might say, 
“One half of the team is boys,” when each of two subsets of the team, one subset being girls and 
the other boys, has the same number of children. In this case, we consider one of two equal-sized 
parts, each consisting of countable objects. If there are 6 players on the team, then   1 _ 2   of the team 
is 3 boys. But not all fractions make sense in a given discrete setting. For example, it would not 
make much sense to talk about   1 _ 7  of a team of 6 players.

Quantities are continuous when they can be measured by length, area, mass, etc. Con-
tinuous quantities cannot be counted; rather, they are measured. Even though we might say 
something is 5 inches long, that is only an approximation. With lengths, it is possible to talk 
about   1 _ 7  of a quantity, no matter what that quantity is. This second kind of whole, like a 
pizza, can be thought of as cut up or marked off into any number of equal-sized pieces. 
(Notice that we cannot do this with a quantity such as number of people.) A pizza (the 
whole) can be cut into (approximately) 6 equal-sized pieces, each of which is   1 _ 6  of the whole 
pizza, or 13 equal-sized pieces, each being   1 __ 13  of the whole pizza. We say that such a whole 
is continuous. The size of a continuous whole and its equally sized parts can be measured—
for example, by length, area, volume, weight, or other noncount measures—depending on 
its nature. The equally sized pieces of pizza have the same area on top.

When we model fractions by drawing rectangles, the area of the rectangle is the whole. 
When we model fractions on a number line, the whole is the length of the unit segment 
from 0 to 1.

Whether the whole is continuous or discrete, it should be clear that the denominator 
can never be 0. There will always be at least one piece in a continuous unit, or whole, or at 
least one object with a discrete unit, or whole, so the denominator must be at least 1. Note 
that “equally sized” is an ideal. In real life, the pieces can be only approximately equal.

In the early grades, the pieces of continuous quantities are most often the same size 
and shape, but having the same shape is not a requirement. It is only necessary that the unit 
be in pieces with the same length, area, volume, or count, for example, or that the unit can 
be thought of in terms of such pieces. 

DISCUSSION 2   When Are the Parts Equal?
Explain how you know that the pieces are or are not the same size.

Careful use of drawings, making certain the pieces have the same area, can help develop an 
understanding of fractions. 

ACTIVITY 1 What Does    3 _ 4    Mean?
Explain how each of the following diagrams could be used to illustrate the part–whole 
meaning for   3 _ 4  , making clear what the unit, or whole, is in each case. In which diagrams 
does   3 _ 4   refer to a part of a continuous length or region? In which diagrams does it refer to a 
discrete unit? 

a.  b. 

c.  d. 

   

DISCUSSION 2
This discussion example 
comes from a fourth-grade 
textbook, written at a time 
when authors were less 
sensitive to sense-making. 
Because fourth-graders would 
typically have no way of 
deciding whether the four 
pieces were the same area, not 
knowing how to calculate 
areas of triangles, this example 
could only encourage an “x 
pieces out of 4 pieces” 
meaning. Only the last diagram 
does not have equally sized 
pieces. The first and second 
diagrams have equally sized 
pieces of different shapes; the 
third has equally sized pieces 
of the same shape.

ACTIVITY 1
Answers
a. Area is a continuous 
quantity, so the parts must be 
equal in area.

b. This is a set of 4 discrete 
objects, of which the 3 circles 
are a subset.

c. There are 8 discrete objects 
in this set, 6 of which are 
shaded. Put them in pairs to 
see fourths.

d. The line segment is 
continuous, and   3 _ 4   of it is 
indicated.
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Depending on the context, what the word “size” refers to may vary. If the whole is 

continuous—say, area, or length, or volume—then the part–whole interpretation requires 
that the pieces have equal sizes: For example, the phrase “3 out of 4” is not good all- 
purpose language; instead, use the phrase “3 pieces when the whole has 4 equal pieces.” In 
a discrete situation the parts do not have to be equal in size, but all the pieces must belong 
to some set of objects for which it makes sense to talk about parts of the whole, such as in 
the case of “3 of the 4 pieces of fruit are apples.” An important concept, illustrated in part 
(d), is that   3 _ 4   is 3 one-fourths.

Under the part–whole view,   5 _ 6   means 5 one-sixths, where 6 one-sixths equals one 
whole. This gives us a way of thinking about   6 _ 5   or another improper fraction. For example,   6 _ 5    
means 6 one-fifths, where 5 one-fifths equals one whole. Improper fractions really describe 
the same kinds of quantities. For the fractions   1 _ 4  ,   

4
 

_ 4  , and   5 _ 4  , the denominator tells us how 
many pieces of equal size the unit is divided into and the numerator tells us that 1, 4, or  
5 pieces, respectively, are being considered.

EXAMPLE 1

Model   8 _ 5   on the number line using this conception. Think   8 _ 5   means 8 one-fifths, where  
5 one-fifths equals one whole.

8
5

0 1
 

However, there are other meanings for a fraction. An important meaning is that a frac-
tion can denote division:   5 _ 6   can tell how many 6s are in 5, for example.

The fraction   a _ b   can be interpreted to mean sharing-equally division (or partitive 
division), denoted by a ÷ b, in which case a wholes would be partitioned into b 
equal parts, each part being an equal “share.” 

The fraction   a _ b   can also be interpreted to mean repeated-subtraction division 
(measurement or quotitive division): How many of b are in a? If the fraction can be 
represented as   1 _ n   , or 1 ÷ n, it is called a unit fraction.

In contrast to the part–whole view, when   5 _ 6   is interpreted in terms of division, 5 ÷ 6, 
we mean that 5 wholes could be partitioned into 6 equal parts, or “shares.” This interpreta-
tion requires a quite different display from that under the part–whole view.

ACTIVITY 2 What Does   5 _ 6   Mean?
Show that the part–whole   5 _ 6   is indeed the same amount as 5 ÷ 6 (using a partitive, i.e., shar-
ing, interpretation). Use the square region as the unit in each case.

a. Show   5 _ 6  .

b. Show   5 _ 6   with the number line model.

c. Show 5 4 6 (partitive).

d. Show 5 4 6 with the number line model.

[For   5 _ 6  , think “One person gets   5 _ 6   of a brownie.” How can this be shown? For 5 4 6, think: 
“Five brownies are being shared by 6 people.” How much does each person get?] 

6.1 Understanding the Meanings of   a _ b   

You may need to review the 
partitive meaning of division 
from Chapter 3—i.e., c 4 d 
means a quantity with value c 
partitioned into d equal pieces; 
or c can be equally shared 
among d amounts.

Ask students to show   5 _ 4   with 
a drawing; an occasional 
student with a “5 out of 4” 
frame of reference thinks that 
such a fraction is impossible.

ACTIVITY 2
Answer
A part–whole interpretation 
of   5 _ 6   would require partitioning 
the square into 6 parts and 
shading in 5 of the parts. On 
the number line, the whole is 
the unit interval from 0 to 1. 
The expression 5 4 6 (using a 
partitive interpretation of 
division) would best be shown 
in this case by partitioning 
each square into six parts and 
shading one part in each 
square.
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ACTIVITY 3 More Meanings?
a. Show 5 ÷ 6 (quotitive).

      For   5 _ 6   (quotitive), think: Suppose brownies are 
placed 6 to a plate. How many plates (or how 
much of a plate) of brownies are needed if you have 5 brownies?

b. Show 12 ÷ 8 (quotitive). 

Think AbouT …
Suppose one wants to show what 0.6 means by using drawings. One could begin with 
1 unit rectangle as the unit whole or with 6 unit rectangles. In each case, how would 0.6 
be shown? How do the representations differ?

ACTIVITY 4 What Do the Rules Say? What Do They Mean?
One rule often taught for changing a mixed number like 2  1 _ 3   to a fraction is to multiply the 

2 and 3, add the 1, and then write this result over 3, i.e., 2  1 _ 3   5   7 _ 3  . Explain how to make that 
rule sensible, starting with these drawings.

a.

  

b. 0 1 2 3

c. Can you also justify the reverse rule—to change   7 _ 3   into a mixed number by dividing 
the 7 by 3? [Hint: Use the drawings in parts (a) and (b).] 

Note that in the first two parts of Activity 4, the whole number part of 2  1 _ 3  , the 2, needs 
to be considered in terms of thirds. There are three thirds in 1 whole, and therefore six thirds 
in 2 wholes. If you begin with an “improper fraction,” such as   7 _ 3  , to be replaced by a mixed 
number, then you first need to find out how many wholes there are. In this case, because 
each 3 of the 7 pieces makes a whole, there are 2 wholes. What is left over?

Likewise,   7 _ 3   can be seen as   3 _ 3   1   3 _ 3   1   1 _ 3   5 2  1 _ 3  .

TAKE-AWAY MESSAGE . . .  The fraction symbol can mean different things, but if it is 
interpreted within a context, one usually knows what the symbol means. The two most 
common uses in the elementary grades are as part of a whole and as a way to indicate 
division. Any time you use fractions in the part-of-a-whole sense, you should be clear 
about what unit or whole a given fraction is a fraction of. Not doing so is frequently a source 
of many errors in work with fractions. Even in a given situation involving several fractions, 
not all the fractions have to refer to the same whole. The same pertains to decimals.

Learning Exercises for Section 6.1

1. In how many ways can you “cut” a square region into two equal pieces?

2. Using a rectangular or circular region as the whole, make sketches to show each quantity:

a.   2 _ 3     b.   7 _ 4     c. 2  3 _ 8     d.   0 _ 4     e.   3 _ 1  

3. a. Mark this representation of 4 feet of a licorice whip to show   3 _ 4   of the licorice whip.

 

b. Mark   3 _ 4   on the number line.

0 1 2 3 4

c. Explain the difference in parts (a) and (b) by referring to the unit.

4. It is important to keep in mind what the unit or whole is for a particular fraction. 

Make a drawing for this situation: John ate   1 _ 4   of a cake. Maria ate   1 _ 4   of the remaining 

Comparing Fractions 
Part 1

MathClips

▲▲ ❙

Learning Exercises 6.1
Students do not have answers 
to Learning Exercises 1, 2(a–c), 
4, 6(a–b), 7, 8, 9(a–c, e–f), 12, 
13, 14, 15(a), 16(b–d), 18, 19, 
20, 22(c–f), 23, 24, and 25. 
Consider Learning Exercises 
12(b) and 20 carefully before 
assigning them. You may not 
want to take time for these 
particular exercises. Be sure to 
assign Learning Exercises 3, 4, 
8, 11, 13, 14, 18, and 19.

Think AbouT . . .
These questions are similar to 
those in Activity 2. Use one 
rectangle and divide it into 10 
equal parts, 6 of which would 
be 0.6. If 6 (congruent) 
rectangles are used, one 
could think of 0.6 as 6 4 10 
and ask, “How could 6 
(rectangles) be shared by 10 
people?” Or, “How could you 
cut up the 6 rectangles and 
place the pieces in 10 equally 
sized piles?” Cut each of the  
6 rectangles in half and 
distribute 5 of them into 10 
piles, and then cut the final 
rectangle into 10 parts:  

  
1
 

_
 2   1   

1
 

__
 10  5   

6
 

__
 10 .

See Appendix A on using the 
video clip Rachel, as well as 
the commentary and questions 
that apply to this video clip. 
The clip delivers a strong 
message about teaching rules 
procedurally versus teaching 
for understanding. If you use 
only one clip, this should be it.
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cake. What was the unit or whole in John’s case? In Maria’s case? How much of a 
complete cake was there in each case?

5. On a number line, show   3 _ 2   using the following views:

a. the part–whole view b. the division view

6. Pattern blocks Using pattern blocks, get the yellow hexagon, the red trapezoid, the 
blue rhombus, and the green triangle. (Cut-outs of the pattern blocks are included in 
the “Masters” available online at www.macmillanlearning.com/reconceptmath3e. 
Depending on the colors used, they may or may not be the colors indicated here.)

a. Let the hexagon = 1. Give the value for each of the other three pieces.  
(Note: The 5 sign means “represent.”)

b. Let the trapezoid 5 1. Give the value for each of the other three pieces.
c. Let a pile of two hexagons 5 1. Give the values for the hexagon and each of the 

other three pieces.

7. Pattern blocks In how many different ways can you cover the hexagon? Write an 
addition equation for each method.

8. Using drawings of circular regions, justify that each expression is true:

a.   5 _ 8   .   1 _ 2        b.   5 _ 8   ,   3 _ 4        c. 2  5 _ 6   .   5 _ 2  

9. Use drawings of rectangular regions to find the larger fraction of each pair:

a.   2 _ 3   and   3 _ 4          b.   1 _ 2   and   4 _ 7         c.   1 _ 8   and   1 _ 9  

Using the part–whole meaning of a fraction, find the larger fraction of each pair. 
Write down your explanation.

d.   12 _ 17   and   12 _ 19          e.   10 _ 9   and   11 _ 9         f.   62 _ 101   and   62 _ 121  

10. You are in charge of the Student Education Association cake sale. As you leave to 
buy some paper plates, you ask someone you do not know to cut all the cakes. When 
you return and look at the cakes (see the diagrams below), you gasp! The plan had 
been to charge $5 for a whole cake, and you had thought that each piece could be 
priced by dividing $5 by the number of pieces, if necessary.

a. For each cake, is it fair to charge the same amount for each piece? (Do not worry 
about how the icing is spread or whether a piece close to an edge might be a little 
smaller in height.)

C

Cake C has cuts
evenly spaced.

G

For cakes K and L, is
$1.25 for 2 slices fair?

K L

H

DB

F

J

A

E

I

6.1 Understanding the Meanings of  a _ b  

Learning Exercise 8: Note that 
rectangles could also be used, 
but students at times will 
simply extend the rectangle to 
complete a drawing. We often 
use circles because one 
cannot “add” another segment 
to a circle.

Also, part (c) requires 
dividing a circle into 6 equal 
pieces. Students should 
become proficient in dividing a 
circle into 3 equal parts. Then 
dividing a circle into 6 parts 
can follow.
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b. Cut your own cake creatively but so that every piece is worth the same amount.
c. Which of your fair/not fair decisions in diagrams A–L would change if the price of 

a whole cake changed from $5 to some other amount?
d. What does part (a) have to do with fractions?

11. Can you say what fraction of the second rectangular region is shaded? Explain.

12. a.  If you were offered a piece from one of the following cakes, which cake would 
give you the larger piece?1

b. It is interesting that until about grade 3 or 4, children often believe that one cake 
or the other will give a larger piece. If you have access to a young child, see 
what he or she says. (First make sure that the child agrees that the cakes are the 
same size.)

13.   5 _ 6   of an amount is represented here. How many asterisks would there be in   2 _ 3   of the 
same amount? Explain how you got your answer.

            *                 *      *
*  *         *
       *        *       *      *
 *      *          *        *
       *       *   *
    *       *        *

14. Children in one class were asked to show what   3 _ 4   means in as many ways as possible. 
Here is the work of three children. How would you evaluate the understanding in 
each case? (Make certain that you first understand what the child is thinking.)2

Sally:

 

Sam:

a.   3 _ 4   is bigger than   5 _ 8  .    b.   3 _ 4   is smaller than 1 whole.   c.   4 _ 4   is bigger than   3 _ 4  . 

d.   13
 

__ 16   is bigger than   3 _ 4  .   e.   32
 

__ 16   is   20
 

__ 16   bigger than   3 _ 4  .

Learning Exercise 13: One 
way that emphasizes the 
meaning of fractions is to 
group the asterisks as 5 sets 
of 4. Add another group of 4 
to obtain the whole amount 
(24). Finally, separate the 24 
asterisks into 3 groups of 8. 
Two of these would be 16 
asterisks.
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Sandy:   

Sandy claimed to have “found them all.” What do you think he meant by that?  
(Note that this is a table and that the first row contains headings for each column.)

15. The given region shows   3 _ 4   of a candy bar.

a. Show how large the original candy bar was. Write down  
your reasoning.

b. Show how large 2  1 _ 6   of the original candy bar would be.

16. The piece of carpet runner shown here is 2  2 _ 3   units long (the units are usually yards or 
feet). Drawing as accurately as you can, show the units indicated in parts (a–c). 
(Trace the original piece to make a separate drawing for each part.)

a.   3 _ 4   unit

b. 4 units

c. 1  1 _ 3  units

d. If the 2  2 _ 3   unit piece was for sale for $4.80, what would be a fair price for 1 unit? 
Write down your reasoning in terms of repeated unit fractions.

17. Pretend that the piece of expensive wire below is 1.25 decimeters long.

a. Show how long 1 decimeter of wire would be (without using a ruler).

b. If the 1.25-decimeter piece cost $1.60, what would you expect the 1-decimeter 
piece to cost?

18. Here is part of a number line, with only two points labeled.

1 1.5

Drawing as accurately as you can, locate the points for 2 and for   23
 

___  4  . Explain your 
reasoning.

6.1 Understanding the Meanings of  a _ b  
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19. Use the part–whole notion to explain why   1 _ 7   .   1 _ 8   and why   7 __ 10   .   7 __ 11 .

20. A second-grader announced to his father that   2 _ 7   was smaller than   1 _ 3   but bigger than   1 _ 4  . 
When asked how he knew, the second-grader said, “You take 7 sevenths, and you 
know that 7 divided by 3 is bigger than 2, but 7 divided by 4 is smaller than 2.” Can 
you explain his thinking?

21. Which label, discrete or continuous, applies to each of these “wholes”?

a. the number of fans at a ball game
b. the mileage traveled by a wagon train
c. the amount of Kool-Aid drunk at a third-grader’s party
d. the number of cartons of milk ordered for snack time in kindergarten

22. Make a sketch to show each unit, and then use shading or some sort of marks to 
indicate the fractional part. Be sure that the thirds are clear.

a.   2 _ 3   of the 6 children in the play were girls.

b.  2 _ 3   of the 6 yards of cloth were needed for the play.

c.  2 _ 3   of the 6 cartons of ice cream were chocolate.

d.  2 _ 3   of each of the 6 cartons of ice cream were eaten.

e.  2 _ 3   of the 6 moving vans were painted red.

f.  2 _ 3   of each of the 6 moving vans were painted red.

g. The store had 6 cartons of paper towels and used   2 _ 3   of them.

h. The store had 6 cartons of paper goods and used   2 _ 3   of each of them.

23. Given a number line and only the points for the indicated fractions, accurately locate 
and label the points for the given numbers. If your markings do not make your 
reasoning clear, add an explanation. Extend the given line as needed.

1
3

2
3

a. 0 b. 1  1 _ 4   c. 2  1 _ 6   

24. Locate and label the points for the given numbers, as in Learning Exercise 23.

1 1 2
3

a. 0 b.   3 _ 4   c.   7 _ 3  

25. Mentally solve the equations in parts (a–c).

a. 4 5   x _ 1   b. 7 5   
y
 _ 3   c. 115 5   z _ 2  

d. Is it surprising that whole numbers can be regarded as naming fractions?

Supplementary Learning Exercises for Section 6.1

1. What does the part–whole fraction   5 _ 9   mean?

2. Which of the following wholes is/are cut so that sixths can be shown?
a.

 
  

b.

 
  

c.

   

d.

 
3. Change the mixed number 3  2 _ 5   to a fraction, and explain why your answer is correct by 

using a drawing.

Learning Exercise 20: This is a 
real problem told by a child to 
his father, who related it to us. 
It is actually quite difficult to 
follow, so if you assign it, you 
will need to take class time to 
explain it or have a student 
explain it.
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Notes
4. Change the fraction   19

 
__ 4   to a mixed number, and explain why your answer is correct by 

using a drawing.

5. Rewrite the following fractions as mixed numbers, without a calculator:

a.   22 _ 7     b.   193 _ 15     c.   57 _ 4     d.   684 _ 35     e.   385 _ 384     f.   851 _ 219  

6. What is the “sharing-equally division” or the “repeated-subtraction division” meaning 

for   x _ y ?

7. What fractions can be illustrated rather easily with a regular  
pentagon, like the one shown here, as the whole? Why is the 
pentagon not good for showing thirds? 

8. What is the unit or whole for each fraction in the following context?

 “I spent about   1 _ 3   of my paycheck on groceries for the party, with 

about   3 _ 4   of that going for drinks, and I only filled my grocery cart   1 _ 2   

full. And my rent will take   4 _ 5   of what I have left from my paycheck.”

9. In each pair, tell which fraction is larger and explain how you made your decision.

a.   2 _ 3   and   2 _ 9    b.   15 _ 23   and   15 _ 22    c.   2 3 27 __ 53 3 62   and   3 3 20 __ 53 3 62     d.   197 _ 192   and   349 _ 360  

10. The region illustrated here shows   2 _ 3   of a cake.

a. Show how large the original cake was, and explain your reasoning.
b. Show how large 2  3 _ 4   cakes of the same size as the original would be.
c. If the piece of cake shown is worth $4.50, how much is a whole cake worth?

11. Locate and label the points for the given numbers, as in Learning Exercise 23.

1
4

1 1
4

a. 0      b. 2      c.   9 _ 4   

12. Locate and label the points for the given numbers,  
as in Learning Exercise 23.

a. 110     b. 109     c. 109  1 _ 4   

6.2 Comparing Fractions
Just as benchmarks can be useful in getting a feel for large values of quantities, they can 
also be helpful in dealing with small numbers. Whenever we have a quantity whose value 
is expressed as a fraction, it may be useful to compare this fractional value to a more famil-
iar value, such as 0,   1 _ 4  ,   

1
 

_ 2  ,   
2
 

_ 3  , or 1. Making these types of comparisons can give us a feel for 
the relative size or magnitude of less familiar fractions. Another way to think about the size 
of a fraction is to consider the relationship between the numerator and the denominator of 
a fraction (e.g., if the denominator of a fraction is twice the size of the numerator, what is 
an equivalent fraction?).

ACTIVITY 5  Order Matters
Carefully order each of the following fractions on a number line. Give a justification for 
why they are placed where they are placed. 

a.   7 _ 9  ,   6 _ 7  ,   7 _ 8     b.      13 _ 40 ,   7 _ 20 ,   8 _ 24  

Think AbouT …
How was the choice of numbers influential in how you chose to order the fractions?

109.5109 7
8

Comparing Fractions  
Part 2

MathClips

▲▲ ❙

ACTIVITY 5
Answers

a.   7 _ 9  ,    
6
 _ 7   ,    

7
 _ 8   

b.   13
 __ 40  ,   

8
 __ 24   ,  

7
 __ 20 

Justifications will vary but likely 
use common numerators, 
distance from 1 or   1 _ 3 , and 
doubling numerator and 
denominator.
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ACTIVITY 6 Pascale’s Run
Below is the work of four fourth-graders who were asked to solve a task that involved  
comparing fractions. 

a. What strategy for comparing the fractions did they (successfully or unsuccessfully) use?

b. Critique the justification of the students who appear to have sound reasoning about the 
comparison.

c Pascale is getting ready for soccer, so she practices running along the beach at 
Ocean Beach. She starts at the same place each day and runs toward the pier.

On Monday she tells you that she tired after running   7 _ 8   of the distance to the pier. 
On Friday she tells you that she tired after running   9 __ 10   of the distance to the pier. On 
which day did she run farther, Monday or Friday? Please explain your thinking with 
pictures and/or words. b

Student A  

Student b  

Student C  
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6.2 Comparing Fractions 119

NotesStudent D 

Focus on SMP MP3

Mathematically proficient students can listen to arguments to recognize correct reasoning 
and decide whether the argument makes sense. Look back on your reasoning when  
ordering fractions, and think about the students’ work in Activity 6. Do the diagrams link 
with the explanations? How can these explanations and diagrams (or the connections  
between the two) be improved?

DICUSSION 3   Formalizing “Close To”
1. Describe a way to determine (by simple inspection and without using a calculator) 

when a fraction has a value close to 0. Is   2 _ 3   close to 0? How about   2 _ 5 ? How about   2 _ 9  ? 
How about   2 __ 18 ?

2. Describe a way to determine when a fraction has a value close to 1. Is   7 __ 16   close to 1? 
How about   9 __ 18  ? How about   17

 
__ 18? How about   97

 
___ 108  ?

3. Describe a way to determine when a fraction has a value close to   1 _ 2 . Is   4 _ 8   close to   1 _ 2  ? 
How about   5 _ 8  ? How about   9 __ 16 ? How about   7 __ 16  ?

4. Describe a way to determine when a fraction is close to   1 _ 3 .

5. Describe a way to determine when a number is larger than 1; smaller than 1.

6. Describe a way to determine when a number is a little more than   1 _ 2  ; a little less than   1 _ 2  .  

ACTIVITY 7 Number Neighbors

Indicate whether each of the following fractions is closest to 0,   1 _ 2 , or 1, or whether it really 
is not close to any of these three numbers. Think of each fraction as a point on a number 
line. Explain your reasoning.

1. a.   3 _ 8    b.   5 _ 4    c.   2 _ 9    d.   4 _ 7     e.   1 _ 3    f.   9 _ 8    g.   4 _ 9   h.   21 _ 45    i.   13 _ 15    j.   13 _ 84 

2. Tell which value in each pair of fractions is closer to   1 _ 2. Explain your reasoning.

a.   11 _ 25   or   12 _ 25   b.   5 _ 8   or   9 _ 20   c.   12 _ 25   or   7 _ 15  

d.   11 _ 24   or   9 _ 20   e.   7 _ 15   or   13 _ 25   

In Activity 7, one could argue that a fraction was close to 1 when its numerator and 
denominator were close. For example, 13 is close to 15, so   13

 
__ 15 is close to 1. This “rule” works 

when the numbers in the numerator and denominator are fairly large. For example, 13 and 
15 are only two apart, as are 2 and 4. But to say that   2 _ 4 is close to 1 is not accurate because   2 _ 4 

ACTIVITY 7
Answers

1. a.   1 _ 2   b. 1 c. 0 d.   1 _ 2  e.   1 _ 2  

f. 1 g.   1 _ 2  h.   1 _ 2  i. 1 j. 0

2. a. Half of 25 gives   
12   1 _ 2  

  _____ 25   , and 

12 is closer to 12  1 _ 2   than 11.

b.   5 _ 8   is   1 _ 8   more than   1 _ 2  , and   9 __ 20  

is   1 __ 20   away from   1 _ 2  , so   9 __ 20   is 
closer to   1 _ 2  .

c.   12
 __ 25   is   

   1 _ 2  
 ___ 25   away from   1 _ 2  , and   7 __ 15    

is   
   1 _ 2  
 ___ 15   away from   1 _ 2  . The value   

   1 _ 2  
 ___ 25   

is a smaller distance than   
   1 _ 2  
 ___ 15  , 

so   12
 __ 25   is closer to   1 _ 2  . (This may be 

difficult for students.)

d.   11
 __ 24   is   1 __ 24   away from   1 _ 2  , and   9 __ 20    

is   1 __ 20   away from   1 _ 2  , so   11
 __ 24   is 

closer.

e.   7 __ 15   is   1 _ 2   of   1 __ 15   away, and   13
 __ 25   is   1 _ 2   

of   1 __ 25   away, so   13
 __ 25   is closer.

DISCUSSION 3
SEE INSTRUCTOR NOTE 6.2A. 
Some students have difficulty 
in formulating “rules,” and this 
discussion should take place 
with the entire class. Answers 
like, “A number is close to 1 
when the numerator is close to 
the denominator,” or “A 
number is close to 0 when the 
numerator is small,” can be 
misleading for fractions with 
both a small numerator and 
denominator, such as   1 _ 2  .
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is the same as   1 _ 2. The knowledge gained in Activity 7 can be useful when estimating with 
fractions. For example,   15

 
__ 16  +    1 _ 9 would be close to 1 + 0, or simply 1.

Think AbouT …

Find an estimate for 3  4 _ 9   2 2  15
 __ 16  .

TAKE-AWAY MESSAGE . . .  Having rules of thumb about fractions close to, larger 

than, and smaller than 0,   1 _ 2  , or 1 can be very useful in making estimates and checking 
whether an answer is reasonable. 

Learning Exercises for Section 6.2

1. A sign says that all merchandise is being sold for a fraction of its original price. Your 
friend cynically says, “Yeah,   5 _ 4  of the original price.” Why is this a cynical remark?

2. A student worked this problem: “The sewing pattern called for   7 __ 12   yard of silk and   5 _ 8  
yard of linen. How much fabric was in the blouse?” He wrote   7 __ 12   +   5 _ 8  5   23

 
__ 24. Is the 

result of the calculation sensible? How can you tell by simple inspection, without 
actually performing the computation?

3. Is it possible for a fraction to have a value less than 0? Explain.

4. Draw lines from the fractions to the baskets in the figure below. Compare your 
answers with a classmate’s when you have the opportunity. Discuss any differences. 
What did you do when a number could go in more than one basket?

   4 _ 7       2 _ 9       11 _ 12       99 _ 152       17 _ 35       15 _ 34       11 _ 108       3 _ 12       9 _ 8  

Close to 0 Close to 1–
2

Close to 1

5. When is a fraction close to   1 _ 3? When is a fraction close to   2 _ 3? After you have answered 
these questions, draw lines from fractions to the appropriate baskets in the figure below.

   4 _ 9       21 _ 29       49 _ 99       15 _ 47       27 _ 52       42 _ 63       31 _ 45       22 _ 47       99 _ 152       2 _ 7  

 
Close to 1–

3
Close to but less than 1–

2
Close to but more than 1–

2
Close to 2–

3

6. In each case, tell which quantity is larger by thinking about how close or far each 
fraction is from 0, 1, or   1 _ 2  .

a.   3 _ 4   or   4 _ 9   of the class b.   1 _ 3   or   1 _ 4   of a cup

c.   3 _ 4   or   9 __ 10   of a meter d.   2 _ 5   or   3 _ 6   of those voting

e.   13
 

__ 24   or   11
 

__ 20   of the money budgeted f.   11
 

__ 25   or   17
 

__ 15   of the distance

7. How can you tell when a fraction has a value close to   1 _ 4 ?

8. Find a fraction between each pair of fractional values. Assume that the two fractions 
refer to the same unit. Justify your reasoning. (Do not change to decimal form.)

a.   2 _ 5   and   3 _ 5   b.   8 _ 15   and   9 _ 12   c.   7 _ 8   and   9 _ 10  

d.   17 _ 18   and   17 _ 16   e.   1 _ 4   and   1 _ 3  

9. A child claims that   4 _ 5   and   5 _ 6   are the same because “They are both missing one piece.” 
What would you do to help this child come to understand these fractions better?

Learning Exercises 6.2
Students do not have answers 
to Learning Exercises 1–4, 
6(a–b, e–f), 7, 8(c–e), 9, 10, 
11(b, c), 12, 13, and 14(d–f). Be 
sure to assign Learning 
Exercises 3–6, 8–10, and 12.
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6.3 Equivalent (Equal) Fractions 121

Notes
10. A child claims that   1 _ 4   can be greater than   1 _ 2   and draws the  

picture shown to support her argument. How would you  
respond to this child’s claim? Can you adapt this picture to  
explain why   1 _ 2   is larger than   1 _ 4  ?

11. Place the following fractions in order from least to greatest,  
giving careful explanations for how you knew their size 
relative to each other and benchmark numbers. 

a.   4 _ 5  ,   4 _ 6  ,   5 _ 9  ,   2 _ 5   b.   11 _ 13  ,   7 _ 9  ,   22 _ 33  ,   5 _ 7   c. 31 _ 25  , 27 _ 24  , 1  1 _ 5  ,   23 _ 20  

12. There are several strategies that can help you compare fractions. Make a list of 
strategies you have used or heard used in various activities or whole-class 
discussions. Give advice to a young child about when to use each of these strategies 
in ordering fractions. What would you suggest examining first?

13. Describe a mathematical practice in which you engaged in the activities and 
exercises in this class. Give an explanation with examples.

14. Estimate answers for each of the following fraction computations. Can you say 
whether your estimate is larger than or smaller than the exact answer would be? 
Remember what you learned earlier about number neighbors.

a.   5 _ 8   1   9 _ 10   b. 1  7 __ 16   1 4  3 __ 27   1 7 c. 14  9 __ 10   2 5  1 __ 16  

d. 4  11
 

__ 12   2 2  15
 

__ 16   e.   20 _ 31   2   1 _ 3   f. 4  7 __ 16   1 5  11
 

__ 12   2 2  1 _ 8  

Supplementary Learning Exercises for Section 6.2

1. How do you know that something is incorrect in   8 __ 15   1   6 __ 11   1 9 __ 17   5 1  179
 

___ 2805  ?

2. Draw lines from the fractions to the baskets in the figure below. Compare your 
answers with a classmate’s and discuss any differences.

  5 _ 7       27 _ 52       12 _ 36       32 _ 30       11 _ 24      2 _ 3      3 _ 8       40 _ 45 

Close to 0 Close to 1–
2

Close to 1

3. Find a fraction between each pair of fractional values. Assume that the two fractions 
refer to the same unit. Justify your reasoning.

a.   2 _ 3   and   5 _ 6      b.   5 _ 8   and   7 _ 9      c. 27 _ 30   and 40 _ 38  

4. Name the benchmark fraction to which each of these fractions is closest.

a.   6 _ 25      b. 30 _ 43      c. 11 _ 16       d. 15 _ 24       e.   8 _ 31  

5. Describe a way to determine when a fraction is close to   2 _ 3  .

6.3 Equivalent (Equal) Fractions
At times fractions that look different can refer to the value of the same quantity. For ex-
ample, the numerals   2 _ 3   and   100

 
___ 150   certainly look different to children, but as you know, these 

two fractions are equivalent or equal fractions (elementary school textbooks use both 
terms). For example,   3 _ 4  5   6 _ 8   5   9 __ 12   is reasonable to conclude from these drawings because the 
same amount of the unit is shaded in each drawing.

Cake

Cookie

SEE INSTRUCTOR NOTE 6.3A 
about ways to teach fractions.
You will need scrap paper and 
markers to show fractions.

A fraction such as   
   1 _ 2  
 ___  2    will 

probably arise. Such a fraction 
often makes sense to children 
and is useful in some settings, 
but point out that it is not in the 
“standard” whole number/
nonzero whole number form.  
In the general principle noted 
in this section, n need not be 
an integer. You might mention 
in passing that n can be 
negative, but negative fractions 
are not discussed at this time.
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Starting with   3 _ 4 , each of the original four pieces is cut into two equal pieces, giving 
4 3 2 5 8 equal pieces all together in the second drawing, of which 6 are shaded. Thus,   6 _ 8   is 
shaded. If each of the original four pieces is cut into three equal-sized pieces, then 9 of the 
12 pieces are shaded—which means   9 __ 12   is shaded.

ACTIVITY 8 More About   3 _ 4  

a. Give a similar analysis to show that   3 _ 4   5   3 3 4
   

_____   4 3 4  , and make drawings using the area 
model to show   3 _ 4   5   3 3 5

   
_____   4 3 5  .

b. Make a diagram to show that   3 _ 4   is equivalent to   12
 

__ 16   because their position on the number 
line is the same. 

As a general principle, for any n not equal to 0,   a _ b   5   a 3 n
   

_____   b 3 n  . We call   a 3 n
   

_____   b 3 n   an equivalent 
fraction of   a _ b  .

We can say that   a _ b   is equivalent to   a 3 n
   

_____   b 3 n   because   a _ b   3   n _ n   is equivalent to   a _ b   3 1. Notice  
that the above equation can be read in reverse:   a 3 n

   
_____   b 3 n   5   a _ b  . Understanding this principle is 

also important because it shows that a common factor of both the numerator and the de-
nominator, like n, can be “ignored” to give a simpler-looking fraction. (You may recall that 
a factor of a number divides the number, leaving no remainder. For example, 3 is a factor 
of 6, 2 is a factor of 6, but 4 is not a factor of 6.)

Thus,   12
 

__ 30 5   6 3 2
    

____    15 3 2   5   6 __ 15  . Also   6 __ 15   5   2 3 3
   

_____   5 3 3  , so   6 __ 15   5   2 _ 5  . Because 2 and 5 have no common fac-

tors (except 1), we say   12
 

__ 30 in lowest terms is   2 _ 5  . Note that we could have done this in one step:

  12 _ 30   5   2 3 6 _ 5 3 6   5   2 _ 5  

Finding a common factor in a fraction is often difficult for children because the common 
factor is not visible; it must be deduced by thinking about factors of the numerator and denomi-
nator. The common phrase “reduced fraction” is potentially misleading. Reduce usually means 
to decrease in size, but a reduced fraction still has the same value as the original. The convention 
has been to use the term simplest for a fraction in lowest terms, but we are beginning to shift 
away from this usage because what is considered the simplest form depends on the context. 

You may recall using a factor tree to think about the factors of numbers. Factor trees can 
sometimes be drawn in more than one way, but the result is the same. Looking at the number 
on each branch of the factor tree, we write the number as a product of prime numbers. 

A prime number is a whole number greater than 1 that only has 1 and itself as factors. 
For example, the numbers 3, 7, 29, and 101 are prime numbers. The numbers 4, 15, 
and 121 are not prime numbers. 

When we make a factor tree we are using the fact that every whole number greater than 
1 is either prime or can be expressed as a product of primes. To find what factors two num-
bers have in common, we can use a Venn diagram.

EXAMPLE 2

64 = 2   2   2   2   2   2 = 2648 = 2   2   2   2   3 = 24   3

48

4 12

22 2 6

2 3

64

4 16

22 4

2 2

4

2 2

Equivalent Fractions  
Number Line

MathClips

▲▲ ❙

▲▲ ❙ Equivalent Fractions  
Part 1

MathClips

Research has shown that 
children have difficulty 
understanding the equals sign 
and read it as directional. For 
instance, they will agree that  
3 1 4 5 7, but they will not 
agree that 7 5 3 1 4.

Make sure your students have 
encountered the alternative 
symbol for multiplication.
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6.3 Equivalent (Equal) Fractions 123

Notes
What factors do they have in common? A Venn diagram is  
drawn to show that the two numbers 48 and 64 share four  
factors of 2. This indicates that both numbers are divisible by  
2, 4, 8, and 16. We can also see that since 3 is not a factor  
shared by both numbers, 64 is not divisible by 3. Furthermore,  
the largest factor they have in common is 16 (i.e., 2  2  2  2).

Thus,   48
 

__ 64 5   3  16
  

____   4  16 5   3 _ 4      
16

 
__ 16 5   3 _ 4  . 

The greatest common factor (GCF or gcf) of two (or more) whole numbers is the 
largest number that is a factor of the two (or more) numbers. For example, 2, 3, and 6 
are all common factors of 12 and 18; 6 is the greatest common factor of 12 and 18. The 
GCF is sometimes also called the greatest common divisor (GCD or gcd).

In a discrete context, students often have difficulty seeing that two fractions are equiva-
lent. For example, how might you illustrate that   3 __ 12   5   1 _ 4   within a discrete context? The same 
diagram representing one whole should demonstrate 3 parts out of 12 equal parts, while  
at the same time demonstrating 1 part out of 4 equal parts. An illustra-
tion such as the tray of cupcakes here can be used. The given drawing 
shows 12 cupcakes, with 3 cupcakes having chocolate icing. The same 
drawing also shows 4 groups (the columns), with 1 group having choco-
late icing. So   3 __ 12   does equal   1 _ 4  .

Often you can visualize a collection of discrete objects in multiple ways. A collection 
of 12 objects, such as the cupcakes (or perhaps with another arrangement), can be seen as 
made up of 2, 3, 4, or 6 equal groups. Notice that each of 2, 3, 4, and 6 is a factor of 12.

An important related idea is that of relatively prime numbers. Numbers are relatively 
prime when they have no common factors except 1. For example, 3 and 5 are relatively 
prime, as are 3 and 4, even though 4 is not itself prime. Thus, we can say that a fraction 
is in its lowest terms when the numerator and denominator are relatively prime.

DISCUSSION 4 Do They Have Common Factors?
Which of these pairs of numbers is relatively prime? How do you decide?

1. a. 16 and 27   b. 75 and 102   c. 625 and 835 

As you know, it can be useful to write equivalent fractions so that two fractions have a 
common denominator, as in   2 _ 3   5   8 __ 12   and   3 _ 4   5   9 __ 12  . The fractions   8 __ 12   and   9 __ 12   have a common 
denominator.

A common denominator can be found for 48 and 64 by finding a number that has both 48 
and 64 as a factor. The equation 48 3 64 5 3072 certainly works, but smaller numbers do as 
well. Writing the multiples of each number, we look for the smallest one they have in common.

48, 96, 144, 192 …

64, 128, 192…

The least common multiple (LCM) of two (or more) whole numbers is the smallest 
number that is a multiple of the two (or more) numbers.

We can also find the least common multiple by looking at the Venn diagram of prime 
factors. The prime factors they have in common need not be considered twice. In this case, 
to find the LCM, 64 is multiplied by the 3 that is not a factor of 64. Another way to think 
about the LCM of these two numbers is to think about the 48 multiplied by the 4 (2  2) that 
is not a factor of 48.

3
2

2
2
2
2

2

Equivalent Fractions  
Part 2

MathClips

▲▲ ❙

Equivalent Fractions  
Part 3

MathClips

▲▲ ❙

Formal methods for finding the 
GCF of a set of numbers are 
covered in Chapter 11. You 
may want to consider that now.
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EXAMPLE 3

What are the GCF and LCM of 30 and 45? Write each as a product of primes.

30 5 2  3  5 and 45 5 3  3  5

32
3

5

The GCF is 3  5 = 15.
The LCM can be found by multiplying 30 by 3 or 45 by 2. The LCM is 90. 

This fourth-grade textbook page asks students to show equivalent fractions on a 
number line. What are good justifications for #5–9?

 From ENVISION MATH CALIFORNIA COMMON CORE STUDENT EDUCATION Grade 4 by  
R. Charles. Copyright © 2015 Pearson Education, Inc., or its affiliates. Used by permission. All Rights 
Reserved.
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6.3 Equivalent (Equal) Fractions 125

NotesTAKE-AWAY MESSAGE . . . The ability to recognize equivalent fractions is funda-
mental to operating with them. The focus in this section was to find a meaning for the 
methods we used to find equivalent fractions.

Learning Exercises for Section 6.3

1. a. Write 10 fractions that are equivalent to   2 _ 3   and 10 fractions that are equivalent to   5 _ 8 .

b. Do any of your 20 fractions have common denominators?
c. When would having common denominators be useful?

2. Use sketches of regions or number lines to show each pair of equivalent fractions:

a.   2 _ 3   5   10 _ 15   b. 1  4 __ 10   5 1  2 _ 5   c.   5 _ 4   5   15 _ 12  

3. Find at least one equivalent fraction for each of the following fractions and 
demonstrate on a number line that the two fractions are equivalent:

a.   3 _ 5   b.   3 _ 4   c.   0 _ 2  

4. Suppose a school committee is made up of 6 girls and 4 boys. What fraction  
describes the part of the committee that is girls? How would you show, through a 
diagram, that   3 _ 5   also describes that part? (Hint: GGGGGGBBBB can be organized as 
GG GG GG . . .)

5. Write each fraction in lowest terms. For efficiency’s sake, try to find the greatest 
common factor of the numerator and denominator.

a.   450 _ 720    b.   24  45  17 __ 64  12  17    c.   225 _ 144    d.   
x2y3z6

 _ 
xy4z3

    e.   
(4.2 3 107) 3 (1.5 3 108)

   _____  
4.9 3 104

  

6. For the following pairs, place <, >, or 5 between the two fractions. Use your 
knowledge of fraction size to complete this exercise.

a.   3 _ 4     3 _ 5       b.   102 _ 101     75 _ 76     c.   8 _ 9     40 _ 45    d.   8 _ 9     9 _ 10     e.   13 _ 18     29 _ 62   

7. Using the context of a box of 24 crayons, illustrate that the fractions in each part are 
indeed equivalent.

a.   4 _ 24   5   1 _ 6       b.   18 _ 24   5   3 _ 4       c.   4 _ 12   5   2 _ 6  

8. With the discrete model, choosing the unit to illustrate given equivalent fractions 
takes some thought. Just any number of objects may not fit the fractions well; for 
example, a set of 4 objects would not work for showing   2 _ 4   5   3 _ 6  . Describe a usable unit 
for showing that each of the following pairs of fractions is equivalent. Then show 
each fraction on a separate sketch of the unit, in such a way that the equivalence is 
visually clear. Make your sketch fit the context.

a.   4 _ 5   5   8 _ 10   Context: popsicle sticks

b.   6 _ 9   5   4 _ 6   Context: marbles (Do you have the smallest unit?)

c.   2 _ 3   5   4 _ 6   Context: children

d.   2 _ 3   5   12 _ 18   Context: Choose your own. 

9. For illustrating that   3 _ 4   5   9 __ 12 , a student repeats a pattern that represents   3 _ 4   to show   9 __ 12 , as 
in the following diagram. He explains that you can multiply the fraction by 3 to make 
an equivalent fraction. What problems are there with this diagram and his explanation?

X X X O = X X X O X X X O X X X O

10. Sometimes a textbook or a teacher will refer to reducing a fraction like   9 __ 12 . What 
possible danger do you see in that terminology? 

Comparing Fractions  
Part 3

MathClips

▲▲ ❙

Learning Exercises 6.3
Students do not have answers 
to Learning Exercises 1, 3, 
5(c–e), 6(c–e), 7, 8(c, d), 10, 
11(c–e), 12(a), 13, and 14(a–c). 
Be sure to assign Learning 
Exercises 11 and 12. If students 
have access to the Internet,  
be sure to assign Learning 
Exercises 13 and 14.
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11. Each letter on this number line represents a number. Match the numbers to each 
operation shown without doing any calculation. Use good number sense.

 A B C D E F G

0 1 2

a.   3 _ 4   3   4 _ 3     b. 2 3   2 _ 3     c.   3 _ 4   3   1 _ 2     d. 2 4   2 _ 5     e.   1 _ 3   3   2 _ 5  

12. In each case, use number sense rather than equivalent fractions to order these 
fractions and decimals. Use only the symbols , and 5. Explain your reasoning.

a.   2 _ 5     2 _ 3     40 _ 80   0.60   7 _ 10   b.   3 _ 15     1 _ 10   0.4 0.1   1 _ 5   0.2

13. Go to http://illuminations.nctm.org/ and search for Equivalent Fractions in the 
Interactive Activities for Number and Operations. Do several sets of problems, as 
directed in the instructions, sometimes using circles, sometimes squares.

14. In the same activity given in Exercise 13, use the circle choice. Ignore the red 
circle; use only the blue and green circles to find which is the larger fraction. Use 
the ,, ., and 5 symbols as appropriate. You may need to use the number line 
below the circles.

a.   2 _ 3     1 _ 2   b.   3 _ 5     7 _ 11   c.   3 _ 10     5 _ 12   

d.   2 _ 5     5 _ 16   e.   3 _ 4     7 _ 11   f.   5 _ 14     5 _ 16  

Supplementary Learning Exercises for Section 6.3

1. What does it mean to say that three fractions are “equivalent”?

2. a. Show   2 _ 5   of the pentagonal region illustrated here. 

b. Show that   2 _ 5   is equivalent to   4 __ 10   by adding marks to the work for part (a).

c. How might you show that   6 _ 5   =   12
 

__ 10  , with the pentagonal region as  
the whole?

3. a. Write six fractions that are equivalent to   5 _ 6  .

b. Which, if any, of your fractions in part (a) is largest?

4. a.  Show twelfths on the circular region illustrated here.  
(Hint: Think of a clock, with marks for 12, 3, 6, and 9 first.)

b. How would you illustrate that   9 __ 12   =   3 _ 4  , using the circular region?

5. Write the following fractions in simplest form (or lowest terms):

a.   3 3 43 __ 4 3 43     b.   42 ___ 64         c.   1540 _ 8800     d.   105 _ 140     e.   288 _ 1000  

f.   
xy

 _ xz              g.   2.4 3 105
 __ 

3.6 3 107
         h.   a

2b6
 _ 

a3b12
      i.   75x _ 90       j.   

x4(x 1 y2)
 __ 

x8(x 1 y2)
  

6. a. Show and label the points for   5 _ 6   and   13
 

__  6    on the number line.

0 1 2 3 4 5 6

b. Show   5 _ 6   of this 6-unit-long stick.

c. Why are the results different in parts (a) and (b)?
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6.4 Relating Fractions, Decimals, and Percents 127

Notes
7. Use your fraction sense or common denominators to find the larger fraction in each 

pair. (Try fraction sense first.)

a.   29 _ 65   and   163 _ 190     b.   29 _ 65   and   86 _ 195     c.   37 _ 72   and   44 _ 81     d.   55 _ 72   and   83 _ 108  

8. A box contains 12 black marbles and 3 white marbles. What fraction describes the 
part of the marbles that are black? How would you show, using a diagram of 
marbles, that   4 _ 5   also describes the part made up of black marbles?

9. Given a number line and only the points for the indicated fractions, accurately locate 
and label the point for the given numbers. If your markings do not make your 
reasoning clear, add an explanation.

5
6

2
3

a.   0 _ 6       b. 1  1 _ 6       c.   1 _ 2   

10. Locate and label the points for the given numbers, as in Supplementary Learning 
Exercise 9.

11
12

1 1
3

a.   1 _ 2       b.   3 _ 4       c.   2 _ 3   

6.4 Relating Fractions, Decimals, and Percents
When children in a research study3 were asked to find the sum 5 1 0.5 1   1 

_ 2  , many said it 
could not be done because they thought fractions and decimals could not be combined. 
But as you know, fractions and decimals (and percents) are very closely related, even 
though they look different. All fractions can be expressed as decimals, using a division 
interpretation of a fraction, and many decimals can be expressed as fractions in 
a      whole number

       
_______________              nonzero whole number form. Furthermore, both fractions and decimals can be represented  

as percents.

Think AbouT …
In the last chapter you practiced estimating with percents. How are percents related to 
fractions and decimals?

ACTIVITY 9 Reviewing Something I Learned Long Ago
Write the following expressions as percents:

 a.   3 _ 4   b.   1 _ 2   c. 0.37 d. 1.45 e. 0.028 f. 43.21

Write the following percents as decimals and as fractions:

 g. 32% h. 123% i. 0.01% j. 43.2% 

ACTIVITY 10 Many Different Meanings

1. Each square grid represents a unit of one whole. Fill in the amount of each square 
grid indicated by the given number. For each, explain and justify how you know how 
much to fill in. Be sure you can say what the 4 represents.

SEE INSTRUCTOR NOTE 6.4A 
for information on the three 
main ideas in this section. 
Students should have 
calculators for this section.

ACTIVITY 9
This activity should be for 
review, but if students struggle, 
refer them to Appendix F: A 
Review of Some Rules.

Answers
a. 75% b. 50% c. 37%  
d. 145% e. 2.8% 
f. 4321% g. 0.32 or   32

  ___  100  or   8 __ 25  

h. 1.23 or  123
  ___  100  i. 0.0001 or 1

10,000

j. 0.432 or  432
  ____   1000  or   54

  ___  125 

ACTIVITY 10
Students typically use ratio 
thinking or write equivalent 
fractions.
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 a. 0.4    b.   1 _ 4  

   

 c. 0.45    d. 4%

   

2. Shade 6 of the small squares in the rectangle 
shown here.

 Using the diagram, explain how to determine 
each of the following quantities:

a. the percentage of the area that is shaded
b. the fractional part of the area that is shaded
c. the fractional part expressed as a decimal 

ACTIVITY 11 Can Every Fraction Be Represented as a Decimal?
Write an exact decimal equivalent for each fraction in parts (a–h). Be sure to discuss any 
that cause difficulty and to reach consensus.

a.   2 _ 5           b.   2 _ 3        c.   2 _ 40      d.   1 _ 7  

e.   23 _ 800       f.   16 _ 250      g.   3 _ 12      h.   24 _ 35  

i. Which of these decimals terminate? What can be said about the denominators in each 
of the fractions? (Hint: Rewrite the denominators as products of 2s and 5s. If this 
cannot be done, see if you can first simplify the fraction.)

j. Which decimals did not terminate? Can you find a part of each of these decimals that 
repeats? 

When the denominator of a fraction is a power of 10, changing the fraction to a decimal 

representation is easy, as in    3 
___  100   5 0.03. Note that any power of 10 can be written as a prod-

uct of 2s and 5s. For example, 100 5 22  52 and 1000 5 23  53. When a denominator has 
factors of only 2s and/or 5s, we can rewrite the fraction so that it has an equal number of 2s and 
5s in the denominator. Doing so allows us to easily change the fraction to a decimal number.

ACTIVITY 11
We advise that this activity be 
done in groups. Note that 
parts (a), (c), (e), (f), and (g) 
have terminating decimals. 
The prime factorization of the 
denominators, when 
simplified, contains only 2s 
and/or 5s. Parts (b), (d), and 
(h) do not terminate: They 
have a sequence of digits in 
the decimal that repeats.
b. 0. 


 6    d. 0. 


 142857 

h. 0.68 


 571428 

Be sure that students 
understand that the calculator 
answer for a problem such as  
1 4 7 may not be exact. 
Whether 0.99999 . . . really 
equals 1 will likely come up. 
Here are two arguments. Most 
will agree that 0.3333 . . . 
equal   1 _ 3  ; multiply both 
expressions by 3. Or, ask 
students to use their usual 
method of subtracting to find  
1 2 0.9999 . . . .
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6.4 Relating Fractions, Decimals, and Percents 129

NotesEXAMPLE 4

  7 _ 40   5   7 _ 
235

   3   5
2
 _ 

52
   5   175 _ 1000   5 0.175 

EXAMPLE 5

  42 _ 175   5   7 3 6 __ 7 3 25   5   6 _ 25   5   6 _ 
52

   5   6 3 22
 __ 

52 3 22
   5   24 _ 100   5 0.24 

Think AbouT …
The fraction   3

 
__ 12   yielded a terminating decimal representation, but 12 cannot be factored 

as a product of only 2s and/or 5s. Why did this happen? Why did   3
 

__ 12   give a terminating 
decimal?

From Examples 4 and 5 and the preceding Think About, we can make the following 
conclusion:

A fraction   a _ b   in lowest terms can be represented with a terminating decimal when the 
denominator has only 2s and/or 5s as factors, because we can always find an 
equivalent fraction with a denominator that is a power of 10.

DISCUSSION 5   Remainders That Repeat
1. What are the possible remainders when you divide a whole number by 7? How many 

different possible remainders are there? Test your conclusion by calculating 1 divided 
by 7. When a remainder repeats, what happens when you continue the division 
calculation?

2. How many possible remainders are there when you divide a whole number by 11? 
Test your conclusion on   3 __ 11   and revise your conclusion if necessary. 

nonterminating, repeating decimals, like those you get for   1 _ 7   and   3 __ 11  , are often  
abbreviated by putting a bar over the repeating part.

EXAMPLE 6

4.333333 . . . 5 4. 

 3   and  1.7245245245245 . . . 5 1.7 


 245  

Think AbouT …
How many repeating digits might there be in the decimal equivalent for   

n
 

__ 73   
for different whole number values for n?

Focus on SMP MP8

Mathematically proficient students look for and express regularity in repeated reasoning.  
In this set of activities, you notice when calculations are repeated and, furthermore, can 
generalize about possible remainders. 

We now can conclude one more fact about a fraction in simplest form.

In general, a fraction   a _ b   in lowest terms can be represented with a nonterminating, 
repeating decimal if the denominator has factors other than 2s and 5s.

Think AbouT . . .
The fraction   3 __ 12   can be 

simplified to   1 _ 4 , and 4 can be 
written as a product of 2s.

Remind students that this 
means an equivalent fraction 
whose numerators and 
denominators are relatively 
prime.

DISCUSSION 5
Answers
1. 0, 1, 2, 3, 4, 5, 6

When 1 is divided by 7, there 
are 6 repeating digits. 

  1 __ 
7
   5 0. 


 142857 

2.   10 nonzero remainders are 
possible, but when 3 is divided 
by 11, only two digits actually 
repeat.

  3 ___ 
11

   5 0. 


 27 

So, when a whole number is 
divided by 11, only two different 
digits repeat.

Think AbouT . . .
There could be 72 repeating 
digits. Discuss why.
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The reverse question can now be considered: Can every decimal be represented as a 
fraction?

ACTIVITY 12 From Decimals to Fractions
Problem 1 gives some practice in finding a fraction for a terminating decimal; Problem 2 
starts an examination of nonterminating, repeating decimals.

1. Write each of the following terminating decimals as a fraction:

a. 0.62   b. 1.25   c. 0.125   d. 0.3333

2. From the past (or division), you know that   1 _ 3   5 0.33333 . . . 5 0. 


 3 .

a. Use 0.33333 . . . 5   1 _ 3   to find a fraction for 0.11111 . . . .
b. Use part (a) to find fractions for 0.77777 . . . and 0.44444 . . . .
c. Now find fractions for 9. 


 7  and 0.044444 . . . . 

Problem 2 in Activity 12 suggests how to find the fraction for any nonterminating,  
repeating decimal with a repeating block one digit long. But what if the repeating block has 
two or more digits, as in 0. 


 85  or 6.3 


 927? Fortunately, the idea from Activity 12 can be  

extended. To work with a decimal with a repeating block of two digits, note the following:

0.111111 . . . 5   1 _ 9   5   11 _ 99   5   1 _ 99   1   1 _ 99   1   1 _ 99   1   1 _ 99   1   1 _ 99   1   1 _ 99   1   1 _ 99   1   1 _ 99   1   1 _ 99   1   1 _ 99   1   1 _ 99  

However, this means that each   1 __ 99   must equal 0.01010101 . . . 5 0. 


 01 . So, for example, 
0. 


 85  5 85 3 0. 


 01  5 85 3   1 __ 99   5   85

 
__ 99 , and 0. 


 13  5 13 3 0. 


 01  5   13

 
__ 99 . For a repeating block of three 

digits, the same sort of reasoning (or the division 1 4 999) shows that 0. 


 001  5   1  ___ 999 . This fact 
enables us to see, for instance, that  0. 


 384  5 384 3 0. 


 001  5   384

    ___               999   and that 0.0 


 492  5   1 __ 10   3  
0. 


 492  5   1 __ 10   3   492

    ___               999   5   492
 

___ 9990  .

Think AbouT …
Note that 0. 


 1  5  1 __ 9  ,  0. 


 01  5  1 __ 

99
   and that 0. 


 001  5   1   

___ 
999

 . If the pattern continues, what basic 

relationship would enable you to change a decimal such as 0. 


 7265  to a fraction? What 

fraction would be equal to 0. 


 7265  ?

ACTIVITY 13 Your Turn
Find fraction equivalents for the following decimals:

a. 0. 

 8    b. 3. 


 08    c. 3.0 


 8    d. 0. 


 75    e. 0. 


 328  

Think AbouT …
1. What is 0.9

_
? What is 0.3

_
 1 0.3

_
 1 0.3

_
?

2.  Write 0.24 as a fraction and 0.240 as a fraction. Are the fractions equal? What does 
this result imply about placing zeros after a decimal number?

The decimals we have considered thus far all terminate or repeat. All can also be rep-
resented as fractions.

Any fraction or its equivalent terminating or repeating decimal names a rational 
number. (Negative rational numbers are introduced in Chapter 10.)

The word “rational” comes from the word “ratio,” which is one way of interpreting a frac-
tion symbol. 

Nonterminating, nonrepeating decimals cannot be represented as fractions with whole 
numbers as the numerator and as the denominator; thus they are not rational numbers. They 
are called irrational numbers. For example,   √ 

__
 3   is an irrational number. It cannot be 

ACTIVITY 12
Answers

1. a.   
62

    ___
      100   b.    

125
    ___
      100  

c.   125
 1000 d.  

   3333
 10,000

2. a.   1 _ 3   of  1 _ 3 , or  1 _ 9  

b.     7 _ 9  ,  
4
 _ 9  

c. 9  7 _ 9   5   88
 __ 9  ,   

4
 __ 90  

Some students may need to 
divide 0.1111 . . .  by 11 using 
longhand, to see that the 
result is 0.010101 . . . .

INSTRUCTOR NOTE 6.4B 
gives the perhaps more 
common method for finding 
the fraction for a repeating 
decimal.

ACTIVITY 13
Answers

a.   8 __ 
9
   b. 3  8 __ 99  

c. 3  8 __ 90   d.   75 ___ 
99

  

e.   328 ____ 
999
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Notes
written as a fraction in which the numerator and denomina-
tor are whole numbers, and its decimal is nonterminating 
and nonrepeating. The set of rational numbers together with 
the set of irrational numbers form the set of real numbers. 
All numbers used in this course are real numbers, and they 
are sufficient for all of elementary and middle school math-
ematics. Shown here is a Venn diagram illustrating how 
some sets of numbers are related.

Think AbouT …
 √ 

__
 3   on a calculator may give 1.7320508. But 1.7320508 5  

17,320,508
 

_______________________ 10,000,000  ,  
so why is   √ 

__
 3   said to be irrational?

TAKE-AWAY MESSAGE . . . All fractions of the form   
a
 

_ b  , with whole numbers a and  
b, where b ∙ 0, can be written in decimal form; some terminate and some repeat. 
Conversely, decimals that terminate or repeat can be written as fractions. These num-
bers are known as rational numbers. If a nonterminating decimal does not repeat, it 
names an irrational number. Together, the rational numbers and the irrational numbers 
make up the set of numbers we call real numbers.

Learning Exercises for Section 6.4

1. Determine which of the fractions in parts (a–f ) have repeating decimals, and explain 
why. Then write each fraction as a terminating or repeating decimal.

a.   3 _ 8   b. 2  3 __ 10   c.   3 _ 7   d.   3 _ 11    e.   9 _ 24    f.   5 _ 6    g. Two answers are the same. Why?

2. Write the following decimals as fractions, if possible. Change to simplest form or 
lowest terms.

a. 0.625 b. 0.49     c. 91.333 . . .    d. 1.7
e. 0. 


 9  f. 0.9 


 3      g. 0. 


 53           h. 0.0 


 53 

 i.  4. 


 76  j. 8. 


 094    k. 0.1213141516171819110111112113114115 . . .

[There is a pattern in part (k). Assume that the pattern you see continues. Is there a 
repeating block of digits?]

3. a.  Are there any fractions between   7 __ 15   and   8 __ 15 ? If so, how many?

b. Are there any decimal numbers between   7 __ 15   and   8 __ 15 ?

4. Find decimal numbers between each pair of numbers [assume the pattern in part (d) 
continues]:

a. 0.4 and 0.5   b. 0.444 and 0.445   c. 1.3567 and 1.35677777. . .
d. 0.00000111111 . . . and 0.000001100110011 . . .

5. Place the following in order from smallest to largest, without using a calculator:

  2 _ 3     5 _ 6   0. 


 56  1.23   3 _ 17     12 _ 15     11 _ 29     11 _ 24   0. 


 26    1 _ 4   0.21

6. Explain how you know there is an error, without calculating:

  some whole number  ____ 7   5 4.29 


 23456789 

7. One type of calculator can show only eight digits. Suppose the calculator answer to a 
calculation is 8.1249732. Explain how the exact answer could be the following:

a. a terminating decimal  b. a repeating decimal  c. an irrational number

Real numbers

Rational

Integers
Irrational

Whole
This illustration is not a 
complete Venn diagram. You 
might want to extend it to 
include natural numbers (whole 
numbers without 0).

Think AbouT . . .
The calculator truncates or 
rounds, so the number  
that appears is only an 
approximation.

Learning Exercises 6.4
Students do not have answers 
for Learning Exercises 1, 2(b,f), 
4(b, d), 6, 8, and 10–21. Be 
sure to assign Learning 
Exercises 1–5 and 9. If 
students have access to the 
Internet, be sure to assign 
Learning Exercises 13 and 14; 
they provide good visual 
experiences for relating 
decimals, fractions, and 
percents.

Learning Exercises 3 and 4: 
These problems touch on the 
topic of density—there is 
always another fraction 
between any two different 
fractions (and hence there are 
infinitely many). Be prepared  

to explain why   
7   1 _ 2  

 ___ 15   is not what  
is called for in Learning 
Exercise 3.

Learning Exercise 5: This 
problem gets at the heart of 
whether one understands the 
relative size of numbers 
between 0 and 1. In most 
cases, it is not necessary to 
find common denominators or 
convert to decimal numbers.
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8. Draw lines to show what value these decimal numbers and percentages are close to. 
(Don’t use a calculator.)

0.29  0.52  94%  32%  0.78  0.49  24%  5%  70%

 0 1–
4

1–
3

1–
2

2–
3

3–
4 1

9. Complete the following table:

Decimal form Fraction Percent

0.48   48 ____ 100  

  4 __ 5  

457%

0.1%

10. Chris says, “0.3 is bigger than 0.65 because tenths are bigger than hundredths.”

 Sam says, “0.28 is bigger than 0.3 because 28 is bigger than 3.” 

 Lars says, “0.72 is bigger than 0.6 because 0.72 has seven tenths and 0.6 has only six 
tenths, and the hundredths don’t matter here.”

a. Discuss these answers. Which is correct? 
b. Order the following decimals from smallest to largest: 0.7, 0.645, 0.64.
c. Here is how Chris, Sam, and Lars ordered the numbers in part (b) from smallest to 

largest. Use the reasoning above to figure out who wrote which ordering.
   _________________ 0.7   0.64  0.645

   _________________ 0.645   0.64  0.7

   _________________ 0.64   0.645   0.7

11. A student says, “My calculator shows 0.0769231 for   1 __ 13   when I divide 1 by 13.” Does 
this mean that   1 __ 13   is equivalent to a terminating decimal? Explain.

12. A student says, “My calculator shows that   √ 
__

 2   is 1.4142136. And 1.4142136 5  
14,142,136

 
_____________________ 10,000,000  , which is a rational number. But you said   √ 

__
 2   is an irrational number. Which 

is it, rational or irrational?” How would you respond to the student?

13. Go to http://illuminations.nctm.org/, then search the Number and Operations 
Interactives for Fraction Models. Use this applet to complete the following table: 

Fractions Decimal Percent

0.25

  11 ___ 10  

3.1

  13 ___ 20  

250%

  17 ___ 4  

1.8

  14 ___ 5  

3.4

30%
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Notes
14. Complete the following table: 

Fraction Decimal Percent

500%

  50 ___ 54  

  95 ___ 67  

1.5

0.04

73%

235%

  1 __ 3  

15. a.  About what percent of the circle shown here does each piece  
represent?

   A _____B ______ C _____ D ______E ______

   What percent is the sum of your estimates?

   Is this reasonable?

b. About what fraction of the circle does each piece represent?

   A _____B ______ C _____ D ______E ______

   What should the sum of these fractional parts be?

16. There are some commonly used fractions for which you should know the decimal 
equivalent without needing to divide to find it. And, of course, if you know decimal 
equivalents, it is quite easy to find percent equivalents. Give all the decimal and 
percent equivalents you know to the following fractions. Find the others by dividing, 
and then memorize those, too.

a.   1 _ 8     b.   1 _ 5     c.   1 _ 4     d.   1 _ 3     e.   2 _ 5     f.   3 _ 8  

g.   5 _ 4     h.   1 _ 2     i.   3 _ 5      j.   5 _ 8     k.   2 _ 3     l.   3 _ 4  

m.   4 _ 5       n.   7 _ 8     o. 1   p.   7 _ 4  

17. Name a fraction or whole number that is close to being equivalent to the following 
percentages:

a. 24%    b. 95%    c. 102%   d. 35%    e. 465%   f. 12%

18. In Chapter 5 you learned different ways of finding fractional equivalents for percents. 
For example, 10% 5   1 __ 10  , 25% 5   1 _ 4  , and 50% 5   1 _ 2  . Use this knowledge to estimate 
each of the following amounts:

a. 15% of 798   b. 90% of 152   c. 128% of 56
d. 65% of 24     e. 59% of 720   f. 9% of 59 
g. 148% of 32   h. 0.1% of 24    i. 32% of 69

19. Draw a diagram that shows why   4 _ 5   of a given amount is the same as   8 __ 10  of the same 
amount.

A

B
CD

E
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20. Draw a diagram that shows the sum   4 _ 5   1   3 __ 10 .

21. An anonymous donor has offered to pledge $1 to a local charity for every $3 that is 
pledged by the general public. Draw a picture that represents the public’s donation, the 
matching pledge by the anonymous donor, and the total amount donated to the charity. 
What fractional part of the total amount donated is pledged by the general public?

Supplementary Learning Exercises for Section 6.4

1. Which of the following numbers will have terminating decimals? Explain how you 
know without extensive calculation.

a.   699 _ 300     b.   1197 __ 
52 3 25

     c.   231 _ 625     d.   985 _ 1024     e.   531 3 293 __ 
5 3 108

  

2. Write these decimals as (exact) fractions of the form        whole number
       

________________              nonzero whole number  

a. 0.3333   b. 8.374   c. 0. 

 7           d. 0. 


 63 

e. 0. 


 632      f. 4.3 


 57     g. 17.19 

 2    h. 2.3 


 015 

3. In terms of decimals, what is a rational number? An irrational number? A real 
number?

4. Are whole numbers rational or irrational? Explain.

5. “  √ 
__

 5   is irrational.” What does that (true) statement tell you?

6. “p is   22
 

__
7  , and   22

 
__
7  5 3. 


 142857 . Why do you say that p is irrational?” What would be 

your response to this question?

7. If possible, give two decimals between each pair. If not possible, explain why.

a. 0.98 and 0.99   b. 1. 


 04  and 1.04   c. 0.4999 and 0.5

8. The decimal 3.1416 is sometimes used for the number p, which is an irrational 
number. What does that tell you about p 5 3.1416?

9. Sometimes memory fails you. But often you can regenerate facts, using modest 
mental work to build on facts you do remember (and without a calculator).  
For example, writing   5 

_ 8   as a decimal can be determined by noting that   1 
_ 8   is half  

of   1 
_ 4   and    1 

_ 4   5 0.25. So   1 
_ 8   5 half of 0.25, or 0.125. Then   5 

_ 8   5 5 3 0.125 5 0.625. 
Show how the decimals and percents could be determined for the following 
fractions:

a.   1 _ 16     b.   3 _ 8     c.   1 _ 6     d.   1 _ 12     e.   11 _ 12  

10. What is a good estimate of   8 __ 15   + 0. 

 6 +   9 __ 16   and why?

11. From memory, give familiar fractions that are roughly equal to the following 
decimals:

a. 0.48176   b. 0.3411   c. 0.74622   d. 0.655   e. 0.67

12. Estimate each of the following calculations. Indicate whether you think your estimate 
is too large or too small.

a. 2  7 __ 16   3 $51.53   b. 3  1 __ 10   1 7  8 _ 9   1 2  2 _ 3   1 4  5 __ 16     c. 13  7 __ 16   4   8 _ 15  

13. Your waitress was a friend of yours, so you left about a 20% tip ($3.00). What was 
your approximate bill before the tip?

14. With the denominator given, write one fraction that is close to but larger than the 
given fraction, and one fraction that is close to but smaller than the given fraction.

a.   1 _ 2  , denominator 70   b.   1 _ 3  , denominator 60   c.   3 _ 4  , denominator 160
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Notes
15. a.  The accompanying diagram is split into several regions.  

Each region is about what percent of the entire figure? 

   A _____B ______ C _____ D ______E ______ F ______

b.  Each region is about what fraction of the entire figure?

   A _____B ______ C _____ D ______E ______ F ______

16. news report “The water level in the river is 3.8 feet above flood stage. We expect the 
water level to decrease about a foot by tomorrow.” The anticipated decrease will be 
about what percent of flood water?

17. Sketch a line segment about 68% longer than this one:

18. In an election with only two candidates, A and B, Candidate A won by 18%. What 
percentage of the whole vote did each candidate receive?

6.5  Issues for Learning: Understanding Fractions  
and Decimals

Even young children in the early grades have some understanding of parts and wholes, but 
they do not always relate this to the fraction symbol. There are several critical ideas4 that 
children need to understand before they can successfully operate on fractions:

1. When breaking a whole (in this case a continuous whole) into equal parts, the more 
parts there are, the smaller each part will be. Thus,   1 _ 6    is smaller than   1 _ 5   . Even though 
children might know this in a particular setting (e.g., pieces of pizza), they still need 
to learn it symbolically.

2. Fractions represent specific numbers. That is,   3 _ 5    itself is the value of a quantity;   3 _ 5    is 
one number, not two numbers separated by a bar. When students do not understand 
this relationship between the numerator and the denominator, they operate on them 
separately. For example, they might say that   3 _ 5   1   2 _ 3   5   5 _ 8  .

3. Equivalence is one of the most crucial ideas students must understand before 
operating on fractions and decimals. Children will not be able to add or subtract 
fractions until they can identify and generate equivalent fractions, because they often 
need to find an equivalent form of a fraction before they can add or subtract.

4. Children must understand why like denominators are necessary before they can add  
or subtract fractions. Only when there is a common denominator for two fractions are 
they adding or subtracting like pieces, because now both fractions refer to a common 
size for the pieces.

Similar problems are encountered when working with decimal notation. Students may 
not understand what the decimal point indicates. If they estimate the value of 48.85 as, for 
example, 50.9, then they are treating the 48 separately from the .85.

The work of Chris, Sam, and Lars shown in the Learning Exercises for Section 6.4 il-
lustrates some common misunderstandings of decimals that have been found in a number 
of countries. Some children think that because hundredths are smaller than tenths, 2.34, 
which has hundredths, is smaller than 2.3, which has tenths. Others believe that the number 
of digits indicates relative size, as is true for whole numbers. Thus, 2.34 is considered larger 
than 2.4 because 234 is larger than 24.

Teachers often have students compare numbers such as 2.34 and 2.3 by “adding zeros 
until each number has the same number of places.” Now the comparison is between 2.34 
and 2.30. Although this technique works, often it is not meaningful and becomes just  

A

B

C

D

E
F
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another trick of the trade, unless children are also taught that 2.30 and 2.3 are equal; if 2.30 
and 2.3 are represented by base-ten blocks, they would be represented identically. Another 
approach is to have students express 0.3 and 0.30 as fractions in simplest form to show that 
they are equivalent.

6.6 Check Yourself
This chapter focused on understanding the meaning of the fraction symbol, particularly the 
part–whole meaning and the division meaning. You should be able to clearly distinguish 
between the two, using drawings that would indicate how they would be illustrated differ-
ently but still represent the same amount. Some attention is also given to decimals and 
percents.

You should also be able to work problems like the ones assigned and to meet the fol-
lowing objectives:

1. Distinguish between and identify discrete and continuous units used for a fraction 
representation. 

2. Generate sketches that illustrate a given fraction or mixed number, and identify 
fractions or mixed numbers shown in any drawing, whether the number is less than 1 
or greater than 1.

3. Given a part of a whole and the fraction the part represents, find the whole.

4. Generate drawings that show why two equivalent fractions represent the same amount.

5. Change fractions to decimal form and percent form, and change repeating and 
terminating decimals to fractions and percents.

6. Define rational number and irrational number and be able to recognize each one.

7. Describe the numbers that are real numbers.

8. Order a set of fractions, decimal numbers, and percents from smallest to largest, 
without (in most cases) resorting to changing all the numbers to decimal numbers or 
using equivalent fractions.

9. Identify fractions that are close to 0; fractions that are close to, smaller than, or larger 
than   1 _ 2  ; and fractions that are close to, smaller than, or larger than 1. You should be 
able to explain your reasons for these identifications.

10. Discuss fundamental ideas about fractions that are necessary for addition and 
subtraction of fractions.
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