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   STATS applied! 

 Do You Sudoku?  
 The sudoku craze has officially swept the globe. Here’s what Will Shortz, crossword puzzle 
editor for the  New York Times,  said about sudoku: 

As humans we seem to have an innate desire to fill up empty spaces. This might explain 
part of the appeal of sudoku, the new international craze, with its empty squares to be filled 
with digits. Since April 2005, when sudoku was introduced to the United States in  The New 
York Post,  more than half the leading American newspapers have begun printing one or more 
sudoku a day. No puzzle has had such a fast introduction in newspapers since the crossword 
craze of 1924–1925.1

 Since then, millions of people have made sudoku part of their daily routines. 

   We’ll revisit STATS applied! at the end of the chapter, so you can use what you have learned to help 
answer these questions.    
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 Mr. Starnes played an online game of sudoku at  www.websudoku.com . He finished 
an easy puzzle in 3 minutes and 20 seconds. How does the author’s performance 
rate among all the easy puzzles solved at this website? His wife Judy, who is an avid 
 sudoku player, completed a medium puzzle in 5 minutes. Whose performance is 
 better,  relatively speaking? 

89
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90

 Using the dotplot, we see that Jenny’s 86 places her fourth from the top of the 
class. Because 21 of the 25 data values   (84%)   are less than her score, Jenny is at the 
84th percentile in the class’s distribution of test scores.  

   Be careful with your language when describing percentiles. Percentiles are specific 
locations in a distribution, so an observation isn’t “in” the 84th percentile. Rather, it 
is “at” the 84th percentile. 

 One other important note: percentiles are usually reported as whole numbers. 
Consider a quantitative data set with 43 values. How should we report the percentile 
for the individual with 30 of the 43 values in the distribution less than their data 

cautionaution

!

     Lesson   2.1 
Describing Location 
in a Distribution   

 Here are the scores of all 25 students in Mr. Pryor’s statistics class on their first test: 

   79 81 80 77 73 83 74 93 78 80 75 67 73  

  77 83  86  90 79 85 83 89 84 82 77 72   

 The bold score is Jenny’s 86. How did she perform on this test relative to her classmates? 
 The following dotplot displays the class’s test scores, with Jenny’s score marked in 

red. The distribution is roughly symmetric with no obvious outliers. From the dotplot, 
we can see that Jenny’s score is above the mean (balance point) of the distribution. 
We can also see that Jenny did better on the test than most other students in the class.     

65 70 75 80
Score

85 90 95

d d d d d d d d d d d d
dddd
d

d
d

d d d d d d

   Finding and Interpreting Percentiles  
 One way to describe Jenny’s location in the distribution of test scores is to calculate 
her  percentile.  Recall that the three quartiles (  1Q   , median,   3Q   ) divide a distribution of 
quantitative data into four roughly equal size groups. The idea of a percentile is sim-
ilar: the 99 percentiles divide a distribution into 100 roughly equal size groups. This 
idea makes sense if a quantitative data set has a large number of values, but breaks 
down for smaller data sets.     

   L E A R N I N G  T A R G E T S  

•   Find and interpret a percentile in a distribution of quantitative data.  

•   Find and interpret a standardized score ( z -score) in a distribution 
of quantitative data.  

•   Use percentiles or standardized scores ( z -scores) to compare the location 
of values in different distributions.    

    D E F I N I T I O N  Percentile  
 An individual’s  percentile  is the percent of values in a distribution that are less than the 
individual’s data value. 
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L E S S O N  2.1  •  Describing Location in a Distribution 91

value? Because   30/43 0.698=   , we say that this individual is at the 69th percentile of 
the distribution. We can’t say 70th percentile because only   69.8%   of the values in the 
data set are less than this individual’s data value.  

Note:  Some people define percentile as the percent of values in a distribution that 
are  less than or equal to  an individual data value. Using this alternate definition of 
percentile, it is possible for an individual to fall at the 100th percentile. If we used this 
definition, Norman’s score of 72 would fall at the 8th percentile (2 of 25 scores were 
less than or equal to 72). Calculating percentiles is not an exact science, especially 
with small data sets. 

 The median of a distribution is roughly the 50th percentile. For instance, 80 is the 
median score on Mr. Pryor’s first test. As you saw in part (b) of the example, Maria’s 
score of 80 put her at the 48th percentile of the distribution. The first quartile   1Q
is roughly the 25th percentile of a distribution because it separates the lowest   25%
of values from the upper   75%  . Likewise, the third quartile   3Q    is roughly the 75th 
percentile.     

65 70 75

The first quartile Q1 The third quartile Q3

The second quartile
(median)

80
Score

85 90 95

d d d d d d d d d d d d
dddd
d

d
d

d d d d d d

A high percentile is not always a good thing. For example, a man whose blood 
pressure is at the 90th percentile for his age group may need treatment for his high 
blood pressure!  

cautionaution

!

  EXAMPLE 

 What are the results of the first test? 

 Finding and interpreting percentiles  

   PROBLEM:      Refer to the dotplot of scores on 
Mr. Pryor’s first statistics test.          

   (a)   Find the percentile for Norman, who scored 72.  

  (b)   Maria’s test score is at the 48th percentile of the 
 distribution. Interpret this value. What score did 
Maria earn?    

   SOLUTION:   

   (a)     =1/25 0.04  , so Norman scored at the 4th percentile on 
this test.  

  (b)     =(0.48)(25) 12  , so Maria’s score was higher than 12 
of the 25 students in the class. Maria earned an 80 on 
the test.     

  FOR PRACTICE    TRY EXERCISE 7.    

65 70 75 80
Score

85 90 95

d d d d d d d d d d d d
dddd
d

d
d

d d d d d d

  One other student in the class scored an 80 on the test. 
This student’s score is also at the 48th percentile because 
12 of the 25 students in the class earned lower scores.  

  Only 1 of the 25 scores in the class is less than Norman’s 72.  
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C H A P T E R  2  • Modeling One-Variable Quantitative Data92

   Finding and Interpreting Standardized Scores ( z -Scores)  
 A percentile is one way to describe an individual’s location in a distribution of quanti-
tative data. Another way is to give the   standardized score ( z -score)   for the individual’s 
location.     

     D E F I N I T I O N  Standardized score ( z -score)  
 The  standardized score  (  z   -score ) for an individual value in a distribution tells us how 
many standard deviations from the mean the value falls, and in what direction. To find 
the standardized score ( z -score), compute 

   z
value mean

standarddeviation
=

−
     

 Values larger than the mean have positive  z -scores. Values smaller than the mean 
have negative  z -scores. 

 Let’s return to the data from Mr. Pryor’s first statistics test. The following dotplot 
displays the data, with Jenny’s score marked in red. The table provides numerical 
summaries for these data.     

     

65 70 75 80
Score

85 90 95

� � � � � � � � � � � �
����
�

�
�

� � � � � �

Summary Statistics

n

25 80 6.07 67 76 80 83.5 93

Mean SD Min Med MaxQ1 Q3

 Where does Jenny’s 86 fall within the distribution? Her standardized score ( z -score) is 

   
value mean

standard deviation

86 80

6 07
0 99=

−
=

−

.
= .z    

 That is, Jenny’s test score is 0.99 standard deviation above the mean score of the class.  

 How well did Lionel do? 

 Finding and interpreting  z -scores  

   PROBLEM:      Find the standardized score ( z -score) for Lionel, who earned a 67 on Mr. Pryor’s first test. Interpret 
this value.  

   SOLUTION:  

   
67 80

6.07
2.14z =

−
=−    

 Lionel’s score is 2.14 standard deviations below the class mean of 80. 

   EXAMPLE 

  FOR PRACTICE    TRY EXERCISE 11.      

=
−value mean

standard deviation
z
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L E S S O N  2.1  •  Describing Location in a Distribution 93

 Can we use the standardized score ( z -score) of an individual data value to find its corre-
sponding percentile, or vice versa? The answer is “no” for most distributions. We will intro-
duce a special distribution in  Lesson 2.3  for which  z -scores and percentiles are connected.  

   Comparing Location in Different Distributions  
 How can we compare the locations of values in different distributions of quantitative 
data? For instance, Marty had a standing long jump of 71 inches and did 39 sit-ups during 
middle school fitness day. Which performance was better relative to the other students 
who participated? Marty’s 71 inches was at the 75th percentile of the distribution of long 
jump distance, while his 39 was at the 50th percentile of the distribution of sit-ups. So 
Marty did better in the standing long jump than at sit-ups relative to his fellow students. 

 Percentiles are one option for comparing the location of individuals in different 
distributions. Standardized scores ( z -scores) are another option if we know the mean 
and standard deviation of each distribution.  

  EXAMPLE 

 Growing like a beanstalk 

 Comparing location in different distributions  

   PROBLEM:      Jordan (Mr. Tabor’s daughter) was 55 inches tall at age 9. The distribution of height for 9-year-old 
girls has mean 52.5 inches and standard deviation 2.5 inches. Zayne (Mr. Starnes’s grandson) was 58 inches 
tall at age 11. The distribution of height for 11-year-old boys has mean 56.5 inches and standard deviation 
3.0 inches. 2  Who is taller relative to other children of their sex and age, Jordan or Zayne? Justify your answer.  

   SOLUTION:  

 Jordan:   =
−

= =
−

=
55 52.5

2.5
1.0 Zayne:

58 56.5

3.0
0.5z z    

 Jordan is 1 standard deviation above the mean height of 9-year-old 
girls, while Zayne is one-half standard deviation above the mean 
height of 11-year-old boys. So Jordan is taller relative to girls her 
age than Zayne is relative to boys his age.    FOR PRACTICE    TRY EXERCISE 15.    

  The standardized heights tell us where each 
child stands (pun intended!) in the distribution 
of height for her or his age group.  

 A House divided!           

 The U.S. House of Representatives has 435 voting 
members. Each state is allocated a number of seats in 
the House based on its population when the  Census 
is taken every 10 years. A dotplot of the number of 
representatives from each of the 50 states in 2019 
is shown, along with summary statistics. The red 
point on the graph is for the state of Ohio, with its 16 
representatives.          

   L E S S O N  A P P    2 . 1   
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C H A P T E R  2  • Modeling One-Variable Quantitative Data94

Number of representatives
0 5 10 2015 3025 35 40 45 50 55
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 n  Mean  SD  Min    Q1    Med    Q3    Max 

 50  8.7  9.723  1  3  6  10  53 

   1.   Find the percentile for Ohio. Interpret this 
value.  

  2.   South Carolina is at the 52nd percentile of the 
distribution. How many representatives did 
South Carolina have in 2019?  

  3.  Calculate and interpret the standardized score 
for Ohio.

 How many counties does each state have? 
The table displays summary statistics for these data. 

 n  Mean  SD  Min    Q1    Med    Q3    Max 

 50  62.82  46.421  3  24  63  88  254 

  4.   Ohio has 88 counties. In which distribution— 
number of representatives or number of  counties—
is Ohio farther from the mean?  Justify your answer.   

     Lesson   2.1     

 W H A T  D I D  Y O U  L E A R N ? 
 LEARNING TARGET  EXAMPLES  EXERCISES 

 Find and interpret a percentile in a distribution of quantitative data.   p. 91   7–10 

 Find and interpret a standardized score ( z -score) in a distribution 
of quantitative data. 

  p. 92   11–14 

 Use percentiles or standardized scores ( z -scores) to compare the 
location of values in different distributions. 

  p. 93   15–18 

    Building Concepts and Skills   
   1.   An individual’s percentile is the percent of values in 

a distribution that are      the individu-
al’s data value.  

  2.   Give an example of when a high percentile would be 
a bad thing that is different from the one in the lesson.  

  3.   The third quartile of a distribution is at roughly the 
   percentile.  

  4.   What is the formula for calculating a standardized 
score?  

  5.   A  z -score of   2−    means that the data value is 
     standard deviations   
the mean of the distribution.  

  6.   Name two ways of comparing location in different 
distributions of quantitative data.    

    Mastering Concepts and Skills   
 7. Play ball!  The dotplot shows the number of wins 

for each of the 30 Major League Baseball teams in 
the 2019 season:    

Number of wins
50 55 60 65 70 75 80 85 90 95 100 105

d
dd d dddd

d
d

d
d

d
d d d dddd d ddddddddd

     

   (a)   Find the percentile for the Seattle Mariners, who 
won 68 games.  

  (b)   The Washington Nationals’ number of wins is at 
the 70th percentile of the distribution. Interpret this 
value. How many games did Washington win?     

  8. Stand up tall  The dotplot shows the heights (in 
inches) of the 25 students in Mrs. Nataro’s statis-
tics class.

 pg   91 

   Exercises      
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L E S S O N  2.1  •  Describing Location in a Distribution 95

Height (in.)
60 62 64 66 68 70 72 74

d
d

dd
d

d d d d d
d

d
d

d
d
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d

d
d
d

d
d
d

d

(a) Find the percentile for Lynette, the student who is 
65 inches tall.

(b) Asher’s height is at the 88th percentile of the distri-
bution. Interpret this value. How tall is Asher?

9. A boy and his shoes How many pairs of shoes does 
a typical teenage boy own? To find out, a group of 
statistics students surveyed a random sample of 20 
male students from their large high school. Then 
they recorded the number of pairs of shoes that 
each boy owned. Here are the data.

14  7 6 5 12 38 8  7 10 10

10 11 4 5 22  7 5 10 35  7

(a) Martin is the student who reported owning 22 
pairs of shoes. Find Martin’s percentile.

(b) Luis is at the 25th percentile of the distribution. 
How many pairs of shoes does Luis own?

10. Unlocked for sale The “sold” listings on a popular 
auction website included 20 sales of used “unlocked” 
phones of one popular model. Here are the sales 
prices.

450 415 495 300 325 430 370

400 325 400 235 330 304 415

355 405 449 355 425 299

(a) Find the percentile of the phone that sold for $330.

(b) What was the sales price of the phone that was at 
the 75th percentile?

11. The Nationals play During the 2019 season, the 
mean number of wins for Major League Base-
ball teams was 81 with a standard deviation of 
15.9 wins. Find the standardized score (z-score) for 
the  Washington Nationals, who won 93 games (and 
the World Series!). Interpret this value.

12. Stand tall The heights of the 25 students in Mrs. 
Nataro’s statistics class have a mean of 67 inches 
and a standard deviation of 4.29 inches. Find the 
standardized score (z-score) for Boris, a member of 
the class who is 75 inches tall. Interpret this value.

13. Where are the old folks? Based on data from the 2016 
Current Population Survey, the percent of residents 
aged 65 or older in the 50 states and the District of 
Columbia has mean 15.62% and standard deviation 
1.83%.3

(a) Find and interpret the standardized score (z-score) 
for the state of Colorado, which had 13.4% of its 
residents aged 65 or older.

(b) The standardized score for Florida is 2.34=z . Find the 
percent of the state’s residents that were 65 or older.

14. Meaning of the Dow The Dow Jones Industrial 
Average (DJIA) is a commonly used index of the 
overall strength of the U.S. stock market. In 2019, 
the mean daily change in the DJIA for the days that 
the stock markets were open was 20.94 points with 
a standard deviation of 206.77 points.

(a) Find and interpret the standardized score (z-score) 
for the change in the DJIA on May 7, 2019, which 
was 473.39−  points.

(b) The standardized score for November 20, 2019, was 
0.65= −z . Find the change in the DJIA for that date.

15. SAT versus ACT During her senior year, Courtney 
took both the SAT and ACT. She scored 680 on the 
SAT math test and 27 on the ACT math test. Scores 
on the math section of the SAT vary from 200 to 
800, with a mean of 528 and standard deviation of 
117. Scores on the math section of the ACT vary 
from 1 to 36, with a mean of 20.5 and a standard 
deviation of 5.5.4 Calculate Courtney’s standardized 
score on each test. Which of her two test scores was 
better, relatively speaking? Explain your reasoning.

16. Generational GPA Rebecca and her father both 
graduated from the same high school. When her 
father looked at Rebecca’s transcript, he noticed that 
her high school GPA (4.2) was higher than his high 
school GPA (3.9). After letting Rebecca gloat for a 
minute, he pointed out that there were no weighted 
grades when he went to school. To settle their argu-
ment, they called the registrar at the school and got 
information about the distribution of GPA in each 
of their graduation years. When the father gradu-
ated, the mean GPA was 2.8 with a standard devia-
tion of 0.6. When Rebecca graduated, the mean GPA 
was 3.2 with a standard deviation of 0.7. Who had 
the better GPA, relatively speaking? Explain your 
reasoning.

17. Biles by miles! Simone Biles won the gold medal 
in women’s artistic gymnastics at the 2019 World 
Championships. Her overall score in the all-around 
competition was 58.999. More than 40 years ear-
lier, Romanian gymnast Nadia Comaneci took the 
world by storm with the first perfect 10. With an 
overall score of 79.275, Comaneci also won the 
all-around gold medal.5 Because the scoring sys-
tems have changed, these two scores aren’t directly 
comparable. In 2019, the 23 gymnasts who com-
pleted the all-around had a mean score of 54.719 
points and a standard deviation of 1.800 points. In 
1976, the top 24 gymnasts in the all-around had a 
mean score of 76.527 points and a standard devi-
ation of 1.327 points. Which gymnast had a bet-
ter performance, relatively speaking? Explain your 
reasoning.

18. Comparing batting averages Three landmarks of 
baseball achievement are Ty Cobb’s batting average 
of 0.420 in 1911, Ted Williams’s 0.406 in 1941, and 
George Brett’s 0.390 in 1980. These batting averages 
cannot be compared directly because the distribution 

pg   92

pg   93
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C H A P T E R  2  • Modeling One-Variable Quantitative Data96

of major league batting averages has changed over 
the years. The distributions are quite symmetric, 
except for outliers such as Cobb,  Williams, and 
Brett. While the mean batting average has been held 
roughly constant by rule changes and the balance 
between hitting and pitching, the standard deviation 
has dropped over time. Here are the facts:6

Decade Mean Standard deviation

1910s 0.266 0.0371

1940s 0.267 0.0326

1980s 0.261 0.0317

 Who had the best performance for the decade he 
played? Explain your reasoning.

Applying the Concepts
19. Setting speed limits According to the Los Angeles 

Times, speed limits on California highways are set 
at the 85th percentile of vehicle speeds on those 
stretches of road. Explain to someone who knows 
little statistics what that means.

20. Percentile pressure Larry came home very excited after 
a visit to his doctor. He announced proudly to his wife, 
“My doctor says my cholesterol level is at the 90th 
percentile among men like me. That means I’m bet-
ter off than about 90% of similar men.” How should 
his wife, who has taken statistics, respond to Larry’s 
statement?

21. Wear your helmet! Many athletes (and their parents) 
worry about the risk of concussions when playing 
sports. A football coach plans to obtain specially 
made helmets for his players that are designed to 
reduce the chance of getting a concussion. Here are 
a dotplot and numerical summaries of the head cir-
cumference (in inches) of each player on the team.

Head circumference (in.)
21 21.5 22 22.5 23 23.5 24 24.5 25 25.5

d
d d dd d d d

d
d

d
dddddddddd

d
d

d
d

d
d

d
d

d

n Mean SD Min Q1 Med Q3 Max

30 22.697 1.07 20.8 22 22.65 23.4 25.6

(a) Connor, the team’s starting quarterback, has a 
head circumference of 24.0 inches. Find Connor’s 
 percentile. Interpret this value.

(b) Find and interpret the standardized score (z-score) 
for Connor’s head circumference.

(c) In the distribution of players’ heights, Connor’s 
z-score is 0.87. Is Connor’s head circumference rel-
atively large for his height? Explain your reasoning.

22. Long jump There were 40 athletes competing in the 
long jump at a major track meet. The meet official 
recorded the distance, to the nearest centimeter, of 
each athlete’s best jump. Here are a dotplot and some 
numerical summaries of the data.

580 585575565 570

Long-jump distance (cm)

n Mean SD Min Q1 Med Q3 Max

40 577.3 4.713 564 574.5 577 581.5 586

(a) Sedona was one of the athletes at this meet. Her 
best long jump measured 571 centimeters. Find 
Sedona’s percentile. Interpret this value.

(b) Find and interpret the standardized score (z-score) 
for Sedona’s best long jump.

(c) In the distribution of high jump performances at 
the meet, Sedona’s z-score was −1.03. Which of her 
jumps was better? Explain your reasoning.

23. Big or little? Mrs. Munson wants to know how 
her son’s height and weight compare with those of 
other boys his age. She uses an online calculator to 
determine that her son is at the 48th percentile for 
weight and the 76th percentile for height. Explain 
to Mrs. Munson what these values mean.

24. Run faster Peter is a star runner on the track team. In 
the league championship meet, Peter records a time 
that would fall at the 80th percentile of all of his 
race times that season. But his performance places 
him at the 50th percentile in the league champion-
ship meet. Explain how Peter’s performances com-
pare. (Remember that shorter times are better in this 
scenario!)

Extending the Concepts
A cumulative relative frequency graph plots a point corre-
sponding to the percentile of a given value in a distribution 
of quantitative data. Consecutive points are then con-
nected with a line segment to form the graph. This graph 
can be used to describe the location of an individual value 
in a distribution or to find a specific percentile of the dis-
tribution. Exercises 25 and 26 involve cumulative relative 
frequency graphs.

25. Household income The cumulative relative fre-
quency graph describes the distribution of median 
household incomes in the 50 states in 2018.7
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L E S S O N  2.2  •  Transforming Data 97

   (a)   The median household income in North Dakota in 
2018 was $66,505. Estimate North Dakota’s percentile.  

  (b)   Maine is at the 30th percentile of the distribution. 
Estimate its median household income in 2018.     

  26. Light life  The cumulative relative frequency graph 
describes the lifetimes (in hours) of 200 lamps. 8 
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   (a)   Estimate the percentile for a lamp that lasted 900 hours.  

  (b)   Estimate the 60th percentile of this distribution.     

  27.   Medical exam results  People with low bone density 
have a high risk of broken bones. Currently, the most 
common method for testing bone density is dual- 
energy X-ray absorptiometry (DEXA). A patient 
who undergoes a DEXA test usually gets bone den-
sity results in grams per square centimeter   (g/cm )2    
and in standardized units.

 Judy, who is 25 years old, has her bone density 
measured using DEXA. Her results indicate a bone 
density in the hip of   948 g/cm2  and a standardized 
score of   1.45= −z   . In the population of 25-year-old 
women like Judy, the mean bone density in the hip 
is   956 g/cm2  . 9  

   (a)   Judy has not taken a statistics class in a few years. 
Explain in simple language what the standardized 
score tells her about her bone density.  

  (b)   Use the information provided to calculate the stan-
dard deviation of bone density in the population of 
25-year-old women.      

    Recycle and Review   
   28. Birthrates in Africa (1.6, 1.7, 1.8)  One of the import-

ant factors in determining population growth rates 
is the birthrate per 1000 individuals in a population. 
Here are a dotplot and five-number summary for the 
birthrates per 1000 individuals in 54 African nations.

 

18 24 30 36 42 48 54
Birthrate (per 1000 population)
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 Min    Q1    Med    Q3    Max 

 14  29  37.5  41  53 

   (a)   Construct a boxplot for these data.  

  (b)   Suppose the maximum value of 53 was in error and 
should have been 45. For each statistic, indicate whether 
this correction would result in an increase, a decrease, 
or no change. Justify your answer in each case.

•    Mean  

•   Median  

•   Standard deviation  

•   Interquartile range             

     Lesson   2.2 
Transforming Data   

   L E A R N I N G  T A R G E T S  

   •   Describe the effect of adding or subtracting a constant on a distribution 
of quantitative data.  

•   Describe the effect of multiplying or dividing by a constant on a distribution 
of quantitative data.  

•   Analyze the effect of adding or subtracting a constant and multiplying or 
dividing by a constant on measures of center, location, and variability.    
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C H A P T E R  2  • Modeling One-Variable Quantitative Data98

It is sometimes useful to transform data when analyzing the distribution of a quanti-
tative variable. We may want to change the units of measurement for a data set from 

kilograms to pounds (1 kg 2.2 1b)≈ , or from Fahrenheit to Celsius ° = ° −








C

5

9
( F 32) .  

Or perhaps a measuring device is calibrated wrong, so we have to add a constant to 
each data value to get accurate measurements. What effect do these kinds of trans-
formations—adding or subtracting; multiplying or dividing—have on the shape, 
center, and variability of a distribution?

Effect of Adding or Subtracting a Constant
There are 30 students in Mr. Tabor’s statistics class. He gives them a test worth 50 
points. Here is a dotplot of the students’ scores along with some numerical summaries.

n IQRMin Med Max Rangesx Q1 Q3

30 35.8 8.17 12 32 37 41 48 9 36Score

d d d d d d d d d d d d d ddddd

d d d d d

d d d

d

d d

d

10 15 20 25 30 35 40 45 50

Score

x−

Suppose Mr. Tabor was nice and added 5 points to each student’s test score. How 
would this affect the distribution of scores? Figure 2.1 shows graphs and numerical 
summaries for the original test scores and adjusted scores.

Adjusted

Original

10 15 20 25 30 35 40 45 50 55

d d d d d d d d d d d d d d d d d d

dd d d ddd d d d d d d d d d

d d d d d d d
d d d

d

d

d d

d d d d d d d
d d d

d

d

Score

Adjusted

Original

30 40.8 8.17 17 37 42 46 53 9 36

30 35.8 8.17 12 32 37 41 48 9 36

n IQRMin Med Max Rangesx Q1 Q3x−

From both the graph and summary statistics, we can see that measures of center (mean 
and median) and other measures of location (min, , , and max)1 3Q Q  increased by 5 points. 
The shape of the distribution did not change. Nor did the variability of the  distribution—
the range, the standard deviation, and the interquartile range all stayed the same.

As this example shows, adding the same positive number to each value in a data 
set shifts the distribution to the right by that number. Subtracting a positive constant 
from each data value would shift the distribution to the left by that constant.

FIGURE 2.1 Dotplots 
and summary statistics 
for the original scores 
and adjusted scores (with 
5 points added) on Mr. 
Tabor’s statistics test.

Analyzing the effect of adding or subtracting a constant
Adding the same positive number a to (subtracting a from) each observation:

■ Adds a to (subtracts a from) measures of center and other measures of location (mean, 
five-number summary)

■ Does not change measures of variability (range, standard deviation, IQR)

■ Does not change the shape of the distribution
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L E S S O N  2.2  •  Transforming Data 99

  Figure 2.2   confirms the results of the example.  
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   What about outliers? You can check that the four highest guesses—27, 35, 38, and 40 
meters—are outliers by the   1.5 × IQR   rule. The same individuals will still be outliers 
in the distribution of error, but their values will each be decreased by 13 meters: 14, 
22, 25, and 27 meters.  

  EXAMPLE 

 How wide is this room? 

 Effect of adding/subtracting a constant      

        PROBLEM:      Soon after the metric system was introduced in 
 Australia, a group of students was asked to guess the width 
of their classroom to the nearest meter. Here is a dotplot of 
the data along with some numerical summaries.          

  The actual width of the room was 13 meters. We can 
examine the distribution of students’ errors by defining 
a new variable as follows:   error guess 13= −   . Note 
that a negative value for error indicates that a 
 student’s guess for the width of the room was 
too small.  

   (a)   What shape would the distribution of error have?  

  (b)   Find the mean and median of the distribution 
of error.  

  (c)   Find the standard deviation and interquartile 
range of the distribution of error.    

   SOLUTION:  

   (a)   The same shape as the original distribution of guesses: skewed 
to the right with two distinct peaks.  

  (b)    − =Mean :16.02 13 3.02meters;  

    Median :15 13 2meters.− =     

  (c)   Standard deviation: 7.14 meters;  IQR : 6 meters.      

  FOR PRACTICE    TRY EXERCISE 5.    
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  Subtracting 13 from each data value doesn’t 
change the shape of the distribution.  

  It is not a surprise that the mean is greater than 
the median in this right-skewed distribution.  

  Subtracting a constant doesn’t affect measures 
of variability.  

FIGURE   2.2    Dotplots 
and summary statis-
tics for the Australian 
students’ guesses of 
classroom width and the 
errors in their guesses, in 
meters.  
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C H A P T E R  2  • Modeling One-Variable Quantitative Data100

Effect of Multiplying or Dividing by a Constant
Suppose that Mr. Tabor wants to convert his students’ test scores to percentages. 
Because the test was worth 50 points, he multiplies each adjusted test score by 2 to 
get a student’s score out of 100 points. (Note that, with the 5-point adjustment prior 
to doubling, one student ended up with a final score of 106!) Figure 2.3 shows graphs 
and numerical summaries for the adjusted scores and doubled scores.
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FIGURE 2.3 Dotplots 
and summary statistics 
for the adjusted scores 
(out of 50) and doubled 
scores (out of 100) on  
Mr. Tabor’s statistics test.

n x sx Min Q1 Med Q3 Max IQR Range

Adjusted 30 40.8  8.17 17 37 42 46  53  9 36

Doubled 30 81.6 16.34 34 74 84 92 106 18 72

From the graphs and summary statistics, we can see that the measures of center, 
location, and variability have all doubled, just like the individual data values. But the 
shape of the two distributions is the same. Multiplying or dividing each value in a 
data set by a positive constant stretches (or compresses) the distribution by that factor.

Analyzing the effect of multiplying or dividing by a constant

Multiplying (or dividing) each data value by the same positive number b:

■ Multiplies (divides) measures of center and location (mean, five-number summary) 
by b

■ Multiplies (divides) measures of variability (range, standard deviation, IQR) by b

■ Does not change the shape of the distribution

It is not common to multiply (or divide) each data value by a negative number b. 
Doing so would multiply (or divide) the measures of variability by the absolute value 
of b. We can’t have a negative amount of variability! Multiplying or dividing by a 
negative number would also affect the shape of the distribution, as all values would 
be reflected over the y axis.

EXAMPLE

How far off were our guesses?

Effect of multiplying/dividing by a constant

PROBLEM: Refer to the “How wide is this room?” example. The graph and numerical summaries here 
describe the distribution of the Australian students’ guessing error (in meters) when they tried to estimate 
the width of their classroom.
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L E S S O N  2.2  •  Transforming Data 101

   44 3.02 7.14 –5 –2 2 4 27 6 32Error (m)

n IQRMin Med Max Rangesx Q1 Q3x−

dddddddddddddd
ddddddddd

ddddddd
dddd

dd
d
d
d

d

d d d d

–5 0 5 10 15 20 25 30

Error (m)

  

 Because the students are having some difficulty with the metric system, it may not be helpful to tell 
them that their guesses tended to be about 2 meters too high. Let’s convert the error data to feet 
before we report back to them. 

 There are roughly 3.28 feet in a meter. So, for the student whose error was   5 meters−   , that 
 translates to 

   − × = −5 meters
3.28 feet

1meter
16.4 feet   

 To change the units of measurement from meters to feet, we multiply each of the error values by 3.28. 

   (a)   What shape would the resulting distribution of error have?  

  (b)   Find the median of the distribution of error in feet.  

  (c)   Find the interquartile range of the distribution of error in feet.    

   SOLUTION:  

   (a)   The same shape as the original distribution of guesses: 
skewed to the right with two distinct peaks.  

  (b)     Median 2 3.28 6.56 feet= × =     
  (c)     = × =IQR 6 3.28 19.68 feet      

  FOR PRACTICE    TRY EXERCISE 9.    

  Multiplying each data value by 3.28 doesn’t 
change the shape of the distribution.  

  Figure 2.4   confirms the results of the example.  
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   Putting It All Together: Adding/Subtracting 
and Multiplying/Dividing  
 What happens if we transform a data set by both adding or subtracting a constant and 
multiplying or dividing by a constant? We just use the facts about transforming data 
that we’ve already established and the order of operations.  

FIGURE   2.4    Dotplots 
and summary statistics 
for the errors in Austra-
lian students’ guesses 
of classroom width, in 
meters and in feet.  
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C H A P T E R  2  • Modeling One-Variable Quantitative Data102

  EXAMPLE 

  Too cool at the cabin?  

  Analyzing the effects of transformations   

   PROBLEM:      During the winter months, the 
temperatures at the Starnes’s Colorado cabin 
can stay well below freezing   ° °(32 F or 0 C)   for 
weeks at a time. To prevent the pipes from 
freezing, Mrs. Starnes sets the thermostat at 
  °50 F  . She also buys a digital thermometer that 
records the indoor temperature each night 
at midnight. Unfortunately, the thermometer 
is programmed to measure the temperature 
in degrees Celsius. A dotplot and numerical 
summaries of the midnight indoor temperature 
readings for a 30-day period are shown here.       

 Use the fact that   ° = ° +F
9

5
( C) 32   to help you answer the following questions. 

   (a)   Find the mean indoor temperature in degrees Fahrenheit. Does the thermostat setting seem accurate?  

  (b)   Calculate the standard deviation of the indoor temperature readings in degrees Fahrenheit. Interpret 
this value.    

   SOLUTION:  

   (a)     =






 + = °Mean

9

5
(8.43) 32 47.17 F.   The thermostat doesn’t 

seem to be very accurate. It is set at   °50 F  , but the mean indoor 
temperature over the 30-day period is about   °47 F  .  

  (b)     =






 = °SD

9

5
(2.27) 4.09 F.   The temperature readings 

typically vary from the mean by about   °4 F   . That’s a lot of 
variation!    

  FOR PRACTICE    TRY EXERCISE 13.    

  Temperature 30 8.43 2.27 3.00 7.00 8.50 10.00 14.00

n Min Median MaxSD Q1 Q3Mean

d d d d d d d d d

d d d d d d

d d d

d d d

d

d

d

d

d

d d

d

d

0 2 4 6 8 10 12 14 16

Temperature (ºC)

  Multiplying each observation by 9/5 multiplies 
the standard deviation by 9/5. However, adding 
32 to each observation doesn’t affect the 
variability.  

    THINK ABOUT IT           What happens if we standardize  all  the values in a  distribution 
of quantitative data?  Here is a dotplot of the adjusted test scores for the 30 students in 
Mr. Tabor’s statistics class, along with some numerical summaries:     

     Adjusted test score
10 15 20 25 30 35 40 45 50 55

d
d

d
d

d
d

d
d
d

d
d
d

d
d
d

d
d

d
ddddddddd dd d

30

n

40.8

x

8.17

sx

 We calculate the standardized score for each student using 

z
score 40.8

8.17
=

−

 Many other types of transformations can be very useful when analyzing data. We 
have only studied what happens when you transform data by adding, subtracting, 
multiplying, or dividing by a constant. 
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L E S S O N  2.2  •  Transforming Data 103

 In other words, we subtract 40.8 from each student’s adjusted test score and then divide 
by 8.17. What effect do these transformations have on the shape, center, and variability 
of the distribution? 

 Here is a dotplot of the class’s  z -scores. Let’s describe the distribution.     

 z-score
–3.0 –2.5 –2.0 –1.5 –1.0 –0.5 0.0 0.5 1.51.0 2.0

d
d

d
d

d
d

d
d
d

d
d
d

d
d
d

d
d

d
d d ddddddd d d d

30

n sx

0 1

x

    

 • Shape:   The shape of the distribution of z-scores is the same as the shape of the distribution 
of adjusted test scores —skewed to the left. Neither subtracting a constant nor dividing 
by a constant changes the shape of the graph.  

 •    Center:   The mean of the distribution of z-scores is 0.  Subtracting 40.8 from each adjusted 
test score would reduce the mean from 40.8 to 0. Dividing each of these new data 
values by 8.17 would divide the new mean of 0 by 8.17, which still yields a mean of 0.  

 •    Variability:   The standard deviation of the distribution of z-scores is 1.  Subtracting 40.8 
from each adjusted test score does not affect the standard deviation. However, divid-
ing all of the resulting values by 8.17 would divide the original standard deviation of 
8.17 by 8.17, yielding 1.  

  We would get the same results no matter what the original distribution looks like: the 
distribution of z-scores always has the same shape as the original distribution, a mean of 
0, and a standard deviation of 1.  

 How fast does light travel?           

 Light travels fast, but it is not transmitted instantly. 
Light takes over a second to reach us from the moon 
and over 12 billion years to reach us from the most 
distant objects in the universe. Because radio waves 
and radar also travel at the speed of light, having 
an accurate value for that speed is important in 
communicating with astronauts and satellites in 
orbit. An accurate value for the speed of light is also 
important to computer designers because elec-
trical signals travel at light speed. The first reason-
ably accurate measurements of the speed of light 
were made between July and September 1882 by 
A. A. Michelson and Simon Newcomb. 10  

 Newcomb made 66 measurements of the 
time in seconds that a light signal took to pass 
from his laboratory on the Potomac River to a 
mirror at the base of the Washington Monument 
and back, a total distance of about 7400 meters. 
 Newcomb’s first measurement of the passage time 
of light was 0.000024828 second, or 24,828 nano-
seconds. (There are   10 19 =    billion nanoseconds 
in a second.) To keep the numbers manageable, 

we converted them to deviations from 24,800 
nanoseconds. So Newcomb’s first measurement is 
recorded as 28. The minimum value of   44−    corres-
ponds to a  measurement of 24,756 nanoseconds. 
The  following figure provides a histogram and 
 numerical summaries for these data.     

    L E S S O N  A P P    2 . 2   
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C H A P T E R  2  • Modeling One-Variable Quantitative Data104

      Suppose we convert the passage time measure-
ments to nanoseconds by adding 24,800 to each 
data value. 

   1.   What shape would the resulting distribution have?  

  2.   Find the median of the distribution in nanoseconds.  

  3.   Find the interquartile range ( IQR ) of the distribution 
in nanoseconds.

   After performing the transformation to nanoseconds, 
we could convert the measurements from nanoseconds 
to seconds by dividing each value by   109  .     

  4.   Describe the shape, center (median), and variability 
( IQR ) of this distribution.  

5. Challenge:  Use the information provided to estimate 
the speed of light in meters per second. Be prepared 
to explain the method you used.     

Passage time (deviations from 24,800 nanoseconds)

Fr
eq

ue
nc

y

–45
0

5

10

15

20

25

30

–30 –15 0 15 30 45

n
66 26.21 10.75 –44 24 27 31 40

Mean SD Min Med MaxQ1 Q3

     Lesson   2.2     

 W H A T  D I D  Y O U  L E A R N ? 
 LEARNING TARGET  EXAMPLES  EXERCISES 

 Describe the effect of adding or subtracting a constant on a 
distribution of quantitative data. 

  p. 99   5–8 

 Describe the effect of multiplying or dividing by a constant on a 
distribution of quantitative data. 

  p. 100   9–12 

 Analyze the effect of adding or subtracting a constant and 
multiplying or dividing by a constant on measures of center, 
location, and variability. 

  p. 102   13–16 

    Building Concepts and Skills   
   1.   Give a possible reason for transforming data when 

analyzing the distribution of a quantitative variable.  

  2.   True/False: Adding a positive constant to each 
value in a quantitative data set does not affect mea-
sures of variability.  

  3.   If each value in a quantitative data set is divided by a 
positive constant, which characteristic(s) of the distri-
bution would not change: shape, center, or variability?  

  4.   If a distribution of quantitative data with mean 10 
and standard deviation 2 is converted to  z -scores, the 
new distribution would have mean      
and standard deviation      .    

    Mastering Concepts and Skills   
   5.      Step right up!  A dotplot of the distribution of height 

for Mrs. Nataro’s class is shown, along with some 
numerical summaries of the data.

 

n sx Q1 Q3Variable Min Med Max

Height 25 67 4.29 60 63 66 70 75

x−

d d d d d d d d d d d d d

d d d
d

d d d d d d d d

60 62 64 66 68
Height (in.)

70 72 74

        

 Suppose that Mrs. Nataro has the entire class 
stand on a 6-inch-high platform and then asks the 

 pg   99 

Lesson 3.1   Exercises    
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L E S S O N  2.2  •  Transforming Data 105

students to measure the distance from the top of 
their heads to the ground. 

   (a)   What shape would this distribution of distance 
have?  

  (b)   Find the mean and median of the distribution of 
distance.  

  (c)   Find the standard deviation and interquartile range 
(IQR) of the distribution of distance.    

  6. Long jump  There were 40 athletes competing in the 
long jump at a major track meet. The meet official 
recorded the distance, to the nearest centimeter, of 
each athlete’s best jump. Here are a dotplot and 
some numerical summaries of the data.

    40

Mean

577.3

SD

4.713

Min

564 574.5

Med

577 581.5

Maxn Q1 Q3

586

580 585575565 570

Long-jump distance (cm)

     

 The meet official realized that he measured 
all the jumps from the back of the board instead of 
the front. Thus, he had to subtract 20 centimeters 
from each jump to get the correct measurement. 

   (a)   What shape would the distribution of corrected 
long-jump distance have?  

  (b)   Find the mean and median of the distribution of 
corrected long-jump distance.  

  (c)   Find the standard deviation and  IQR  of the distri-
bution of corrected long-jump distance.    

  7. Teacher raises  A school system employs teachers at 
salaries between $38,000 and $70,000. The teach-
ers’ union and school board are negotiating the 
form of next year’s increase in the salary schedule. 
Suppose that every teacher is given a $1000 raise. 
What effect will this raise have on each of the fol-
lowing characteristics of the resulting distribution 
of salary?

   (a)   Shape  

  (b)   Mean and median  

  (c)   Standard deviation and interquartile range     

  8. Used cars, cheap!  A used-car salesman has 28 
cars in his inventory, with prices ranging from 
$11,500 to $25,000. For a Labor Day sale, he 
reduces the price of each car by $500. What effect 
will this reduction have on each of the following 
characteristics of the resulting  distribution of 
price?

   (a)   Shape  

  (b)   Mean and median  

  (c)   Standard deviation and interquartile range     

  9. Taller by the inch  Refer to  Exercise 5 . Suppose that 
you convert the class’s heights from inches to centi-
meters   (1 in. 2.54 cm)=   .

   (a)   What shape would the resulting distribution of 
height have? Explain your answer.  

  (b)   Find the mean of the distribution of height in 
centimeters.  

  (c)   Find the standard deviation of the distribution of 
height in centimeters.     

  10. Jump up!  Refer to  Exercise 6 . Suppose that the 
corrected long-jump distances are converted from 
centimeters to meters (note that   100 cm 1 m=   ).

   (a)   What shape would the resulting distribution have? 
Explain your answer.  

  (b)   Find the mean of the distribution of corrected long-
jump distance in meters.  

  (c)   Find the standard deviation of the distribution of 
corrected long-jump distance in meters.     

  11. Making more money  Refer to  Exercise 7 . Suppose each 
teacher receives a   5%   raise instead of a $1000 raise. 
What effect will this raise have on each of the following 
characteristics of the resulting distribution of salary?

   (a)   Shape  

  (b)   Median  

  (c)   Interquartile range     

  12. Used cars, cheaper!  Refer to  Exercise 8 . Suppose each 
car’s price is reduced by   10%   instead of by $500. What 
effect will this discount have on each of the following 
characteristics of the resulting distribution of price?

   (a)   Shape  

  (b)   Mean  

  (c)   Standard deviation     

  13. Cool pool?  Coach Ferguson uses a thermometer to 
measure the temperature (in degrees Fahrenheit) at 20 
different locations in the school swimming pool. An 
analysis of the data yields a median of   77 F°    and an 

interquartile range of   5 F°   . Recall that   ° = ° −C
5

9
( F 32)  .

   (a)   Find the median temperature reading in degrees 
Celsius.  

  (b)   Calculate the interquartile range of the temperature 
readings in degrees Celsius.     

  14. Measure up  Clarence measures the diameter of each 
tennis ball in a bag with a standard ruler. Unfortu-
nately, he uses the ruler incorrectly so that each of his 
measurements is 0.2 inch too large. Clarence’s data 
had a mean of 3.2 inches and standard deviation of 
0.1 inch. Recall that   1 inch 2.54 centimeters=   .

   (a)   Find the mean of the corrected measurements in 
centimeters.  

  (b)   Calculate the standard deviation of the corrected 
measurements in centimeters.     

 pg  100 

 pg  102 
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C H A P T E R  2  • Modeling One-Variable Quantitative Data106

15. Big tipper? When Sam goes to a restaurant, he 
always tips the server $2 plus 15% of the cost of the 
meal. Suppose that Sam’s distribution of meal costs 
has a mean of $9 and standard deviation of $3.

(a) Find the mean of his distribution of tip amount.

(b) Calculate the standard deviation of his distribution 
of tip amount.

16. Acid rain? Rainwater was collected in water recep-
tacles at 30 different sites near an industrial com-
plex, and the amount of acidity (pH level) was 
measured. The median and interquartile range of 
the values are 4.60 and 2.10, respectively. When the 
pH meter was recalibrated back at the laboratory, 
it was found to be in error. The error can be cor-
rected by adding 0.1 pH unit to all of the values 
and then multiplying the result by 1.2.

(a) Find the median of the corrected distribution of 
acidity (pH).

(b) Calculate the interquartile range of the corrected 
distribution of acidity (pH).

Applying the Concepts
17. Wear your helmet! Many athletes (and their parents) 

worry about the risk of concussions when playing 
sports. A football coach plans to obtain specially 
made helmets for his players that are designed to 
reduce the chance of getting a concussion. Here are 
a dotplot and numerical summaries of the head cir-
cumference (in inches) of each player on the team.

n

30 22.697 1.07 20.8 22 22.65 23.4 25.6

Mean SD Min Med MaxQ1 Q3

Head circumference (in.)
21 21.5 22 22.5 23 23.5 24 24.5 25 25.5

d
d d dd d d d

d
d

d
dddddddddd

d
d

d
d

d
d

d
d

d

The team manager made an unfortunate mistake 
when measuring the head circumferences: Each 
measurement is 1.5 inches too small.

(a) What shape would the distribution of corrected 
head circumference have?

(b) Find the mean of the distribution of corrected head 
circumference.

(c) Find the range of the distribution of corrected head 
circumference.

Now suppose the corrected head circumfer-
ence of each player is converted from inches to feet 
(1 ft 12 in.)= .

(d) Describe the shape, center (mean), and variability 
(range) of this distribution.

18. Large fries Ryan and Brent were curious about the 
amount of french fries they would get in a large 
order from their favorite fast-food restaurant, 
Burger King. They went to several different Burger 
King restaurants over a series of days and ordered 
a total of 14 large fries. Here are a doplot and 
numerical summaries of the weight of each order 
(in grams).

n

14 165.571 5.571 152 163 166.5 170 173

Mean SD Min Med MaxQ1 Q3

Weight (g)
152 154 156 158 160 162 164 166 168 170 172

d
d

d
d

d d ddddddd
d

According to a nutrition website, Burger King’s large 
fries weigh 160 grams, on average. To compare the 
amount of fries they got to Burger King’s claim, 
Ryan and Brent decide to subtract 160 from each 
data value.

(a) What shape would the distribution of transformed 
weights have?

(b) Find the mean of the distribution of transformed 
weights.

(c) Find the range of the distribution of transformed 
weights.

Now suppose the transformed weights are 
converted from grams to ounces (1 oz 28.35 g)= .

(d) Describe the shape, center (mean), and variability 
(range) of this distribution.

19. Taxi! In 2019, taxicabs in Los Angeles charged an 
initial fee of $2.85 plus $2.70 per mile. In equa-
tion form, Fare 2.85 2.7(miles)= + . At the end of 
a month, a businessman collects all his taxicab 
receipts and calculates some numerical summaries. 
The mean fare he paid was $15.45 with a stan-
dard deviation of $10.20. What are the mean and 
standard deviation of the length of his cab rides in 
miles?

20. Sticky business From their dorm rooms, a group of 
college students runs a small company selling water 
bottle stickers. Each student buys a printer that 
costs $200. The blank stickers and ink cost $0.50 
per printed sticker. The water bottle stickers sell for 
$1, so each student’s profit is given by the equation 

= − +Profit 200 0.50(number of stickers sold). In the 
first two years of the business, the mean profit for 
this group of college students was $85.50 with a 
standard deviation of $15.25. What are the mean 
and standard deviation of the number of stickers 
sold by individual students?
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L E S S O N  2.3  •  Density Curves and the Normal Distribution 107

    Extending the Concepts   
   21. Quiz time  The scores on Ms. Martin’s statistics 

quiz had a mean of 12 and standard deviation of 3. 
Ms. Martin wants to transform the scores, so they 
have a mean of 75 and standard deviation of 12. 
What transformations should she apply to each test 
score? Explain your reasoning.    

    Recycle and Review   
   22. Rise and shine! (1.4)  Mr. Wilder teaches two sec-

tions of Introductory Statistics, and he’s curious 
whether the 9:00  a.m . class is more alert and pro-
ductive than the class that meets right after lunch 
at 1:00  p.m . The table gives the grades (out of 68 
points) for each section on the first test of the term.

 9:00  A.M . 
Class: 

 68  67  22  58  66  67  52  41  45  59  40  35 

 44  62  24  66  61  67  46  50  48  60  39  38 

 1:00  P.M . 
Class: 

 24  50  55  55  44  44  34  47  68  57  52  64 

 66  40  45  60  52  56  38  41  52  40  43  66 

   (a)   Make back-to-back stemplots of the two distri-
butions of test grades.  

  (b)   Compare the distributions.     

  23. Did you sleep through lunch? (1.8)  Refer to 
  Exercise 22 . Use the   1.5 × IQR   rule to determine 
if there are any outliers in the distribution of test 
grades for the 1:00  p.m . class.       

 In  Chapter 1 , we developed graphical and numerical tools for describing distributions 
of quantitative data. Our work gave us a clear strategy for exploring data on a single 
quantitative variable. 

 •    Always plot your data: make a graph—usually a dotplot, stemplot, or histogram.  

 •   Look for the overall pattern (shape, center, variability) and for striking departures 
such as outliers.  

 •   Calculate numerical summaries to describe center and variability.   

 In this lesson, we add one more step to this strategy. 

 •    When there’s a regular overall pattern, use a simplified model called a  density curve
to describe it.   

     Lesson   2.3 
Density Curves and the 
Normal Distribution   

   L E A R N I N G  T A R G E T S  

   •   Use a density curve to model a distribution of quantitative data.  

•   Identify the relative locations of the mean and median of a distribution from a 
density curve.  

•   Draw a normal curve to model a distribution of quantitative data.     
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C H A P T E R  2  • Modeling One-Variable Quantitative Data108

Density Curves
Selena works at a bookstore in the Denver International Airport. She takes the airport 
train from the main terminal to get to work each day. The airport just opened a new 
walkway that would allow Selena to get from the main terminal to the bookstore in 
4 minutes. She wonders if it will be faster to walk or take the train to work.

Figure 2.5(a) shows a dotplot of the amount of time it has taken Selena to get to 
the bookstore by train each day for the last 1000 days she worked. To estimate the 
percent of days on which it would be quicker for her to take the train, we could find 
the percent of dots (marked in red) that represent journey times less than 4 minutes. 
Surely there’s a simpler way than counting all those dots!

Another approach is to model the dotplot with a density curve, like the one in 
Figure 2.5(b). We can use the red shaded area under the density curve to approximate 
the proportion of red dots in Figure 2.5(a).

You might wonder why the density curve is drawn at a height of 1/3. That’s so the 
rectangular area under the density curve between 2 minutes and 5 minutes is equal to

× = × = =base height 3 1/3 1.00 100%

representing 100% of the observations in the distribution shown in Figure 2.5(a).

Journey time (min)
2.0 2.5 3.0 3.5 4.0 4.5 5.0

Journey time (min)
2.0 2.5 3.0 3.5 4.0 4.5 5.0

Height = 
3
1

Density curve

FIGURE 2.5 (a) Dotplot of Selena’s travel time via train from the Denver airport main terminal to the book-
store where she works for each of 1000 days. The red dots indicate times when it took her less than 4 minutes 
to get to work. (b) Density curve modeling the dotplot in part (a). The red shaded area estimates the propor-
tion of times that it took Selena less than 4 minutes to get to work via airport train.

(a) (b)

D E F I N I T I O N  Density curve
A density curve models the distribution of a quantitative variable with a curve that:

• is always on or above the horizontal axis.

• has an area of exactly 1 underneath it.

The area under the curve and above any interval of values on the horizontal axis esti-
mates the proportion of all observations that fall in that interval.

The red shaded area under the density curve in Figure 2.5(b) gives a good approx-
imation for the proportion of times that it took Selena less than 4 minutes to get to 
work via the airport train:

= × = × = = =area base height 2 1/3 2/3 0.667 66.7%

So we estimate that it would be quicker for Selena to take the train to work on about 
66.7% of days. In fact, on 669 of the 1000 days, Selena’s journey from the terminal to 
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L E S S O N  2.3  •  Density Curves and the Normal Distribution 109

the bookstore took less than 4 minutes. That’s   669/1000 0.669 66.9%= =   —very close 
to the estimate we got using the density curve. 

 Recall from  Chapter 1  that we can describe the distribution of journey times in 
 Figure 2.5(a)  as approximately uniform. The density curve in  Figure 2.5(b)  is called a 
 uniform density curve  because it has constant height.  

 Uniform and random decimals? 

 Modeling with density curves  

   PROBLEM:      Suppose you use a calculator or computer random number generator to produce a number 
between 0 and 4 (like 0.84522 or 3.1111119). The random number generator will spread its output uniformly 
across the entire interval from 0 to 4 as we allow it to generate a long sequence of random numbers. 

   (a)   Draw a density curve to model this distribution of random numbers. Be sure to include scales on both axes.  

  (b)   About what percent of the randomly generated numbers will be between 0.87 and 2.55?  

  (c)   Find the 65th percentile of this distribution of random numbers.    

   SOLUTION:     

   (a)   

          

  (b) 

             = − × = =Area (2.55 0.87) 1/4 0.42 42%     

  (c)  

           = − ×
=
=

0.65 ( 0) 1/4
0.65 (1/4)
2.60

x
x

x

     

   EXAMPLE 

  FOR PRACTICE    TRY EXERCISE 7.      

Random number
0 0.87 2.55 4

4
1Height  =

Random number
0 x 4

Area = 0.65

4
1Height  =

Random number
0 4

4
1Height  =

 No set of quantitative data is exactly described by a density curve. The curve is 
an approximation that is easy to use and accurate enough in most cases. The density 
curve simply smooths out the irregularities in the distribution.  

    The height of the curve needs to be   1/4   so that 

    = ×
= × =

Area base height
4 1/4 1    

   × =proportion 100 percent   
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C H A P T E R  2  • Modeling One-Variable Quantitative Data110

Describing Density Curves
Density curves come in many shapes. As with the distribution of a quantitative vari-
able, we start by looking for rough symmetry or clear skewness. Then we identify any 
clear peaks. Figure 2.6 shows three density curves with distinct shapes.

Skewed to the left,
single-peaked

Roughly symmetric,
double-peaked

Skewed to the right,
single-peaked

FIGURE 2.6 Density 
curves with different 
shapes. Some people 
refer to graphs with a sin-
gle peak as unimodal and 
to graphs with two clear 
peaks as bimodal.

Our measures of center and variability apply to density curves as well as to distri-
butions of quantitative data. Recall that the mean is the balance point of a distribu-
tion. Figure 2.7 illustrates this idea for the mean of a density curve.

No! No! Yes!FIGURE 2.7 The mean 
of a density curve is its 
balance point.

The median of a distribution of quantitative data is the point with half the obser-
vations on either side. Similarly, the median of a density curve is the point with half of 
the area on each side.

D E F I N I T I O N  Mean and median of a density curve
The mean of a density curve is the point at which the density curve would balance if 
made of solid material.

The median of a density curve is the equal-areas point, the point that divides the area 
under the curve in half.

A symmetric density curve balances at its midpoint because the two sides are iden-
tical. So the mean and median of a symmetric density curve are equal, as in Figure 
2.8(a). It isn’t so easy to spot the equal-areas point on a skewed density curve. We used 
technology to locate the median in Figure 2.8(b). The mean is greater than the median 
because the balance point of the distribution is pulled toward the long right tail.

The long right tail pulls
the mean to the right
of the median.

MedianMedian and mean
Mean

(b)(a)

FIGURE 2.8 (a) The 
median and mean of a 
symmetric density curve 
both lie at the point of 
symmetry. (b) In a right-
skewed density curve, 
the mean is pulled away 
from the median toward 
the long tail.
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L E S S O N  2.3  •  Density Curves and the Normal Distribution 111

 A density curve is an idealized model for the population distribution of a quanti-
tative variable. As a result, we label the mean of a density curve as  µ  and the standard 
deviation of a density curve as  σ  . We can roughly locate the mean of any density curve 
by eye, as its balance point. No easy way exists to estimate the standard deviation for 
density curves in general. But there is one family of density curves for which we can 
estimate the standard deviation by eye.  

   Normal Distributions  
 When we examine a distribution of quantitative data, how does it compare with 
an idealized density curve?  Figure 2.9(a)   shows a histogram of the scores of all 
 seventh-grade students in Gary, Indiana, on the vocabulary part of the Iowa Test of 
Basic Skills (ITBS). 11  The scores are grade-level equivalents, so a score of 6.3 indicates 

  EXAMPLE 

 What does the left skew do? 

 Mean versus median  

   PROBLEM:      A density curve that models the distribution of a quantitative 
variable is shown. Identify the location of the mean and median by letter. 
Justify your answers.           

   SOLUTION:  

      = =Median B, Mean A   . B is the equal-areas point of the 
distribution. The mean will be less than the median due to the 
left-skewed shape.   

  FOR PRACTICE TRY    EXERCISE 11.    

  Even though C is directly under the peak of the 
curve, more than half of the area is to its left, so it 
cannot be the median.  

A B C

2 6 8 10 12

ITBS vocabulary score(a)
4 2 6 8 10 12

ITBS vocabulary score
4

(b)

normal
density
curve

FIGURE 2.9    (a) Histogram of the Iowa Test of Basic Skills (ITBS) vocabulary scores of all seventh-grade 
students in Gary, Indiana. (b) The normal density curve shows the overall shape of the distribution.  

03_StarnesSPA4e_24432_Ch02_088_153_3pp.indd   111 7/14/20   6:18 PM

©20
21

 Bed
for

d, 
Free

man
 & W

ort
h H

igh
 Sch

oo
l P

ub
lish

ers
. F

or 
rev

iew
 pu

rpo
se

s o
nly

. D
o n

ot 
dis

trib
ute

.

PAGES NOT FINAL.

©2021 Bedford, Freeman & Worth High School Publishers. 



C H A P T E R  2  • Modeling One-Variable Quantitative Data112

that the student’s performance is typical for a student in the third month of grade 6. 
The histogram is roughly symmetric, and both tails fall off smoothly from a single 
center peak. There are no large gaps or obvious outliers.

The density curve drawn through the tops of the histogram bars in Figure 2.9(b) is a 
good description of the overall pattern of the ITBS score distribution. We call it a normal 
curve. The distributions described by normal curves are called normal  distributions. In 
this case, the ITBS vocabulary scores of Gary, Indiana, seventh- graders are approxi-
mately normally distributed.

Look at the two normal distributions in Figure 2.10. They illustrate several import-
ant facts:

 • Shape: All normal distributions have the same overall shape: symmetric, single- 
peaked, and bell-shaped.

 • Center: The mean µ is located at the midpoint of the symmetric density curve and 
is the same as the median.

 • Variability: The standard deviation σ  measures the variability (width) of a normal 
distribution.

You can estimate σ  by eye on a normal density curve. Here’s how: Imagine that 
you are skiing down a mountain that has the shape of a normal distribution. At first, 
you descend at an increasingly steep angle as you go out from the peak.

Fortunately, before you find yourself going straight down, the slope begins to get 
flatter rather than steeper as you go out and down:

The points at which this change of curvature takes place are located at a distance 
σ  on either side of the mean µ. (Advanced math students know these as “inflection 
points.”) You can feel the change in curvature as you run a pencil along a normal 
curve, which will allow you to estimate the standard deviation.

D E F I N I T I O N  Normal distribution, normal curve
A normal distribution is described by a symmetric, single-peaked, bell-shaped density 
curve called a normal curve. Any normal distribution is completely specified by two 
numbers: its mean µ and standard deviation σ .

FIGURE 2.10 Two 
normal distributions, 
showing the mean µ  and 
standard deviation σ .
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L E S S O N  2.3  •  Density Curves and the Normal Distribution 113

Remember that   µ    and   σ    alone do not specify the appearance of most distributions. 
The shape of density curves in general does not reveal   σ   . These are special properties 
of normal distributions.  

cautionaution

!

2.19 3.74 5.29 6.84

σ σ

8.39 9.94 11.49

ITBS vocabulary score

 The distribution of ITBS vocabulary scores for seventh-grade students in Gary, 
Indiana, is modeled well by a normal distribution with mean   6.84µ =    and standard 
deviation   1.55σ =   . The figure shows this distribution with the points 1, 2, and 3 stan-
dard deviations from the mean labeled on the horizontal axis.           

  EXAMPLE 

 Is it a hit? 

 Graphing a normal distribution  

   PROBLEM:      In baseball, a player’s batting average is the proportion of times that the player gets a hit out 
of the total number of times at bat. The distribution of batting averages in a recent season for Major League 
Baseball players with at least 100 plate appearances can be modeled by a normal distribution with mean 
  µ = 0.261   and standard deviation   σ = 0.034  . Sketch the normal density curve. Label the mean and the points 
that are 1, 2, and 3 standard deviations from the mean.  

   SOLUTION:      

   Ba�ing average
0.159 0.193 0.227 0.261 0.295 0.329 0.363

  
  FOR PRACTICE    TRY EXERCISE 15.    

  The mean is at the midpoint of the bell-shaped 
density curve. The standard deviation (0.034) is the 
distance from the center to the change-of-curvature 
points on either side. Label the mean (0.261) and the 
points 1 SD from the mean. 

   − =1 SD: 0.261 1(0.034) 0.227      + =0.261 1(0.034) 0.295   

 Then, continue scaling the horizontal axis using the 
same increments. 

   − =2 SD: 0.261 2(0.034) 0.193     + =0.261 2(0.034) 0.329   
   − =3 SD: 0.261 3(0.034) 0.159     + =0.261 3(0.034) 0.363    
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C H A P T E R  2  • Modeling One-Variable Quantitative Data114

     Lesson   2.3    

 W H A T  D I D  Y O U  L E A R N ? 
 LEARNING TARGET  EXAMPLES  EXERCISES 

 Use a density curve to model a distribution of quantitative data.   p. 109   7–10 

 Identify the relative locations of the mean and median of a 
distribution from a density curve. 

  p. 111   11–14 

 Draw a normal curve to model a distribution of quantitative data.   p. 113   15–18 

 Still waiting for the server?           

 How does your web browser get a file from the 
Internet? Your computer sends a request for the file 
to a web server, and the web server sends back a 
response. For one particular web server, the time (in 
seconds) after the start of an hour at which a ran-
domly selected request is received can be modeled 
by a uniform distribution on the interval from 0 to 
3600 seconds. 

   1.   Draw a density curve to model the amount of 
time after an hour at which a request is received 
by the web server. Be sure to include scales on 
both axes.  

  2.   About what proportion of requests are received 
within the first 5 minutes (300 seconds) after 
the hour?  

  3.   Find the interquartile range of this distribution.  

  4.   What is the mean of the density curve? Explain 
your answer.  

  5.   What is the median of the density curve? Explain 
your answer.   

   L E S S O N  A P P    2 . 3   

  What is the median of the density curve? Explain 

M
as

so
n/

Sh
ut

te
rs

to
ck

    Building Concepts and Skills   
   1.   In this lesson, we added one more step to our strat-

egy of describing distributions of quantitative data: 
When there’s a regular     , use a sim-
plified model called a density curve to describe it.  

2.   True/False: The area under a density curve and above 
an interval of values on the horizontal axis estimates the 
proportion of all observations that fall in that interval.  

  3.   True/False: A density curve is an exact model for a 
distribution of quantitative data  

  4.   The      of a density curve is its balance 
point. The      of a density curve is the 
equal-areas point.  

  5.   True/False: For a left-skewed density curve, the 
mean will be greater than the median.  

  6.   True/False: The standard deviation of a normal distri-
bution is half the distance between the mean and the 
maximum.    

Lesson 3.1   Exercises    
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L E S S O N  2.3  •  Density Curves and the Normal Distribution 115

Mastering Concepts and Skills
7. Biking accidents Researchers collected data on the 

location of accidents along a 3-mile bike path in a 
tourist area. The distance from the start of the bike 
path to where an accident occurred can be modeled 
by a uniform distribution on the interval from 0 
miles to 3 miles.

(a) Draw a density curve to model the distance from 
the start of the bike path to where an accident 
occurred. Be sure to include scales on both axes.

(b) Aaliyah’s property adjoins the bike path between 
the 0.8 mile mark and the 1.1 mile mark. About 
what percent of accidents occurred along this sec-
tion of the path?

(c) Find the 70th percentile of this distribution.

8. Where’s the bus? Jayden takes the same bus to 
work every morning. The amount of time (in min-
utes) that he has to wait for the bus to arrive can be 
modeled by a uniform distribution on the interval 
from 0 minutes to 10 minutes.

(a) Draw a density curve to model the amount of time 
that Jayden has to wait for the bus. Be sure to 
include scales on both axes.

(b) On about what percent of days does Jayden wait 
more than 7 minutes for the bus?

(c) Find the 38th percentile of this distribution.

9. Quick, click! An Internet reaction time test asks sub-
jects to click their mouse button as soon as a light 
flashes on the screen. The light is programmed to go 
on at a randomly selected time from 2 to 5 seconds 
after the subject clicks “start.” The density curve 
models the amount of time the subject has to wait 
for the light to flash.

2 5

Time (sec) until
the light �ashes

(a) What height must the density curve have? Justify 
your answer.

(b) About what proportion of the time will the light 
turn on between 2.5 and 4 seconds after the subject 
clicks “start”?

(c) Find the first quartile 1Q  of this distribution.

10. Class is over! Mr. Wilder does not always let his sta-
tistics class out when the bell rings. In fact, he seems 
to end class according to his own “internal clock.” 
The density curve models the distribution of the 
amount of time after the bell rings (in minutes) when 
Mr. Wilder dismisses the class. (A negative value indi-
cates he dismissed his class before the bell rang.)

–1 40

Time (min) after the bell rings
when Mr. Wilder dismisses class

(a) What height must the density curve have? Justify 
your answer.

(b) About what proportion of the time does Mr. Wilder 
end class within 1 minute (before or after) of when 
the bell rings?

(c) Find the third quartile 3Q  of this distribution.

11. Which is the mean? A density curve that models 
the distribution of a quantitative variable is shown 
here. Identify the location of the mean and median 
by letter. Justify your answers.

CBA

12. Which is the median? A density curve that models 
the distribution of a quantitative variable is shown 
here. Identify the location of the mean and median 
by letter. Justify your answers.

B CA

13. Bimodal mean and median A density curve that 
models the distribution of a quantitative variable is 
shown here. Identify the location of the mean and 
median by letter. Justify your answers.

B CA

14. Bell-shaped mean and median A density curve that 
models the distribution of a quantitative variable is 
shown here. Identify the location of the mean and 
median by letter. Justify your answers.

A B C

pg  109

pg  111
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C H A P T E R  2  • Modeling One-Variable Quantitative Data116

15. Nine ounces of chips? The distribution of weight 
for 9-ounce bags of a particular brand of potato 
chips can be modeled by a normal distribution 
with mean 9.12µ =  ounces and standard devia-
tion 0.05σ =  ounce. Sketch the normal density 
curve. Label the mean and the points that are 1, 
2, and 3 standard deviations from the mean.

16. Men’s heights The distribution of height for 
adult American men can be modeled by a nor-
mal distribution with mean 69µ =  inches and 
standard deviation 2.5σ =  inches. Sketch the 
normal density curve. Label the mean and the 
points that are 1, 2, and 3 standard deviations 
from the mean.

17. Rafa serves! Tennis superstar Rafael Nadal’s first 
serve speeds (in miles per hour) in a recent season 
can be modeled by a normal distribution with mean 
115 mph and standard deviation 6 mph. Sketch 
the normal density curve. Label the mean and the 
points that are 1, 2, and 3 standard deviations from 
the mean.

18. Cholesterol levels High levels of cholesterol in the 
blood increase the risk of heart disease. Choles-
terol levels for 14-year-old boys can be modeled 
by a normal distribution with mean 170 mg/dl 
and standard deviation 30 mg/dl. Sketch the nor-
mal density curve. Label the mean and the points 
that are 1, 2, and 3 standard deviations from the 
mean.

Applying the Concepts
19. Set the alarm Old-fashioned mechanical alarm 

clocks were not very accurate about when the 
alarm went off. Suppose that the alarm on one 
such clock is equally likely to go off at any time 
in the interval from 2 minutes before to 2 min-
utes after the time set for the alarm to go off. 
Consider the distribution of the amount of time 
(in minutes) from when the alarm is set to go off 
to when it actually goes off. Note that the value 
of this variable will be negative if the alarm goes 
off early.

(a) Draw a density curve that can be used to model 
this distribution. Be sure to include scales on both 
axes.

(b) What proportion of the time will the alarm go off 
within 10 seconds of the time for which it is set?

(c) Find the interquartile range of this distribution.

(d) What is the mean of the density curve? Explain 
your answer.

(e) What is the median of the density curve? Explain 
your answer.

20. Preheat before baking The time it takes a certain 
oven to preheat to 350 F°  is equally likely to be any 
value in the interval from 7 to 12 minutes.

(a) Draw a density curve that can be used to model this 
distribution. Be sure to include scales on both axes.

(b) What proportion of the time will the oven preheat 
to 350º F in less than 8 minutes and 45 seconds?

(c) Find the interquartile range of this distribution.

(d) What is the mean of the density curve? Explain 
your answer.

(e) What is the median of the density curve? Explain 
your answer.

21. A normal curve Estimate the mean and standard devi-
ation of the normal density curve in the figure.

11 13 15 171412 16104 6 875 93

22. Another normal curve Estimate the mean and stan-
dard deviation of the normal density curve in the 
figure.

5010 15 20 25 30 35 40 45

Extending the Concepts
23. A weird density curve The figure shows a density 

curve that models the distribution of a quantitative 
variable.

0.2
0

1

2

X
0.4

Value

0.6 0.8

(a) Show that this is a valid density curve.

(b) About what proportion of the time would this 
 variable take values between 0 and 0.2?

pg  113
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L E S S O N  2.3  •  Density Curves and the Normal Distribution 117

(c) The median of the density curve is between 0.2 and 
0.4. Explain why.

(d) Is the mean of the density curve less than, equal to, 
or greater than the median of the density curve? 
Justify your answer.

Recycle and Review
Exercises 24 and 25 refer to this setting. The city of 
Flint, Michigan, has suffered a financial emergency 
several times in the past 20 years. In April 2014, 
emergency managers decided to save money by using 
water from the Flint River rather than continuing to 
buy water sourced from Lake Huron. Soon after, Flint 
resident Leann  Walters noticed orange water coming 
out of her taps. Also, her family members’ hair was 
falling out, and her young children had developed 
rashes. A city employee tested two water samples 
from Walters’s home and detected lead levels of 104 
parts per billion and 397 parts per billion, many times 
higher than the “action” level for lead of 15 parts per 
billion. The authorities advised Walters’s family to 
stop drinking the water immediately. However, they 
blamed the high lead levels on the pipes in her home 
and insisted that drinking water from the Flint River 
was safe.

The graph displays data on lead levels (in parts per 
billion) of 71 water samples collected by city officials 
from residents of Flint between January and June 2015. 
Notice that 13 water samples had no detectable lead 
level.

24. Lead in Flint (1.5, 1.6)
(a) Describe the shape of the histogram.

(b) Which is larger, the mean or median of the distribu-
tion of lead level? Justify your answer.

25. Flint water crisis (2.1) If at least 10 percent of the 
water samples collected by the city have lead levels 
exceeding 15 parts per billion, action must be taken.

(a) Based on the distribution of lead level in the 71 
water samples from Flint, should action be taken? 
Justify your answer.

City officials decided to omit the two values marked 
in red from the data set. The water sample with 20 parts 
per billion of lead came from a business, not a home. 
The water sample with 104 parts per billion came from 
Leann Walters’s home, which used a water filter.

(b) Based on the distribution of lead level in the remain-
ing 69 water samples from Flint, explain why city 
officials decided not to take action.

Note: Leann Walters and other Flint residents became 
citizen scientists and worked with scientists from 
 Virginia Tech University to re-test the lead level of water 
in the city’s homes. Their result: more than 10 percent 
of the water samples had lead levels of 26.8 parts per 
billion or higher! Authorities agreed that Flint’s water 
had dangerously high lead levels, and switched back 
to buying water sourced from Lake Huron. By the end 
of 2016, the amount of lead in Flint’s water was back 
to a safe level: over 90% of the water samples had 
lead levels of at most 12 parts per billion. Several state 
and local officials have been charged with crimes for 
endangering the health of Flint residents.

0
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118

     Lesson   2.4 
The Empirical Rule and 
Assessing Normality   

   L E A R N I N G  T A R G E T S  

•   Use the empirical rule to estimate the proportion of values in a specified 
interval in a normal distribution.  

•   Use the empirical rule to estimate the value that corresponds to a given 
percentile in a normal distribution.  

•   Use graphical and numerical evidence to determine if a distribution of 
quantitative data is approximately normal.    

 Why are normal distributions important in statistics? Here are three reasons: 

1.   Normal distributions are good descriptions for some distributions of real data. 
Distributions that are often close to normal include:
 •    Scores on tests taken by many people (such as SAT exams and IQ tests)  
 •   Repeated careful measurements of the same quantity (like the diameter of a 
tennis ball)  

 •   Characteristics of biological populations (such as lengths of crickets and yields 
of corn)     

2.   Normal distributions are good approximations to the results of many kinds of 
chance outcomes, like the proportion of heads in many tosses of a fair coin.  

3.   Many of the inference methods in  Chapters 8 – 11  are based on normal 
distributions.   

   The Empirical Rule  
 In  Lesson 2.3 , we saw that the distribution of Iowa Test of Basic Skills (ITBS) vocab-
ulary scores for seventh-grade students in Gary, Indiana, is approximately normal 
with mean   6.84µ =    and standard deviation   1.55σ =   . How unusual is it for a Gary 
seventh-grader to get an ITBS vocabulary score less than 3.74? The figure shows the 
normal density curve for this distribution with the area of interest shaded. Note that 
the boundary value, 3.74, is exactly 2 standard deviations below the mean.     

    

11.499.948.396.84

ITBS vocabulary score
5.293.742.19
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L E S S O N  2.4  •  The Empirical Rule and Assessing Normality 119

What’s so special about normal distributions?

In this activity, you will use the Normal Distributions 
applet at the book’s website (bfwpub.com/spa4e) to 
explore an interesting property of normal distributions.

• Choose “Calculate an area under the Normal 
curve” in the Operation box.

• Enter 6.84 for the mean and 1.55 for the 
standard deviation. (These are the values for the 
distribution of ITBS vocabulary scores of seventh-
graders in Gary, Indiana.)

• Click on “Plot distribution” to display the graph.

2.19 3.74 5.29 6.84 8.39 9.94 11.49

Calculate an area under the Normal curve

Plot distribution

Operation:

Normal Distributions

Mean = SD = 1.556.84

Use the applet to help you answer the following 
questions.

1. About what proportion of Gary, Indiana, sev-
enth-graders have ITBS vocabulary scores 
between 5.29 and 8.39? That is, what percent 
of the area under the normal curve lies within 1 
standard deviation of the mean?

2. About what proportion of Gary, Indiana, seventh-
graders have ITBS vocabulary scores between 
3.74 and 9.94? That is, what percent of the area 
under the normal curve lies within 2 standard 
deviations of the mean?

3. About what proportion of Gary, Indiana, seventh-
graders have ITBS vocabulary scores between 
2.19 and 11.49? That is, what percent of the area 
under the normal curve lies within 3 standard 
deviations of the mean?

4. The distribution of IQ scores in the adult 
population is approximately normal with 
mean  100µ =  and standard deviation σ = 15.  
Adjust the applet to display this distribution. 
About what percent of adults have IQ scores 
within 1, 2, and 3 standard deviations of the 
mean?

5. Adjust the applet to generate a normal 
distribution with mean 0 and standard deviation 
1. This is known as the standard normal 
distribution. (When you hear “standard normal 
distribution,” think standardized scores (z-scores), 
which have a mean of 0 and a standard deviation 
of 1.) What percent of the area under this normal 
density curve lies within 1, 2, and 3 standard 
deviations of the mean?

6. Summarize by completing this sentence: 
“For any normal distribution, the area 
under the curve within 1, 2, and 3 standard 
deviations of the mean is about %,  

%, and %.”

ACTIVITY

Although there are many normal distributions, they all have properties in com-
mon. In particular, all normal distributions obey the empirical rule. (Empirical means 
“learned from experience or by observation.”)

Calculating the shaded area isn’t as easy as multiplying base height× , but it’s 
not as hard as you might think. The following activity will shed some light on how 
to do it.
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C H A P T E R  2  • Modeling One-Variable Quantitative Data120

 Some people refer to the empirical rule result as the 68–95–99.7 rule. By remem-
bering these three numbers, you can quickly estimate the proportion or percent of 
observations in a specified interval in a normal distribution.          

     D E F I N I T I O N  The empirical rule  
 In any normal distribution with mean  µ  and 
standard deviation   σ   :          

•   About   68%   of the values fall within   σ1
of the mean   µ   .  

•   About   95%   of the values fall within   σ2
of the mean   µ   .  

•   About   99.7%   of the values fall within 
3σ    of the mean   µ   .   

 This result is known as the 
empirical rule.

0

99.7% of
values

95% of
values

68% of
values

– 1– 2– 3 1 2 3

Standard deviations

  EXAMPLE 

 How can you interpret ITBS vocabulary scores? 

  Using the empirical rule to estimate areas   

   PROBLEM:      The distribution of Iowa Test of Basic Skills (ITBS) 
vocabulary scores for seventh-grade students in Gary, Indi-
ana, can be modeled by a normal distribution with   µ = 6.84   
and   σ = 1.55  . Use the empirical rule to answer the following 
questions. 

   (a)   What percent of these students have ITBS vocabulary scores less than 3.74?  

  (b)   What proportion of Gary, Indiana, seventh-graders have ITBS vocabulary scores between 5.29 and 9.94?    

   SOLUTION:      

    
6.845. 293.742.19 8.39 9.94 11.49

ITBS vocabulary score

(a)

About 5% / 2 = 2.5%

About 95%

 
 About   2.5%   of Gary, Indiana, seventh-graders have ITBS 
vocabulary scores less than 3.74.     

Bo
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 Sketch a normal curve with the mean and the 
values 1, 2, and 3 standard deviations from the 
mean labeled. Then shade the area of interest. 

 By the empirical rule, about   95%   of all scores 
fall between 3.74 and 9.94. The other   5%    of 
scores are outside this range. Because normal 
distributions are symmetric, half of these scores 
are less than 3.74 and half are greater than 9.94. 
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L E S S O N  2.4  •  The Empirical Rule and Assessing Normality 121

 Note that    the empirical rule applies  only  to normal distributions. There are other 
rules for non-normal distributions, but they are beyond the scope of this book.

You can also use the empirical rule to estimate the value that corresponds to a 
given  percentile in a normal distribution.  

cautionaution

!

  Stop the car!  

 Using the empirical rule in reverse 

    PROBLEM:      Many studies on automobile safety suggest that when automobile drivers must make  emergency 
stops, the stopping distances can be modeled by a normal distribution. Suppose that for one model of car 
 traveling at 60 mph under typical conditions on dry pavement, the distribution of stopping distances is 
approximately normal with mean   165µ =    feet and standard deviation   σ = 4   feet. What stopping distance is 
at the 84th percentile of the distribution? Justify your answer.  

   SOLUTION:      

    
153 157 161 165 169 173 177

Stopping distance (ft)

About 68%

About                 = 16%32%
2About                = 16%32%

2

 

   About   + =16% 68% 84%   of cars of this model would 
stop in less than 169 feet, so a stopping distance 
of 169 feet is at about the 84th percentile of the 
distribution.   

   EXAMPLE 

  FOR PRACTICE    TRY EXERCISE 11.       

    
6.845. 293.742.19 8.39 9.94 11.49

ITBS vocabulary score

About
95% – 68%

2
=13.5%

About 68%
(b)

 
 About   + =68% 13.5% 81.5%  , or 0.815 of Gary, Indiana, seventh-graders have 
ITBS vocabulary scores between 5.29 and 9.94.     FOR PRACTICE    TRY EXERCISE 7.    

 About   68%   of ITBS scores fall between 5.29 
and 8.39. We need to add the percent of scores 
that are between 8.39 and 9.94. About   95%   
of ITBS scores fall between 3.74 and 9.94. So 
about   − =95% 68% 27%    of scores are between 
1 and 2 standard deviations from the mean. By 
the symmetry of normal distributions, half of 
these scores   =(27%/2 13.5%)   are between 8.39 
and 9.94. So about   + =68% 13.5% 81.5%   of ITBS 
scores are between 5.29 and 9.94. 

   Assessing Normality  
 Normal distributions provide good models for some distributions of quantitative data. 
Examples include SAT and IQ test scores, the highway gas mileage of 2020 Corvette 
convertibles, weights of 9-ounce bags of potato chips, and heights of 3-year-old girls 
(see  Figure 2.11  ).  
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C H A P T E R  2  • Modeling One-Variable Quantitative Data122

82.5 86.5 90.5 94.5

Height of 3-year-old girl (cm)
98.5 102.5 106.5

The distributions of other quantitative variables are skewed and therefore dis-
tinctly non-normal. Examples include single-family home prices in a certain city, sur-
vival times of cancer patients after treatment, and number of siblings for students in a 
statistics class. (All of these distributions are right-skewed.)

While experience can suggest whether or not a normal distribution is a reasonable 
model in a particular case, it is risky to assume that a distribution is approximately 
normal without first analyzing the data. As in Chapter 1, we start with a graph and then 
add numerical summaries to assess the normality of a distribution of quantitative data.

If a graph of the data is clearly skewed, has multiple peaks, or isn’t bell-shaped, 
that’s evidence the distribution is not normal. Figure 2.12 shows a dotplot of the num-
ber of siblings reported by each student in a statistics class. This distribution is skewed 
to the right and therefore not approximately normal.

0 1 2
Number of siblings

3 5 6 74

Even if a graph of the data looks roughly symmetric and bell-shaped, we shouldn’t 
assume that the distribution is approximately normal. The empirical rule can give 
additional evidence in favor of or against normality.

Figure 2.13 shows a dotplot and numerical summaries for data on calories per serv-
ing in 77 brands of breakfast cereal.12 The graph is roughly symmetric, single-peaked 
(unimodal), and somewhat bell-shaped.

FIGURE 2.11 The 
heights of 3-year-old girls 
are approximately nor-
mally distributed with a 
mean of 94.5 centimeters 
and standard deviation 
of 4 centimeters.

FIGURE 2.12 Dotplot 
of data on the number of 
siblings reported by stu-
dents in a statistics class.

n Min MaxMedQ1 Q3Mean SD

77 106.883 19.484 50 100 110 110 160

60 80 120 140 160100

Calories

FIGURE 2.13 Dotplot 
and summary statistics 
for data on calories per 
serving in 77 different 
brands of breakfast 
cereal.
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L E S S O N  2.4  •  The Empirical Rule and Assessing Normality 123

   Let’s calculate the percent of data values within 1, 2, and 3 standard deviations of 
the mean: 

     ± ±Mean 1 SD: 106.883 1(19.484)        87.399 to 126.367      63 out of   =77 81.8%     

     ± ±Mean 2 SD: 106.883 2(19.484)        67.915 to 145.851      71 out of   =77 92.2%     

     ± ±Mean 3 SD: 106.883 3(19.484)        48.431 to 165.335      77 out of   =77 100.0%     

 In a normal distribution, about   68%   of the values fall within 1 standard deviation 
of the mean. For the cereal data, almost   82%   of the brands had between 87.399 and 
126.367 calories. These two percentages are far apart. So, this distribution of calories 
in breakfast cereals is not approximately normal.  

  EXAMPLE 

  Is the amount of cream in Oreo cookies normally distributed?       

 Assessing normality 

        PROBLEM:      Statistics students Ryan Wells and Allie Quiroz collected data on the 
weight of cream (in grams) in a random sample of 45 Double Stuf Oreo cookies as 
part of their final project. Here are their data: 

   6.37      6.44      6.44      6.45      6.48      6.49      6.49      6.52      6.58   

   6.59      6.62      6.62      6.63      6.67      6.67      6.68      6.69      6.71   

   6.72      6.73      6.73      6.73      6.73      6.74      6.74      6.76      6.80   

   6.80      6.83      6.85      6.85      6.85      6.86      6.87      6.88      6.90   

   6.91      6.92      6.92      6.92      6.94      7.01      7.04      7.09      7.15   

 A histogram and summary statistics for the 
data are shown here. Is this distribution 
of amount of cream in Double Stuf Oreo 
cookies approximately normal? Justify 
your answer based on the graph and the 
empirical rule.  

   SOLUTION:  

 The histogram looks roughly symmetric, single-
peaked, and somewhat bell-shaped. The percents 
of values within 1, 2, and 3 standard deviations of 
the mean are:          

     ± ±Mean 1SD: 6.742 1(0.184)        6.558 to 6.926      32 out of   45 71.1%=      

     ± ±Mean 2 SD: 6.742 2(0.184)        6.374 to 7.110      43 out of   45 95.6%=      

     ± ±Mean 3 SD: 6.742 3(0.184)        6.190 to 7.294      45 out of   45 100.0%=      

 These percents are fairly close to the   68%  ,   95%  , and   99.7%   
targets for a normal distribution. The graphical and numerical 
evidence suggests that this distribution of amount of cream 
in Oreo Double Stuf cookies is approximately normal.  

  FOR PRACTICE    TRY EXERCISE 17.    

D
an

 A
nd

er
so

n

  Never say that a distribution 
of quantitative data  is  normal. 
Real-world data always show at 
least slight departures from a 
normal distribution. The most you 
can say is that a distribution is 
“approximately normal.”  

Fr
eq

ue
nc

y

6.30 6.45 6.60 6.75 6.90 7.05 7.20
0

2

4

6

8

10

12

14

16

Weight of cream (g)

 n  Mean  SD  Min    Q1    Med    Q3    Max 

 45  6.742  0.184  6.37  6.62  6.73  6.875  7.15 
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C H A P T E R  2  • Modeling One-Variable Quantitative Data124

 The example shows that the distribution of amount of cream in Ryan and Allie’s 
random sample of 45 Double Stuf Oreo cookies is approximately normal. As you will 
learn in  Chapter 4 , random sampling allows us to generalize results from a sample 
to the larger population. It is therefore reasonable to believe that the distribution of 
amount of cream in the population of Double Stuf Oreo cookies is approximately 
normal. Assessing the normality of a population distribution is an important part of 
several inference methods that you will encounter in  Chapters 8 – 11 .  

 How big is your fridge?      

      These measurements describe the usable capac-
ity (in cubic feet) of a sample of 36 side-by-side 
refrigerators. 13  

   12.9      13.7      14.1      14.2      14.5      14.5      14.6      14.7      15.1   

   15.2      15.3      15.3      15.3      15.3      15.5      15.6      15.6      15.8   

   16.0      16.0      16.2      16.2      16.3      16.4      16.5      16.6      16.6   

   16.6      16.8      17.0      17.0      17.2      17.4      17.4      17.9      18.4   

   1.   Make a histogram of the data. Describe the 
shape of the distribution.  

  2.   Use the summary statistics to calculate the per-
cent of data values within 1, 2, and 3 standard 
deviations of the mean. How closely do the 
results match the empirical rule?

    n       Mean      SD      Min        Q1        Med        Q3        Max   

   36      15.825      1.217      12.9      15.15      15.9      16.6      18.4   

  3.  Based on your answers to  Questions 1  and  2 , 
is the distribution of usable capacity for these 
refrigerators approximately normal? Explain 
your answer.

 For  Questions 4  and  5 , assume that the population 
distribution of usable capacity in side-by-side refriger-
ators is approximately normal with mean   µ = 16   cubic 
feet and standard deviation   σ = 1.2   cubic feet.  

  4.   About what proportion of side-by-side refriger-
ators have a usable capacity between 13.6 and 
19.6 cubic feet? Justify your answer.  

  5.   Find and interpret the 16th percentile of this 
distribution.     

    L E S S O N  A P P    2 . 4   

W
ilf

re
do

 L
ee

/A
P 

Im
ag

es

     Lesson   2.4     

 W H A T  D I D  Y O U  L E A R N ? 
 LEARNING TARGET  EXAMPLES  EXERCISES 

 Use the empirical rule to estimate the proportion of values in a 
specified interval in a normal distribution. 

  p. 120   7–10 

 Use the empirical rule to estimate the value that corresponds to a 
given percentile in a normal distribution. 

  p. 121   11–14 

 Use graphical and numerical evidence to determine if a 
distribution of quantitative data is approximately normal. 

  p. 123   15–20 
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L E S S O N  2.4  •  The Empirical Rule and Assessing Normality 125

Building Concepts and Skills
1. Give one reason that normal distributions are 

important in statistics.

2. The empirical rule is also called the  
rule.

3. True/False: The empirical rule applies to any distri-
bution of quantitative data.

4. Give an example of a quantitative variable with a 
distribution that is approximately normal.

5. Give an example of a quantitative variable that has 
a non-normal distribution.

6. True/False: If a graph of quantitative data looks 
roughly symmetric, single-peaked, and bell-
shaped, then the distribution is approximately 
normal.

Mastering Concepts and Skills
7. How much is 9 ounces? The weights of 9-ounce 

bags of a particular brand of potato chips can 
be modeled by a normal distribution with mean 
µ = 9.12 ounces and standard deviation σ = 0.05 
ounce. Use the empirical rule to answer the fol-
lowing questions.

(a) What percent of bags weigh less than 9.07 ounces?

(b) What proportion of bags weigh between 8.97 and 
9.17 ounces?

8. Modeling men’s heights The heights of adult Amer-
ican men can be modeled by a normal distribution 
with mean µ = 69 inches and standard deviation 
σ = 2.5 inches. Use the empirical rule to answer the 
following questions.

(a) What percent of adult American men are greater 
than 74 inches tall?

(b) What proportion of adult American men have 
heights between 64.0 and 71.5 inches?

9. Rafa serves again! Tennis superstar Rafael Nadal’s 
first-serve speeds in a recent season can be modeled 
by a normal distribution with mean 115 mph and 
standard deviation 6 mph. Use the empirical rule to 
approximate the following:

(a) The proportion of Rafa’s first serves that were 
faster than 121 mph

(b) The percent of Rafa’s first serves with speeds 
between 109 and 133 mph

10. Cholesterol modeled Cholesterol levels for teen-
age boys can be modeled by a normal distribu-
tion with mean 150 mg/dl and standard deviation 
25 mg/dl. Use the empirical rule to approximate 
the following:

(a) The proportion of 14-year-old boys with a choles-
terol level less than 125 mg/dl

(b) The percent of 14-year-old boys with cholesterol 
levels between 200 and 225 mg/dl

11. When the chips are down Refer to Exercise 7. What 
bag weight is at the 84th percentile of the distribu-
tion? Justify your answer.

12. Tall men Refer to Exercise 8. What height is at the 
84th percentile of the distribution? Justify your 
answer.

13. Ace! Refer to Exercise 9. About 2.5% of Rafa’s first 
serves are faster than what speed? Justify your answer.

14. Low cholesterol Refer to Exercise 10. About 0.15% 
of 14-year-old boys have cholesterol levels less than 
what value? Justify your answer.

15. Normal highway driving? The dotplot shows the 
EPA highway gas mileage estimates in miles per 
gallon (mpg) for a sample of 21 model year 2020 
midsize cars.14 Explain why this distribution of 
highway gas mileage is not approximately normal.

d d d d d d d d d d d
d d d d

d d

d d
d d

Highway gas mileage (mpg)
25 30 35 40 45 50

16. Normal to be foreign born? The histogram displays 
the percent of foreign-born residents in each of the 
50 states in 2018.15 Explain why this distribution is 
not approximately normal.

N
um

be
r o

f s
ta

te
s

0
0

5

5

10

10

15

15

20 25 30
Percent foreign-born residents

17. Too young to be president? Here are the ages of the 
first 45 U.S. presidents when they took office.

42 43 46 46 47 47 48 49 49 50 51 51 51 51 51

52 52 54 54 54 54 54 55 55 55 55 56 56 56 57

57 57 57 58 60 61 61 61 61 64 64 65 68 69 70

A histogram and summary statistics for the age 
data are shown in the following  display. Is the 

pg  120

pg  121

pg  123

Exercises
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C H A P T E R  2  • Modeling One-Variable Quantitative Data126

distribution approximately normal? Justify your 
answer based on the graph and the  empirical 
rule.

Fr
eq

ue
nc

y

40 45 50 55 60 65 70 75
0
1
2
3
4
5
6
7
8
9

10
11
12
13

Age at inauguration

n Mean SD Min Q1 Med Q3 Max

45 54.98 6.57 42 51 55 59 70

18. Where the old folks live Here are a stemplot and 
numerical summaries of the percents of residents 
aged 65 and older in the 50 states and the District of 
Columbia.16 Is this distribution approximately nor-
mal? Justify your answer based on the graph and the 
empirical rule.

Key: 16|2 represents
a state in which
16.2% of residents
are 65 and older.

10
11
12
13
14
15
16
17
18
19

45
6
0
146
4566689
00000111345678
01111223455789
01457
18
49

n Mean SD Min Q1 Med Q3 Max

51 15.54 1.90 10.4 14.8 15.6 16.5 19.9

19. Hoop it up! The dotplot and numerical summaries 
describe the number of points scored by 32 high school 
basketball teams in the first round of the playoffs. Is 
this distribution approximately  normal? Justify your 
answer based on the graph and the empirical rule.

� � ��
� ���

�
� �

������ � ���� �� � � ��� � � �

40 50 60 70 80 90 100 110
Points scored

n Mean SD Min Q1 Med Q3 Max

32 63.6 14.6 38 53.5 63.5 71 106

20. Pizza, pizza! Researchers recorded the number of 
calories per serving for 16 brands of frozen cheese 
pizza. A dotplot and numerical summaries of the 

data are shown.17 Is this distribution approxi-
mately normal? Justify your answer based on the 
graph and the empirical rule.

d d d d d d d
d d d d d d
d d

d

250 300 350 400

Calories

n Mean SD Min Q1 Med Q3 Max

16 331.9 27.9 260 315 335 350 380

Applying the Concepts
21. Something fishy As part of a study of salmon 

health, researchers measured the pH of 25 salmon 
fillets. Here are the data:

6.22 6.24 6.25 6.26 6.26 6.31 6.32 6.32 6.32 6.33 6.34 6.36 6.36

6.37 6.38 6.39 6.39 6.42 6.43 6.44 6.45 6.48 6.48 6.52 6.53

(a) Make a histogram of the data using intervals of 
width 0.05 starting at 6.20. Describe the shape of 
the distribution.

(b) Use the following summary statistics to calculate 
the percent of data values within 1, 2, and 3 stan-
dard deviations of the mean. How closely do the 
results match the empirical rule?

n Mean SD Min Q1 Med Q3 Max

25 6.367 0.087 6.22 6.315 6.36 6.435 6.53

(c) Based on your answers to parts (a) and (b), is the 
distribution of pH for these salmon approximately 
normal? Explain your answer.

22. Big sharks Here are the lengths in feet of 44 great 
white sharks:18

 9.4 12.1 12.2 12.3 12.4 12.6 13.2 13.2 13.2 13.2 13.5

13.6 13.6 13.8 14.3 14.6 14.7 14.9 15.2 15.3 15.7 15.7

15.8 15.8 16.1 16.2 16.2 16.4 16.4 16.6 16.7 16.8 16.8

17.6 17.8 17.8 18.2 18.3 18.6 18.7 18.7 19.1 19.7 22.8

(a) Make a histogram of the data using intervals of 
width 2 starting at 9.0. Describe the shape of the 
distribution.

(b) Use the following summary statistics to calculate 
the percent of data values within 1, 2, and 3 stan-
dard deviations of the mean. How closely do the 
results match the empirical rule?

n Mean SD Min Q1 Med Q3 Max

44 15.586 2.55 9.4 13.55 15.75 17.2 22.8

(c) Based on your answers to parts (a) and (b), is the 
distribution of length for these sharks approxi-
mately normal? Explain your answer.
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L E S S O N  2.4  •  The Empirical Rule and Assessing Normality 127

23. Women’s heights: Mean and SD The distribution of 
heights in a population of women is approximately 
normal. Sixteen percent of the women have heights 
less than 62 inches. About 97.5% of the women 
have heights less than 71 inches. Use the empirical 
rule to estimate the mean and standard deviation of 
the heights in this population.

24. Quiz scores: Mean and SD The distribution of 
scores on a recent quiz in a large college statistics 
class is approximately normal. About 2.5% of 
the students scored below 25 on the quiz. About 
84% percent of the students scored below 40 on 
the quiz. Use the empirical rule to estimate the 
mean and standard deviation of the quiz scores 
in this class.

Extending the Concepts
25. Making it normal The distribution of ACT Math 

scores in 2019 was approximately normal with 
a mean of 20.5 and a standard deviation of 5.5. 
Imagine choosing a random sample of 40 students 
who took the ACT Math test in 2019. Sketch a pos-
sible dotplot of their scores.

26. Chebyshev’s inequality An interesting result known 
as Chebyshev’s inequality says that in any distri-

bution, at least 100 1
1

%
2

−










k
 of the values are 

within k standard deviations of the mean. If 2=k , 
for example, Chebyshev’s inequality tells us that at 

least 100 1
1

2
100

3

4
75%

2
−









 =









 =  of the values in 

any distribution are within 2 standard deviations 
of the mean. For normal distributions, we know 
that about 95% of the values are within 2 standard 
deviations of the mean by the empirical rule.

(a) Make a table that shows what percent of obser-
vations must fall within 1, 2, 3, 4, and 5 standard 
deviations of the mean in any distribution.

(b) Explain why values 5 or more standard deviations 
from the mean in any distribution should be con-
sidered unusual.

Recycle and Review
27. More Oreos (1.5, 1.6, 1.7) Do Double Stuf Oreo 

cookies really have twice as much cream as regu-
lar Oreo cookies? Student researchers Ryan and 
Allie decided to investigate for their final statistics 
project. They obtained separate random samples of 
45 regular Oreo cookies and 45 Double Stuf Oreo 

cookies, and then weighed the amount of cream (in 
grams) on each cookie. Ryan and Allie doubled the 
weight of cream on each regular Oreo cookie. Here 
are comparative histograms and summary statistics 
of the data.

n

Doubled
regular
Oreos (g)

45 6.301 0.565 5.162 5.881 6.294 6.676 7.46

Double
Stuf
Oreos (g)

45 6.742 0.184 6.37 6.62 6.73 6.875 7.15

Mean SD Min Med MaxQ1 Q3

5.2 5.4 5.6 5.8 6.0 6.2 6.4 6.6 6.8 7.0 7.2 7.4

Fr
eq

ue
nc

y

0
1
2
3
4
5
6
7
8
9

5.2 5.4 5.6 5.8 6.0 6.2 6.4 6.6
Double Stuf Oreo weight (g)

6.8 7.0 7.2 7.4
Fr

eq
ue

nc
y

0
1
2
3
4
5
6
7
8
9

Doubled regular Oreo weight (g)

(a) Compare the distributions of cream weight for the 
two types of cookies.

(b) What conclusion should Ryan and Allie make 
about whether Double Stuf Oreos have twice as 
much cream as regular Oreos? Justify your answer.

28. Standard deviations (1.7, 2.3) Quantitative vari-
ables A, B, and C all take values between 0 and 
10. Density curves that model the distributions of 
each variable, drawn on the same horizontal and 
vertical scales, are shown here. Rank the standard 
deviations of the three variables from smallest to 
largest. Justify your answer.

μ
A B C

μ μ
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128

     Lesson   2.5 
Normal Distributions: 
Finding Areas from Values   

   L E A R N I N G  T A R G E T S  

•   Find the proportion of values to the left of a boundary in a normal distribution.  

•   Find the proportion of values to the right of a boundary in a normal distribution.  

•   Find the proportion of values between two boundaries in a normal 
distribution.    

 Let’s return to the distribution of ITBS vocabulary scores among all Gary, Indiana, 
seventh-graders. Recall that this distribution is approximately normal with mean 

6.84µ =    and standard deviation   1.55σ =   . What proportion of these seventh-graders 
have vocabulary scores that are below fourth-grade level (i.e., less than 4)?  Figure 
2.14   shows the normal curve with the area of interest shaded. We can’t use the empir-
ical rule to find this area because the boundary value, 4, is not exactly 1, 2, or 3 stan-
dard deviations from the mean.  

2.19 3.74 4 5.29 6.84

ITBS vocabulary score

8.39 9.94 11.49

     Finding Areas to the Left in a Normal Distribution  
 As the empirical rule suggests, all normal distributions are the same if we measure in 
units of size  σ   from the mean  µ . Changing to these units requires us to standardize, 
just as we did in  Lesson 2.1 : 

value mean

standard deviation

µ

σ
=

−
=

−
z

x

 Recall that subtracting a constant and dividing by a constant don’t change the shape 
of a distribution. If the quantitative variable we standardize has an approximately 
normal distribution, then so does the new variable  z . This new distribution of stan-
dardized values can be modeled with a normal curve having mean   0µ =    and standard 
deviation   1σ =   . It is called the   standard normal distribution  .     

FIGURE   2.14    Normal 
curve we would use to 
estimate the proportion 
of Gary, Indiana, seventh- 
graders with ITBS 
vocabulary scores that 
are less than 4—that is, 
below fourth-grade level.  

03_StarnesSPA4e_24432_Ch02_088_153_3pp.indd   128 7/14/20   6:19 PM

©20
21

 Bed
for

d, 
Free

man
 & W

ort
h H

igh
 Sch

oo
l P

ub
lish

ers
. F

or 
rev

iew
 pu

rpo
se

s o
nly

. D
o n

ot 
dis

trib
ute

.

PAGES NOT FINAL.

©2021 Bedford, Freeman & Worth High School Publishers. 



L E S S O N  2.5  •  Normal Distributions: Finding Areas from Values 129

Because all normal distributions are the same when we standardize, we can find 
areas under any normal curve using the standard normal distribution. Table A in the 
back of the book gives areas under the standard normal curve. The table entry for 
each z-score is the area under the curve to the left of z.

For the ITBS test score data, we want to find the area to the left of 4 under the 
normal curve with mean 6.84 and standard deviation 1.55. See Figure 2.15(a). We 
start by standardizing the boundary value 4=x :

value mean

standard deviation

4 6.84

1.55
1.83=

−
=

−
= −z

Figure 2.15(b) shows the standard normal distribution with the area to the left of 
1.83= −z  shaded. Notice that the shaded areas in the two graphs are the same.

D E F I N I T I O N  Standard normal distribution
The standard normal distribution is the normal distribution with mean 0 and standard 
deviation 1.

3210
z-score

–1–2–3

To find the area to the left of 1.83= −z , locate 1.8−  in the left-hand column of 
Table A, then locate the remaining digit 3 as .03 in the top row. The entry to the 
right of 1.8−  and under .03 is .0336. This is the area we seek. We estimate that about 
3.4% of Gary, Indiana, seventh-graders score below the fourth-grade level on the ITBS 
vocabulary test. Note that we have made a connection between z-scores and percen-
tiles when the shape of a distribution is approximately normal.

z .02 .03 .04

−1.9 .0274 .0268 .0262

−1.8 .0344 .0336 .0329

−1.7 .0427 .0418 .0409

It is also possible to find areas under a normal curve using technology.

FIGURE 2.15 (a) Normal distribution estimating the proportion of Gary, Indiana, seventh-graders 
who earn ITBS vocabulary scores less than fourth-grade level. (b) The corresponding area in the stan-
dard normal distribution.

2.19 3.74 4 5.29 6.84

ITBS vocabulary score(a) (b)

8.39 9.94 11.49 –3 –2
–1.83

–1 0

z-score

1 2 3
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C H A P T E R  2  • Modeling One-Variable Quantitative Data130

Finding Areas from Values in a Normal Distribution

You can use technology to find areas from values in any normal distribution. Let’s use an applet and the TI-83/84 to 
confirm our earlier result about the proportion of Gary, Indiana, seventh-graders with ITBS vocabulary scores below 
fourth-grade level (i.e., less than 4).

With technology, we can do the area calculation using the standard normal distribution or the “unstandardized” 
normal distribution with mean 6.84 and standard deviation 1.55.

 (i) Using the standard normal distribution:  
What proportion of values in a standard normal 
 distribution are less than 1.83z = − ? Recall that 
the standard normal distribution has mean 0 and 
standard deviation 1.

Applet

 1.   Launch the Normal Distributions applet at  
bfwpub.com/spa4e.

 2.   Select the option to “Calculate an area under the 
normal curve.”

 3.   Enter 0 for the mean and 1 for the standard 
deviation. Then click “Plot distribution” to see the 
graph of the standard normal distribution.

 4.   To find the proportion of values less than 1.83− ,  
select “Calculate the area to the left of a value” 
from the pull-down menu, type 1.83−  for the 
Value, and click “Calculate area.”

Calculate an area under the Normal curve

Plot distribution

Calculate area

Operation:

Normal Distributions

Mean = SD = 10

Area = 3.36%

to the left of a valueCalculate the area

–1.83Value:

–3 –2 –1 0 1 2 3

TI-83/84
 1.   Press 2nd  VARS  (Distr) and choose normalcdf(.

OS 2.55 or later: In the dialog box, enter these values: 
−lower: 1000, −upper: 1.83, µ : 0, σ : 1, choose Paste, and 

then press ENTER .

Older OS: Complete the command normalcdf (−1000, 
−1.83, 0, 1) and press ENTER .

Note: We chose 1000−  as the lower bound because it’s 
many, many standard deviations less than the mean.

 (ii) Using the unstandardized normal distribution:  
What proportion of observations in a normal 
 distribution with mean µ = 6.84 and standard 
deviation σ = 1.55 are less than 4x = ?

Applet
 1.   Launch the Normal Distributions applet at  

bfwpub.com/spa4e.

 2.   Select the option to “Calculate an area under the 
normal curve.”

 3.   Enter 6.84 for the mean and 1.55 for the standard 
deviation. Then click “Plot distribution” to see the 
graph of the appropriate normal distribution.

 4.   To find the proportion of values less than 4, 
select “Calculate the area to the left of a value” 
from the pull-down menu, type 4 for the Value, 
and click “Calculate area.”

Calculate an area under the Normal curve

Plot distribution

Calculate area

Operation:

Normal Distributions

Mean = SD = 1.556.84

Area = 3.35%

to the left of a valueCalculate the area

4Value:

2.19 3.74 5.29 6.84 8.39 9.94 11.49

TECH
CORNER
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L E S S O N  2.5  •  Normal Distributions: Finding Areas from Values 131

As the Tech Corner illustrates, it is possible to find the proportion of Gary, Indiana, 
seventh-graders with ITBS vocabulary scores less than 4 directly from the original 
(unstandardized) normal distribution using technology. Check with your teacher to 
see if this method will be allowed in your class.

TI-83/84
 1.   Press 2nd  VARS  (Distr) and choose normalcdf(.

OS 2.55 or later: In the dialog box, enter these values: 
−lower: 1000, upper: 4, µ : 6.84, σ : 1.55, choose Paste, 

and then press ENTER .

Older OS: Complete the command normalcdf 
( 1000, 4, 6.84, 1.55)−  and press ENTER .

Note: We chose 1000−  as the lower bound because 
it’s many, many standard deviations less than the 
mean.

This answer (0.0335) differs slightly from the one we 
got using the standard normal distribution (0.0336) 
because we rounded the standardized score to two 
decimal places: 1.83z = − .

EXAMPLE

Stop the car!

Finding area to the left in a normal distribution

PROBLEM: Many studies on automobile safety suggest that when drivers must make emergency stops, the 
stopping distances follow an approximately normal distribution. Suppose that for one model of car traveling 
at 60 mph under typical conditions on dry pavement, the mean stopping distance is µ = 165 feet with a stan-
dard deviation of σ = 4 feet. Marta is driving one of these cars when she spots an accident 170 feet in front of 
her and needs to make an emergency stop. About what percent of cars of this model would be able to make 
an emergency stop in less than 170 feet?

How to Find Areas in Any Normal Distribution
Step 1: Draw a normal distribution with the horizontal axis labeled and scaled using the 
mean and standard deviation, the boundary value(s) clearly identified, and the area of interest 
shaded.

Step 2: Perform calculations—show your work! Do one of the following:

(i) Standardize each boundary value and use Table A or technology to find the desired area 
under the standard normal curve; or

(ii) Use technology to find the desired area without standardizing. Label the inputs you used 
for the applet or calculator.

Be sure to answer the question that was asked.
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C H A P T E R  2  • Modeling One-Variable Quantitative Data132

 What percent of cars of this model would be able to make an emergency stop in 
less than 145 feet? The standardized score for   145=x    is 

=
−

= −z
145 165

4
5.00

  Table A  does not go beyond   3.50= −z    and   3.50=z    because it is highly unusual for a 
value to be more than 3.5 standard deviations from the mean in a normal distribution. 
For practical purposes, we can act as if there is approximately zero area outside the 
z -score values in  Table A . So there is almost no chance that a car of this model going 
60 mph would be able to make an emergency stop within 145 feet.  

   Finding Areas to the Right in a Normal Distribution  
 What proportion of Gary, Indiana, seventh-graders have scores of  at least  9 (that 
is, at least ninth-grade level) on the ITBS vocabulary test? Start with a picture. 
  Figure 2.16(a)   shows the normal distribution with mean   µ = 6.84   and   σ = 1.55   with 
the area of interest shaded. 

 Next, standardize the boundary value: 

   
9 6.84

1.55
1.39=

−
=z    

   SOLUTION:      

  
170

165161157153 169 173 177
Stopping distance (ft)    

         (i)     =
−

=z
170 165

4
1.25    

  Using  Table A :  Area for   <z 1.25   is 0.8944. 

  Using technology:   −Applet/normalcdf(lower: 1000, upper:1.25,
=mean: 0, SD:1) 0.8944     

  (ii)    −Applet/normalcdf(lower: 1000, upper:170, mean:165,
=SD: 3) 0.8944  

 About   89.4%   of cars of this model would be able to make an 
emergency stop within 170 feet.      

  FOR PRACTICE    TRY EXERCISE 9.    

   1.    Draw a normal distribution.  Be sure to:
•    Scale the horizontal axis.  
•    Label the horizontal axis with the variable name.  
•   Clearly identify the boundary value(s).  
•   Shade the area of interest.      

   2.    Perform calculations—show your work! 
(   i)   Standardize the boundary value and use 
 Table A  or technology to find the desired area; or  
  (ii)   Use technology to find the desired area 
without standardizing. Label the inputs you 
used for the applet or calculator.      

  z   .04  .05  .06 

  1.1   .8729  .8749  .8770 

  1.2   .8925  .8944  .8962 

  1.3   .9099  .9115  .9131 

  Be sure to answer the question that was asked.  
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L E S S O N  2.5  •  Normal Distributions: Finding Areas from Values 133

6.845.293.742.19 8.39 9.94 11.49

ITBS vocabulary score(a)
9 1.39

z-score
0–1–2–3 1 2 3

(b)

FIGURE   2.16    (a) Normal distribution estimating the proportion of Gary, Indiana, seventh-graders 
who earn ITBS vocabulary scores at the 9th-grade level or higher. (b) The corresponding area in the 
standard normal distribution.  

     To find the area to the right of   1.39=z   , locate 1.3 in the left-hand column of 
 Table A , then locate the remaining digit 9 as .09 in the top row. The entry to the right 
of 1.3 and under .09 is .9177. However, this is the area  to the left  of   1.39=z   . We can 
use the fact that the total area in the standard normal distribution is 1 to find that 
the area  to the right  of   1.39=z    is   − =1 0.9177 0.0823  . We estimate that about   8.23%
of Gary, Indiana, seventh-graders earn scores at the ninth-grade level or above on the 
ITBS vocabulary test.   

   A common student mistake is to look up a  z -score in  Table A  and report the entry 
corresponding to that  z -score, regardless of whether the problem asks for the area to 
the left or to the right of that  z -score. This mistake can usually be prevented by follow-
ing the two-step process, which includes drawing a normal distribution and shading 
the area of interest. Look at the sketch to see if the area should be closer to 0 or closer 
to 1. In the previous scenario, for instance, it should be obvious that 0.9177 is  not  the 
area of the shaded region.  

cautionaution

!

  z   .07  .08  .09 

  1.2   .8980  .8997  .9015 

  1.3   .9147  .9162  .9177 

  1.4   .9292  .9306  .9319 

 Can Rory clear the trees? 

 Finding area to the right in a normal distribution      

        PROBLEM:      When professional golfer Rory McIlroy hits 
his driver, the distance the ball travels can be modeled by 
a normal distribution with mean 304 yards and standard 
deviation 8 yards. On a specific hole, Rory would need to 
hit the ball at least 290 yards to have a clear second shot 
that avoids a large group of trees. What percent of Rory’s 
drives travel at least 290 yards? Is he likely to have a clear 
second shot?  

  EXAMPLE 
M

ad
di

e 
M

ey
er

/G
et

ty
 Im

ag
es

  Figure 2.16(b)  shows the standard normal distribution with the area to the right 
of   z = 1.39   shaded. Again, notice that the shaded areas in the two graphs are the 
same.  
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C H A P T E R  2  • Modeling One-Variable Quantitative Data134

   SOLUTION:      

    

280 288 296 304

Distance traveled (yards)

312 320 328

290
 

   (i)     =
−

=−z
290 304

8
1.75   

  Using  Table A :  Area for   <−z 1.75   is 0.0401. Area for   z ≥−1.75   
is   − =1 0.0401 0.9599  . 

  Using technology:   − =Applet/normalcdf(lower: 1.75, upper:1000, mean: 0, SD:1) 0.9599     

  (ii)    =Applet/normalcdf(lower: 290, upper:1000, mean: 304, SD: 8) 0.9599  

 About   96%   of Rory McIlroy’s drives travel at least 290 yards. So he 
is likely to have a clear second shot.      

  FOR PRACTICE    TRY EXERCISE 13.    

   1.    Draw a normal distribution.  Be sure to:
•    Scale the horizontal axis.  
•   Label the horizontal axis with the variable 

name.  
•   Clearly identify the boundary value(s).  
•   Shade the area of interest.      

   2.    Perform calculations—show your work! 
   (i)   Standardize the boundary value and use 
 Table A  or technology to find the desired 
area; or  
 ( ii)   Use technology to find the desired area 
without standardizing. Label the inputs you 
used for the applet or calculator.      

  Be sure to answer the question that was asked.  

    THINK ABOUT IT       What proportion of Rory McIlroy’s drives go exactly 290 
yards?       Because a point on the number line has no width, there is no area directly above 
the point 290.000000000. . . under the normal density curve in the previous example. So, 
the answer to our question based on the normal distribution is 0. One more thing: the 
areas under the curve with   290x ≥    and   290x >    are the same. According to the normal 
model, the proportion of McIlroy’s drives that travel at least 290 yards is the same as the 
proportion that travel more than 290 yards.    

   Finding Areas Between Two Values in a Normal Distribution  
 How do you find the area in a normal distribution that is between two values? For 
instance, suppose we want to estimate the proportion of Gary, Indiana, seventh- graders 
with ITBS vocabulary scores between 6 and 9.  Figure 2.17(a)   shows the desired area 
under the normal curve with mean   6.84µ =    and standard deviation   1.55σ =   . We can 
use  Table A  or technology to find the desired area. 

Option (i):  If we standardize each boundary value, we get: 

6 6.84

1.55
0.54=

−
= −z

9 6.84

1.55
1.39=

−
=z

  Figure 2.17(b)  shows the corresponding area of interest in the standard normal 
distribution.  
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L E S S O N  2.5  •  Normal Distributions: Finding Areas from Values 135

Using Table A: The table makes this process a bit trickier because it only shows areas 
to the left of a given z-score. The visual shows one way to think about the calculation.

–0.54
1.39z-score

–3 –2 –1 0 1 2 3
–0.54
z-score

–3 –2 –1 0 1 2 3
1.39

z-score

–3

5 –

–2 –1 0 1 2 3

= − =
= = − = −
= −
=

Area between 0.54 and 1.39
(Area to the left of 1.39) (Area to the left of 0.54)
0.9177 0.2946
0.6231

z z
z z

Using technology: − =Applet/normalcdf(lower: 0.54, upper: 1.39, mean: 0, SD: 1) 0.6231

Option (ii): =Applet/normalcdf(lower: 6, upper: 9, mean: 6.84, SD: 1.55) 0.6243.

About 62% of Gary, Indiana, seventh-graders earned grade-equivalent scores 
between 6 and 9.

Notice that the answer obtained using standardized scores (0.6231) is differ-
ent from the one obtained directly from the unstandardized distribution of ITBS 
vocabulary scores (0.6243). This difference is due to rounding the z-scores to 
2 decimal places before finding the area under the standard normal curve with 
Option (i).

6.845.293.742.19 8.39 9.94 11.496 9
ITBS vocabulary score(a)

–0.54 1.39
z-score

0–1–2–3 1 2 3

(b)

FIGURE 2.17 (a) Normal distribution approximating the proportion of seventh-graders in Gary, 
Indiana, with ITBS vocabulary scores between 6 and 9. (b) The corresponding area in the standard normal 
distribution.

EXAMPLE

Can Rory reach the green?

Finding area between two values in a normal distribution

PROBLEM: When professional golfer Rory McIlroy hits his driver, the distance the ball travels can be 
modeled by a normal distribution with mean 304 yards and standard deviation 8 yards. On another 
golf hole, McIlroy has the opportunity to drive the ball onto the green if he hits the ball between 305 
and 325 yards. What proportion of Rory’s drives travel a distance that falls in this interval?
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C H A P T E R  2  • Modeling One-Variable Quantitative Data136

   SOLUTION:      

    

280 288 296 304

Distance traveled (yards)

312 320 328

305 325
 

   (i)    =
−

=z
305 304

8
0.13      

     =
−

=
325 304

8
2.63z     

  Using  Table A :   − =0.9957 0.5517 0.4440    

  Using technology:     Applet/normalcdf(lower: 0.13, upper: 2.63, 
=mean: 0, SD:1) 0.4440   

  (ii)     =Applet/normalcdf(lower: 305, upper: 325, mean: 304, SD: 8) 0.4459    

 About   45%   of McIlroy’s drives travel between 305 and 325 yards.     

  1. Draw a normal distribution.  

  2. Perform calculations—show your 
work!  
   (i)   Standardize and use  Table A  or 
technology; or  
  (ii)   Use technology without standardizing.   

  Be sure to answer the question that was 
asked.  

  FOR PRACTICE    TRY EXERCISE 17.    

 What cholesterol levels are unhealthy for teen boys?      

      High levels of cholesterol in the blood increase the 
risk of heart disease. For teenage boys, the distribu-
tion of blood cholesterol is approximately normal 
with mean   151.6µ =    milligrams of cholesterol per 
deciliter of blood   (mg/dl)   and standard deviation 
  25 mg/dlσ =   . 19  

   1.   About what proportion of teen boys have 
 cholesterol levels less than   100 mg/dl  ?  

  2.   Cholesterol levels of 200 or higher are consid-
ered high for teenagers. What percent of teen 
boys have high cholesterol?  

  3.   Cholesterol levels between   170 mg/dl   and 
  200 mg/dl   are considered borderline high for 
teenagers. What percent of teen boys have 
 borderline high cholesterol levels?     

       L E S S O N  A P P    2 . 5   

Ti
m
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ph
er
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y
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Lesson 2.5 

W H A T  D I D  Y O U  L E A R N ?
LEARNING TARGET EXAMPLES EXERCISES

Find the proportion of values to the left of a boundary in a normal distribution. p. 131 9–12

Find the proportion of values to the right of a boundary in a normal distribution. p. 133 13–16

Find the proportion of values between two boundaries in a normal distribution. p. 135 17–20

L E S S O N  2.5  •  Normal Distributions: Finding Areas from Values 137

Building Concepts and Skills
1. The standard normal distribution has a mean 

of  and a standard deviation of 
.

2. True/False: The entry for each z-score in Table A is the 
area under the standard normal curve to the left of z.

3. What is the first step when finding areas in any 
normal distribution?

4. When calculating an area in a normal distribution, 
one option is to  and then find the 
area using Table A or technology.

5. In the standard normal curve, the area to the left of 
0.53=z  is 0.7019. What is the area to the right of 
0.53=z ? Explain your answer.

6. True/False: When finding area in a normal distribu-
tion, it matters whether the boundary value is included 
or not—for example, 120<x  versus 120≤x .

7. Find the proportion of observations in a standard 
normal distribution that satisfies each of the fol-
lowing statements.

(a) 2.46<z

(b) 1.66> −z

(c) z is between 0.50 and 1.79

8. Find the proportion of observations in a standard 
normal distribution that satisfies each of the fol-
lowing statements.

(a) 1.39< −z

(b) 2.15>z

(c) z is between 1.11−  and 0.32−

Mastering Concepts and Skills
9. Weighing potato chips The weights of 9-ounce bags 

of a particular brand of potato chips can be mod-
eled by a normal distribution with mean 9.12µ =  
ounces and standard deviation 0.05σ =  ounce. 
About what percent of 9-ounce bags of this brand 

of potato chips weigh less than the advertised 
9 ounces? Is this likely to pose a problem for the 
company that produces these chips?

10. On the bench In baseball, a player’s batting average 
is the proportion of times the player gets a hit out of 
the total number of times at bat. The distribution of 
batting averages in a recent season for Major League 
Baseball players with at least 100 plate appearances 
can be modeled by a normal distribution with mean 

0.261µ =  and standard deviation 0.034σ = . A 
player with a batting average below 0.200 is at risk of 
sitting on the bench during important games. About 
what percent of players are at risk?

11. Lower SATs In the class of 2019, more than 1.6 
million students took the SAT. The distribution of 
scores on the math section (out of 800) is approx-
imately normal with a mean of 528 and standard 
deviation of 117. About what proportion of stu-
dents who took the SAT scored less than 350 on the 
math section?

12. Blood pressure According to a health information 
website, the distribution of adults’ diastolic blood 
pressure (in millimeters of mercury) can be modeled 
by a normal distribution with mean 70 and stan-
dard deviation 20. A healthy diastolic pressure for 
an adult is less than 80. About what proportion of 
adults have healthy diastolic blood pressures?

13. Chips galore Refer to Exercise 9. What proportion 
of 9-ounce bags of this brand of potato chips weigh 
more than 9.2 ounces?

14. Batter up! Refer to Exercise 10. What proportion of 
players have a batting average of 0.300 or higher?

15. SATisfactory for admission Refer to Exercise 11. 
The University of Michigan has a recommended SAT 
math score of at least 730. What percent of students 
who took the SAT math test meet this requirement?

16. Borderline blood pressure Refer to Exercise 12. 
 Diastolic blood pressures higher than 120 are clas-
sified as a hypertensive crisis and require emergency 

pg  131

pg  133

Exercises
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C H A P T E R  2  • Modeling One-Variable Quantitative Data138

medical attention. What percent of adults have a 
diastolic BP that is classified as a hypertensive crisis?

17. Enough chips Refer to Exercise 9. What percent of 
9-ounce bags of this brand of potato chips weigh 
between 9 and 9.1 ounces?

18. Hey batter! Refer to Exercise 10. What percent of 
players have batting averages between 0.250 and 
0.300?

19. SAT scores in the middle Refer to Exercise 11. What 
proportion of students earned scores between 500 
and 600 on the SAT math test?

20. Very high BP Refer to Exercise 12. A diastolic blood 
pressure between 80 and 90 indicates borderline 
high blood pressure. What proportion of adults have 
borderline high blood pressure?

Applying the Concepts
21. Watch the salt! A study investigated about 3000 meals 

ordered from Chipotle restaurants using the online 
site Grubhub. Researchers calculated the sodium con-
tent (in milligrams) for each order based on Chipotle’s 
published nutrition information. The distribution of 
sodium content is approximately normal with mean 
2000 mg and standard deviation 500 mg.20

(a) What proportion of the meals ordered exceeded the 
recommended daily allowance of 2400 mg of sodium?

(b) What percent of the meals ordered had between 
1200 mg and 1800 mg of sodium?

22. Egg weights In the United States, egg sizes are set by 
the Department of Agriculture. A “large” egg, for 
example, weighs between 57 and 64 grams. Sup-
pose the weights of eggs produced by hens owned 
by a particular farmer are approximately normally 
distributed with a mean of 55.8 grams and a stan-
dard deviation of 7.5 grams.

(a) What proportion of these eggs weigh less than 50 
grams?

(b) What percent of these eggs would be classified as 
“large”?

23. Put a lid on it! At fast-food restaurants, the lids for 
drink cups are made with a small amount of flex-
ibility, so they can be stretched across the mouth 
of the cup and then snugly secured. When lids are 
too small or too large, customers can get frustrated, 
especially if they end up spilling their drinks. At 
one restaurant, large drink cups require lids with 
a diameter of between 3.95 and 4.05 inches. The 
restaurant’s lid supplier claims that the diameter 
of the large lids follows a normal distribution with 
mean 3.98 inches and standard deviation 0.02 
inches. Assume that the supplier’s claim is true.

(a) What percent of large lids are too small to fit?

(b) What percent of large lids are too big to fit?

(c) What percent of large lids have diameters between 
3.95 and 4.05 inches?

(d) Compare your answers to parts (a) and (b). Does it 
make sense for the lid manufacturer to try to make one 
of these values larger than the other? Why or why not?

24. Bottling soda A bottling company fills bottles 
labeled “2 liters” with delicious lemonade. Of 
course, there is some variation from the target vol-
ume. In fact, the distribution of volume is approx-
imately normal with a mean of 2.04 liters and a 
standard deviation of 0.03 liter.

(a) About what percent of bottles are underfilled (i.e., 
less than 2 liters)?

(b) About what percent of bottles have a volume 
greater than 2.10 liters?

(c) About what percent of bottles are within 0.05 liter of 
the target volume (i.e., between 1.95 and 2.05 liters)?

(d) Based on your answers to parts (a), (b), and (c), do 
you think this bottling company needs to adjust its 
filling machine? Why or why not?

Extending the Concepts
25. Backwards normal calculations A quantitative variable 

can be modeled by a normal distribution with mean 
50 and standard deviation 6. What value is at the 80th 
percentile of the distribution? Explain your reasoning.

Recycle and Review
26. Are body weights normal? (2.4) The heights of peo-

ple of the same sex and similar ages follow normal 
distributions reasonably closely. How about body 
weights? The weights of women aged 20 to 29 have 
mean 141.7 pounds and median 133.2 pounds. 
The first and third quartiles are 118.3 pounds and 
157.3 pounds. Is it reasonable to believe that the 
distribution of body weights for women aged 20 to 
29 is approximately normal? Explain your answer.

27. Who plays video games? (1.2) The Pew Research Cen-
ter asked a random sample of 1996 U.S. adults if they 
play video games. In the sample, 165 identified them-
selves as “gamers,” 760 said they play video games but 
don’t identify as a gamer, and 1071 said they do not 
play video games.21 Here is a graph of these data.

Fr
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Gamer Play some Don’t play

Video game player status

(a) Explain what is potentially deceptive about this graph.

(b) Make a bar chart for these data that isn’t deceptive.

pg  135
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139

 When the distribution of a quantitative variable can be modeled with a normal curve, 
we can use the methods of  Lesson 2.5  to find the percentile for a given value. We do 
this by finding the appropriate area in a normal distribution. What if we want to 
find the value in a normal distribution corresponding to a given percentile? That will 
require us to reverse the process to go from an area to a value. 

   Finding Percentiles in a Normal Distribution  
 Let’s return to the distribution of ITBS vocabulary scores among all Gary, Indiana, 
seventh-graders. Recall that this distribution is approximately normal with mean 

6.84µ =    and standard deviation   1.55σ =   . What score would a student have to earn 
to be at the 90th percentile of the distribution? 

  Figure 2.18(a)   shows what we are trying to find: the ITBS score  x  with   90%   of 
the area to its left under the normal curve.  Figure 2.18(b)  shows the standard normal 
distribution with the corresponding area shaded.  

   L E A R N I N G  T A R G E T S  

   •   Find the value that corresponds to a given percentile in a normal 
distribution.  

•   Find the mean or standard deviation of a normal distribution given the value 
of a percentile.    

     Lesson   2.6 
Normal Distributions: 
Finding Values from Areas   

     We can use  Table A  to find the  z -score with an area of 0.90 to its left in a standard 
normal distribution. Because  Table A  gives the area to the left of a specified  z -score, 
all we have to do is find the value closest to 0.90 in the middle of the table. From the 
table excerpt in the margin, you see that the desired value is   1.28=z   .     

  z   .07  .08  .09 

  1.1   .8790  .8810  .8830 

  1.2   .8980  .8997  .9015 

  1.3   .9147  .9162  .9177 

2.19 3.74 5.29 6.84

ITBS vocabulary score
8.39 9.94 11.49x

Area = 0.90

z

z-score
0–1–2–3 1 2 3

Area = 0.90

FIGURE   2.18    (a) Normal distribution showing the 90th percentile of ITBS vocabulary scores for Gary, 
Indiana,  seventh-graders. (b) The 90th percentile in the standard normal distribution.  
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C H A P T E R  2  • Modeling One-Variable Quantitative Data140

Finding values from areas in any normal distribution

You can use technology to find values from areas in any normal distribution. Let’s use an applet and the TI-83/84 to 
confirm our earlier result about the 90th percentile of ITBS vocabulary scores for Gary, Indiana, seventh-graders.

With technology, we can do the calculation using the standard normal distribution or the “unstandardized” 
 normal distribution with mean 6.84 and standard  deviation 1.55.

 (i)  Using the standard normal distribution:  
What is the 90th percentile of the standard 
 normal distribution?

Applet
 1.   Launch the Normal Distributions applet at  

bfwpub.com/spa4e.

 2.   Select the option to “Calculate a value corre-
sponding to an area.”

 3.   Enter 0 for the mean and 1 for the standard 
deviation. Then click “Plot distribution” to see the 
graph of the standard normal distribution.

 4.   To find the 90th percentile, select “Calculate 
boundary value(s) for a left-tail area” from the 
pull-down menu, type 0.90 for the area, and click 
“Calculate value(s).”

Calculate a value corresponding to an area

Plot distribution

Calculate value(s)

Operation:

Normal Distributions

Mean = SD = 10

left-tail

Value = 1.282

Calculate boundary value(s) for a .90area of

–3 –2 –1 0 1 2 3

TI-83/84
 1.   Press 2nd  VARS  (Distr) and choose invNorm(.

OS 2.55 or later: In the dialog box, enter these  values: 
area: 0.90, µ : 0, σ : 1, choose Paste, and then press 
ENTER .

Older OS: Complete the command invNorm(0.90,0,1) 
and press ENTER .

Note: The most recent TI-84 Plus CE OS has added 
an option for specifying area in the LEFT, CENTER, 
or RIGHT of the distribution. Choose LEFT in this 
case.

 (ii)  Using the unstandardized normal  distribution: 
What is the 90th percentile of a normal 
 distribution with mean µ = 6.84 and standard 
 deviation σ = 1.55?

TECH
CORNER

To get the corresponding ITBS vocabulary score x, use the z-score formula to 
“unstandardize”:

 z
x µ

σ
=

−

 

=
−

+ =
=

1.28
6.84

1.55
1.28(1.55) 6.84

8.824

x

x
x

So the 90th percentile of the distribution of ITBS vocabulary scores for Gary, Indiana, 
seventh-graders is 8.824.

It is also possible to find the 90th percentile of either distribution in Figure 2.18 
with technology.
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L E S S O N  2.6  •  Normal Distributions: Finding Values from Areas 141

Applet

 1.   Launch the Normal Distributions applet at  
bfwpub.com/spa4e.

 2.   Select the option to “Calculate a value 
 corresponding to an area.”

 3.   Enter 6.84 for the mean and 1.55 for the standard 
deviation. Then click “Plot distribution” to see the 
graph of the appropriate normal distribution.

 4.   To find the 90th percentile, select “Calculate 
boundary value(s) for a left-tail area” from the 
pull-down menu, type 0.90 for the area, and click 
“Calculate value(s).”

Calculate a value corresponding to an area

Plot distribution

Calculate value(s)

Operation:

Normal Distributions

Mean = SD = 1.556.84

left-tail

Value = 8.826

Calculate boundary value(s) for a .90area of

2.19 3.74 5.29 6.84 8.39 9.94 11.49

TI-83/84
 1.   Press 2nd  VARS  (Distr) and choose invNorm(.

OS 2.55 or later: In the dialog box, enter these values: 
area: 0.90, µ : 6.84, σ : 1.55, choose Paste, and then 
press ENTER .

Older OS: Complete the command invNorm 
(0.90,6.84,1.55) and press ENTER .

Note: The most recent TI-84 Plus CE OS has added an 
option for specifying area in the LEFT, CENTER, or RIGHT 
of the distribution. Choose LEFT in this case.

How to find values from areas in any normal distribution
Step 1: Draw a normal distribution with the horizontal axis labeled and scaled using the 
mean and standard deviation, the area of interest shaded and labeled, and unknown boundary 
value clearly marked.

Step 2: Perform calculations—show your work! Do one of the following:

(i) Use Table A or technology to find the value of z with the appropriate area under 
the standard normal curve, then “unstandardize” to transform back to the original 
distribution; or

(ii) Use technology to find the desired value without standardizing. Label the inputs you used 
for the applet or calculator.

Be sure to answer the question that was asked.

As the Tech Corner illustrates, it is possible to find the 90th percentile of the dis-
tribution of ITBS vocabulary scores for Gary, Indiana, seventh-graders directly from 
the original (unstandardized) normal distribution using technology. Check with your 
teacher to see if this method will be allowed in your class.
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C H A P T E R  2  • Modeling One-Variable Quantitative Data142

  EXAMPLE 

 Stop the car! 

 Finding a value from an area in a normal distribution  

   PROBLEM:      Many studies on automobile safety suggest that when drivers must make emergency stops, the 
stopping distances follow an approximately normal distribution. Suppose that for one model of car traveling 
at 60 mph under typical conditions on dry pavement, the mean stopping distance is   µ = 165   feet with a stan-
dard deviation of   σ = 4   feet. One percent of all such emergency stops take more than what distance?  

   SOLUTION:      

     

165161

Area = 0.99

157153 169
X

173 177
Stopping distance (ft)

Area = 0.01

 
  (i)   Using  Table A :   → =z0.99 area to the left 2.33   
  Using technology:   =Applet/invNorm(area: 0.99, mean: 0, SD:1) 2.33    

   

=
−

+ =
=

x

x
x

2.33
165

4
2.33(4) 165

174.32
    

  (ii)    =Applet/invNorm(area: 0.99, mean:165 , SD: 4) 174.31  
 One percent of all such emergency stops take more than about 
174.3 feet.      

  FOR PRACTICE    TRY EXERCISE 5.    

  1. Draw a normal distribution.     If   1%   of 
emergency stops take more than a certain 
distance x, then   99%   of emergency stops 
take less than or equal to that distance. So we 
just need to find the 99th percentile of the 
distribution of stopping distance.  

  2. Perform calculations—show your work!  
   (i)    Use  Table A  or technology to find the 
value of  z  with the appropriate area under the 
standard normal curve, then “unstandardize”; or   
  (ii)    Use technology to find the desired value 
without standardizing. Label the inputs you 
used for the applet or calculator.    

  Be sure to answer the question that was asked.  

 Another approach to finding the 99th percentile in the example is to use the inter-
pretation of the  z -score. A standardized score of   2.33=z    means we are looking for the 
value that is 2.33 standard deviations above the mean: 

mean 2.33(SD) 165 2.33(4) 174.32+ = + =

 So 1 percent of all such emergency stops take more than 174.32 feet.  

   Finding the Mean or Standard Deviation from Areas 
in a Normal Distribution  
 You have seen how to find the value corresponding to a given percentile in a normal 
distribution with known mean and standard deviation. It is also possible to find the 
mean or standard deviation of a normal distribution using the value of one or more 
percentiles.  
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L E S S O N  2.6  •  Normal Distributions: Finding Values from Areas 143

 How tall are 7-year-old girls? 

 Finding the mean or SD from percentiles  

   PROBLEM:      The clinical growth charts at  www.cdc.gov  show the percentiles corresponding to different 
heights for children of each sex and age. For 7-year-old girls, the mean is 48 inches and the 90th percentile 
is 51 inches. Assuming that the distribution of height for 7-year-old girls is approximately normal, find its 
 standard deviation.  

   SOLUTION:      

 

48

Area = 0.90

51
Height (in.)     

  Using  Table A :   z→ =0.90 area to the left 1.28    

  Using technology:      =Applet/invNorm(area: 0.90, mean: 0, SD:1) 1.28   

   

σ
σ

σ

σ

=
−

=

=

=

1.28
51 48

1.28 3
3

1.28
2.34 inches

     

   EXAMPLE 

  FOR PRACTICE    TRY EXERCISE 9.      

  1. Draw a normal distribution.  

  2. Perform calculations—show your work!  
  Because we are trying to find the standard 
deviation, we need to use the  z -score formula 
and fill in the other three values. We know the 
boundary value is 51 and the mean is 48. The 
last value we need is the  z -score for an area to 
the left of 0.90. Substitute these three values 
into the  z -score formula and solve for s.  

 The CDC’s clinical growth charts actually show that the 50th percentile of the 
distribution of height for 7-year-old girls is 48 inches. In other words, 48 inches 
is the median of this distribution. Because the mean and median are equal in a 
normal distribution, we cited the mean height of 7-year-old girls as 48 inches in 
the example. 

 The preceding example showed you how to find the standard deviation if you are 
given the mean of a normal distribution and the value of another percentile. If you 
are given the standard deviation and the value of a percentile, you can use a similar 
approach to find the mean of a normal distribution. What if you don’t know the 
mean or standard deviation? With the values of two different percentiles in a normal 
distribution, you can solve a system of equations to find   µ   and   σ  . See  Exercises 19  
and  20 .  
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C H A P T E R  2  • Modeling One-Variable Quantitative Data144

    Lesson   2.6    

 W H A T  D I D  Y O U  L E A R N ? 
 LEARNING TARGET  EXAMPLES  EXERCISES 

 Find the value that corresponds to a given percentile in a normal 
distribution. 

  p. 142   5–8 

 Find the mean or standard deviation of a normal distribution 
given the value of a percentile. 

  p. 143   9–12 

 Avoiding high cholesterol      

      High levels of cholesterol in the blood increase the 
risk of heart disease. For teenage boys, the distribu-
tion of blood cholesterol is approximately normal 
with mean   151.6µ =    milligrams of cholesterol per 
deciliter of blood   (mg/dl)   and standard deviation 
  25 (mg/dl)σ =   . 22  

   1.  Find the 20th percentile of the distribution of 
blood cholesterol for teen boys.

 For teenage girls, the distribution of blood 
cholesterol is approximately normal with mean 
  157.5µ =    milligrams of cholesterol per deciliter 
of blood   (mg/dl)  . About   8.9%   of teen girls have 
high cholesterol—that is, levels of 200   mg/dl   or 
greater.  

  2.   Find the standard deviation of the distribution of 
blood cholesterol for teen girls.      

    L E S S O N  A P P    2 . 6   

  Find the standard deviation of the distribution of 

St
oc

kb
ro

ke
r/

M
BI

/A
la

m
y

    Building Concepts and Skills   
   1.   What is the first step when finding values from 

areas in a normal distribution?  

  2.   What formula do you use to solve for the standard 
deviation when given a percentile and the mean of 
a normal distribution?  

  3.   Find the 40th percentile of a standard normal 
distribution.  

  4.   Find the value in a standard normal distribution 
with area 0.34 to its right.    

    Mastering Concepts and Skills   
   5. Expensive mountain bike!  The average sale price 

(online) for a certain brand of professional moun-
tain bike is approximately normally distributed with 

a mean of $4200 and a standard deviation of $250. 
Find the 30th percentile of this distribution.  

  6.    Mail the letter  A local post office weighs outgoing 
mail and finds that the weights of first-class letters 
are approximately normally distributed with a mean 
of 0.69 ounce and a standard deviation of 0.16 
ounce. Find the 60th percentile of this distribution.  

  7.    Fire!  A fire department in a rural county reports 
that its response time to fires is approximately nor-
mally distributed with a mean of 22 minutes and a 
standard deviation of 6.9 minutes. Assume that this 
claim is true. One percent of response times take at 
least how many minutes?  

  8.    Helmet sizes  The army reports that the distribution 
of head circumference among soldiers is approxi-
mately normal with mean 22.8 inches and standard 

 pg  142 

   Exercises    
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L E S S O N  2.6  •  Normal Distributions: Finding Values from Areas 145

deviation 1.1 inches. Helmets are mass-produced 
for all except the smallest 5% and the largest 5% 
of head sizes. Soldiers in the smallest or largest 
5% get custom-made helmets. What head sizes get 
 custom-made helmets?

9. Long drive In 2019, the distribution of golfer Lexi 
Thompson’s driving distance had a mean of 276 
yards.23 Assuming that her distribution of driving 
distance is approximately normal with an 80th 
percentile of 290 yards, calculate its standard 
deviation.

10. Get off your phone! According to a 2019 study 
by RescueTime, people spend an average of 1.25 
minutes on their smartphone each time they pick 
it up.24 If Noelle’s distribution of smartphone use 
is approximately normal with a mean of 1.25 min-
utes and a 97th percentile of 2 minutes, calculate its 
standard deviation.

11. Sub shop The lengths of footlong sub sandwiches 
at a local sub shop follow an approximately 
normal distribution with unknown mean µ  and 
standard deviation 0.2 inch. If 20% of these 
sandwiches are shorter than 11.7 inches, find the 
mean length µ .

12. Rally time A tennis ball machine fires balls a dis-
tance that is approximately normally distributed. 
The mean distance, µ , is unknown and the stan-
dard deviation is 1.2 feet. If 5% of balls go farther 
than 70 feet, find µ .

Applying the Concepts
13. IQ test scores Scores on the Wechsler Adult Intel-

ligence Scale (a standard IQ test) for the 20-to-34 
age group are approximately normally distributed 
with µ = 110 and σ = 25.

(a) What percent of people aged 20 to 34 have IQs 
between 125 and 150?

(b) MENSA is an elite organization that admits as 
members people who score in the top 2% on IQ 
tests. What score on the Wechsler Adult Intelligence 
Scale would an individual aged 20 to 34 have to 
earn to qualify for MENSA membership?

14. Low birth weight Researchers in Norway ana-
lyzed data on the birth weights of 400,000 new-
borns over a 6-year period. The distribution of 
birth weight is approximately normal with a 
mean of 3668 grams and a standard deviation 
of 511 grams.25 Babies who weigh less than 
2500 grams at birth are classified as “low birth 
weight.”

(a) What percent of babies will be identified as low 
birth weight?

(b) Find the first and third quartiles of the birth weight 
distribution.

Exercises 15 and 16 refer to this setting. At fast-food 
restaurants, the lids for drink cups are made with a 
small amount of flexibility, so they can be stretched 
across the mouth of the cup and then snugly secured. 
When lids are too small or too large, customers can 
get frustrated, especially if they end up spilling their 
drinks. At one restaurant, large drink cups require 
lids with a diameter of between 3.95 and 4.05 inches. 
The restaurant’s lid supplier claims that the diameter 
of the large lids follows a normal distribution with 
mean 3.98 inches and standard deviation 0.02 inch. 
Assume that the supplier’s claim is true. The supplier 
is considering two changes to reduce the percent of its 
large-cup lids that are too small to 1%: (1) adjusting 
the mean diameter of its lids, or (2) altering the pro-
duction process to decrease the standard deviation of 
the lid diameters.

15. Put a lid on the mean
(a) If the standard deviation remains at 0.02σ =  inch, 

at what value should the supplier set the mean 
diameter of its large-cup lids so that only 1% are 
too small to fit?

(b) What effect will the change in part (a) have on the 
percent of lids that are too large?

16. Put a lid on the SD
(a) If the mean diameter stays at 3.98µ =  inches, what 

value of the standard deviation will result in only 
1% of lids that are too small to fit?

(b) What effect will the change in part (a) have on the 
percent of lids that are too large?

17. Quartiles Find the 25th percentile ( )1Q  and the 75th 
percentile ( )3Q  of the standard normal distribution.

18. Deciles The deciles of any distribution are the val-
ues at the 10th, 20th, . . . , 90th percentiles. The first 
and last deciles are the 10th and the 90th percen-
tiles, respectively. What are the first and last deciles 
of the standard normal distribution?

19. Flight times An airline flies the same route at the 
same time each day. The flight time can be modeled 
by a normal distribution having unknown mean 
and standard deviation. On 15% of days, the flight 
takes more than an hour. On 3% of days, the flight 
lasts 75 minutes or more. Use this information to 
determine the mean and standard deviation of the 
flight time distribution.

20. Brush your teeth The amount of time Riccardo 
spends brushing his teeth can be modeled by a 
normal distribution with unknown mean and stan-
dard deviation. Riccardo spends less than 1 minute 
brushing his teeth about 40% of the time. He spends 
more than 2 minutes brushing his teeth about 2% 
of the time. Use this information to determine the 
mean and standard deviation of this distribution.

pg  143
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C H A P T E R  2  • Modeling One-Variable Quantitative Data146

Extending the Concepts
Exercises 21 and 22 refer to the following. A type of 
graph called a normal probability plot (or a normal 
quantile plot) can be used to assess whether or not a 
distribution of quantitative data is approximately nor-
mal. This graph consists of a point for each individual in 
the data set. The x-coordinate of each point is the actual 
data value, and the y-coordinate is the expected z-score 
in a standard normal distribution corresponding to the 
percentile of that data value. If the points on a normal 
probability plot lie close to a straight line, the data are 
approximately normally distributed. A clear nonlin-
ear form in a normal probability plot indicates a non- 
normal distribution. You can use the TI-83/84 to make 
a normal probability plot for a quantitative data set.

21. Runners’ heart rates The figure shows a normal 
probability plot of the heart rates of 200 male run-
ners after 6 minutes of exercise on a treadmill.26 
Use the graph to determine if this distribution of 
heart rates is approximately normal.

d
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22. Carbon dioxide emissions The figure shows a nor-
mal probability plot of the emissions of carbon 
dioxide per person in 48 countries.27 Use the graph 
to determine if this distribution of carbon dioxide 
emissions is approximately normal.
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23. Normal outliers In Chapter 1, you learned the 
1.5 × IQR rule to identify outliers. We call a data 
value an outlier if it is less than 1.51 − ×Q IQR 
or greater than 1.53 + ×Q IQR. In the final match 
of the 2018 Australian Open tennis tournament, 
champion Roger Federer had a mean speed of 
188 kilometers per hour (kph) on his first serves. 
Assuming that the distribution of his first-serve 
speeds is roughly normal with a standard devi-
ation of 7 kph, what speeds qualify as high 
outliers?

Recycle and Review
24. Chamois clean? (1.8) Chamois leather is smooth 

and absorbent, making it a popular choice for use 
in cleaning. Does the temperature of the water 
affect how much it can absorb? An inquisitive stu-
dent cut out 90 3-inch-by-3-inch squares of cham-
ois leather and randomly assigned 30 to be used 
with hot water, 30 with room temperature water, 
and 30 with cold water.28After soaking each piece 
with the appropriate temperature water, the stu-
dent carefully measured how much water was 
absorbed (in milliliters) by wringing out each 
piece of leather over a graduated cylinder. The 
boxplots display the distribution of amount of 
water absorbed for each of these types. Compare 
these distributions.

25. Is North Carolina normal? (2.3, 2.4) We collected 
data on the tuition charged by colleges and univer-
sities in North Carolina. Here are some numerical 
summaries for the data:

Mean SD Min Max

14,281.86 11,212.71 4216 54,430

(a) Sketch a normal distribution with mean 14,281.86 
and standard deviation 11,212.71. Label the mean 
and the points that are 1, 2, and 3 standard devia-
tions from the mean.

(b) Based on your graph in part (a) and the summary 
statistics, is it reasonable to believe that the distri-
bution of North Carolina tuitions is approximately 
normal? Explain your reasoning.

Amount of water absorbed (ml)
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147Chapter 2  STATS applied!

   STATS applied!  

  Do you sudoku?       
      Mr. Starnes played an online game of sudoku at  www.websudoku
.com . He finished an easy puzzle in 3 minutes and 20 seconds. 
The graph provides information about how well he did (his 
time is marked with an arrow). The density curve shown was 
 constructed from a histogram of times for millions of easy sudoku 
games played at this website.     

    Rank: Top 19%

Your time: 3 minutes, 20 seconds

0 min 30 mins

 

   1.   Describe the shape of the density curve.  
  2.   Which is larger for the distribution of time to solve easy puzzles on this site: the mean or the median? 

Explain your answer.  
  3.   State and interpret the percentile for Mr. Starnes’s time of 3 minutes and 20 seconds.  
  4.   From long experience, Mr. Starnes’s times to finish an easy sudoku puzzle at this website can be modeled 

by a normal distribution with mean 4.2 minutes and standard deviation 0.7 minute. In what percent of the 
games that he plays does the author finish an easy puzzle in less than 3 minutes and 20 seconds? ( Note:  
3 minutes and 20 seconds is not the same as 3.20 seconds!)  

  5.  Mr. Starnes’s wife Judy, who is an avid sudoku player, completed a medium puzzle at this site in 5 minutes. 
This table summarizes the mean and standard deviation of times to complete easy and medium puzzles 
at this website.

 Difficulty level  Mean  SD 

 Easy  13.5 minutes  7.9 minutes 

 Medium  17.9 minutes  9.2 minutes 

 Whose performance is better, relatively speaking: Mr. Starnes’s 3 minutes and 20 seconds on an easy 
 puzzle or his wife Judy’s 5 minutes on a medium puzzle? Justify your answer.       

     Chapter   2 
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    Describing Location in a Distribution   
■	   Two ways of describing an individual data value’s 

location in a distribution of quantitative data are 
percentiles  and  standardized scores (   z   -scores).   

■	   An individual’s percentile is the percent of values 
in a distribution that are less than the individual’s 
data value.  

■	  To standardize any data value, subtract the mean 
of the distribution and then divide the difference 
by the standard deviation. The resulting standard-
ized score ( z -score)

=
−value mean

standard deviation
z

  measures how many standard deviations the 
data value lies above or below the mean of the 
distribution.  

■	   We can also use percentiles and  z -scores to com-
pare the location of individuals in different distri-
butions of quantitative data.  

■	   In the special case of a normal distribution, we 
can convert from percentiles to  z -scores and from 
z -scores to percentiles.    

    Transforming Data   
 It is necessary to transform data when changing units 
of measurement. 

■	   When you add a positive constant  a  to (subtract 
a  from) all the values in a quantitative data set, 
measures of center and location—mean, median, 
percentiles—increase (decrease) by  a . Measures of 
variability—range, standard deviation,  IQR —do 
not change.  

■	   When you multiply (divide) all the values in a 
quantitative data set by a positive constant  b , 

measures of center, location, and variability are 
multiplied (divided) by  b .  

■	   Neither of these transformations changes the 
shape of the distribution.  

■	   A common transformation is to standardize 
all the values in a distribution: For each value, 
subtract the mean of the distribution and then 
divide the difference by the standard deviation. 
The transformed distribution has the same shape 
as the original distribution, a mean of 0, and a 
 standard deviation of 1.    

    Density Curves   
■	   We can describe the overall pattern of some distri-

butions of quantitative data with a  density curve . 
A density curve is an idealized description of the 
distribution that smooths out the irregularities in 
the actual data. A density curve always remains 
on or above the horizontal axis and has total area 
1 underneath it. An area under a density curve 
and above any interval of values on the horizontal 
axis estimates the proportion of all observations 
that fall in that interval.  

  ■	   We write the  mean of a density curve  as  µ  and the 
 standard deviation of a density curve  as  σ   to dis-
tinguish them from the mean   x   and the standard 
deviation   sx   of the sample data.  

  ■	   The mean and the  median of a density curve  can 
be located by eye. The mean   µ   is the balance point 
of the curve. The median divides the area under 
the curve in half. The standard deviation  σ   can-
not be located by eye on most density curves.  

  ■	   The mean and median are equal for symmetric 
density curves. The mean of a skewed density 
curve is located farther toward the long tail than 
the median is.    

    Chapter 2

Main Points  

148
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Normal Distributions
■	 Some distributions of quantitative data can be 

modeled by symmetric, single-peaked, bell-shaped 
density curves called normal curves.

■	 Any normal distribution is completely specified 
by two numbers: its mean µ and standard devia-
tion σ . The mean is the center of the curve, and σ  
is the distance from µ to the change-of-curvature 
points on either side.

σ

μ

■	 The empirical rule (also called the 68–95–99.7 
rule) describes the approximate percent of values 
in any normal distribution that fall within 1, 2, 
and 3 standard deviations of the mean.

■	 To assess normality for a given set of quantita-
tive data, we first observe the shape of a dotplot, 
stemplot, or histogram. Then we check how well 
the data fit the empirical rule.

■	 All normal distributions are the same when values 
are standardized. If a quantitative variable can be 
modeled by a normal distribution with mean µ 
and standard deviation σ , we can standardize the 
original distribution of x-values using

value mean

standard deviation

µ

σ
=

−
=

−
z

x

The standardized values can be modeled using the 
standard normal distribution with mean 0 and 
standard deviation 1.

■	 Table A in the back of the book gives percentiles 
for the standard normal distribution. The table 

entry for each z-score is the area under the curve 
to the left of z.

■	 You can use Table A or technology to determine 
area for given values of the variable or the value 
that corresponds to a given percentile in any nor-
mal distribution.

■	 To find the area in a normal distribution corre-
sponding to given values:

Step 1: Draw a normal distribution with the hori-
zontal axis labeled and scaled using the mean and 
standard deviation, the boundary value(s) clearly 
identified, and the area of interest shaded.
Step 2: Perform calculations—show your work! 
Do one of the following:
(i) Standardize each boundary value and use 

Table A or technology to find the desired area 
under the standard normal curve; or

(ii) Use technology to find the desired area with-
out standardizing. Label the inputs you used 
for the applet or calculator.

Be sure to answer the question that was asked.

■	 To find the value in a normal distribution corre-
sponding to a given percentile (area):
Step 1: Draw a normal distribution with the hori-
zontal axis labeled and scaled using the mean and 
standard deviation, the area of interest shaded 
and labeled, and unknown boundary value clearly 
marked.
Step 2: Perform calculations—show your work! 
Do one of the following:
(i) Use Table A or technology to find the value of 

z with the appropriate area under the standard 
normal curve, then “unstandardize” to trans-
form back to the original distribution; or

(ii) Use technology to find the desired area with-
out standardizing. Label the inputs you used 
for the applet or calculator.

Be sure to answer the question that was asked.

■	 You can find the mean or standard deviation of a 
normal distribution using one or more percentiles by 
solving for the missing value in the z-score formula.

Chapter 2  Main Points
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C H A P T E R  2  • Modeling One-Variable Quantitative Data150

Review Exercises     Chapter 2

1. Your Iowa home (2.1)  The following dotplot gives the 
sale prices for 40 houses in Ames, Iowa, sold during a 
recent month. The mean sale price was $203,388 with 
a standard deviation of $87,609.

 

250
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d d d d
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   (a)   Find the percentile of the house represented by the 
red dot.  

  (b)   Calculate and interpret the standardized score ( z -score) 
for the house represented by the red dot, which sold 
for $234,000.  

  (c)   The same house sold 5 years earlier for $212,500. 
During the month when this occurred, the mean sales 
price of homes in Ames, Iowa, was $191,223 with a 
standard deviation of $76,081. In which of the two 
years did the house sell for more money, relatively 
speaking? Explain your answer.     

  2.    Transforming data (2.2)  The distribution of employee 
salary at a large company is skewed to the right, 
with mean $75,100 and standard deviation $36,554. 
Because the company had a productive year, the CEO 
will give every employee   2%   of their annual salary as a 
year-end reward, along with a $500 Christmas bonus. 
So an employee with a $60,000 salary would receive 
an adjusted salary of   (60,000)(1.02) 500 $61,700+ =   .

   (a)   What shape would the distribution of adjusted salary 
have? Explain your answer.  

  (b)   Find the mean of the distribution of adjusted salary.  

  (c)   Find the standard deviation of the distribution of 
adjusted salary.     

  3.    Fetch, Bucket! (2.3)  Kristen likes to throw tennis balls 
for her dog, Bucket. The time it takes Bucket to chase 
down a ball, return to Kristen, and drop the ball at her 
feet is equally likely to take any value in the interval 
from 8 seconds to 15 seconds.

   (a)   Draw a density curve to model this distribution. Be 
sure to include scales on both axes.  

  (b)   About what proportion of the time will Bucket return 
the ball within 13 seconds?  

  (c)   What is the mean of the density curve in part (a)? 
Explain your reasoning.     

  4.    Horse pregnancies (2.3, 2.4)  Bigger animals tend to 
carry their young longer before birth. The length of 
horse pregnancies from conception to birth varies 
according to a roughly normal distribution with mean 
336 days and standard deviation 6 days.

   (a)   Sketch the normal curve that models the distribution 
of horse pregnancy length. Label the mean and the 

points that are 1, 2, and 3 standard deviations from 
the mean.  

  (b)   Use the empirical rule to estimate the percentage of 
horse pregnancies that are longer than 342 days.     

5. Density of the earth (2.4)  In 1798, the English scientist 
Henry Cavendish measured the density of the earth 
several times by careful work with a torsion balance. 
The variable recorded was the density of the earth as a 
multiple of the density of water. Here are Cavendish’s 
29 measurements, along with a dotplot and numeri-
cal summaries of the data. 29 

   5.50      5.61      4.88      5.07      5.26      5.55      5.36      5.29      5.58      5.65   

   5.57      5.53      5.62      5.29      5.44      5.34      5.79      5.10      5.27      5.39   

   5.42      5.47      5.63      5.34      5.46      5.30      5.75      5.68      5.85   

 Density of earth
4.9 5.0 5.1 5.2 5.3 5.4 5.5 5.6 5.7 5.8
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dddd
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d
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d
d

d
ddd d d d dd ddd d dd

d

        

 n  Mean  SD  Min    Q1    Med    Q3    Max 

 29  5.448  0.221  4.88  5.295  5.46  5.615  5.85 

  Is this distribution approximately normal? Justify your 
answer based on the graph and the empirical rule.  

6. Acing the GRE (2.5, 2.6)  The Graduate Record Exam-
inations (GREs) are widely used to help predict the 
performance of applicants to graduate schools. The 
scores on the GRE Chemistry test are approximately 
normal with mean 694 and standard deviation 112.

   (a)   About what percent of test takers earn a score less 
than 500 on the GRE Chemistry test?  

  (b)   What proportion of test takers earn a score greater 
than or equal to 900 on this test?  

  (c)   Estimate the score at the 99th percentile on the GRE 
Chemistry test.     

7. Ketchup (2.5, 2.6)  A fast-food restaurant has just 
installed a new automatic ketchup dispenser for use 
in preparing its burgers. The amount of ketchup dis-
pensed by the machine follows an approximately 
normal distribution with mean 1.05 fluid ounces and 
standard deviation 0.08 fluid ounce.

   (a)   If the restaurant’s goal is to put between 1 and 1.2 
ounces of ketchup on each burger, about what percent 
of the time will this happen?  

  (b)   Suppose that the manager adjusts the machine’s set-
tings so that the mean amount of ketchup dispensed 
is 1.1 ounces. How much does the machine’s standard 
deviation have to be reduced to ensure that at least 
99%   of the restaurant’s burgers have between 1 and 
1.2 ounces of ketchup on them?                                                                                                                                                                

C H A P T E R  2  • Modeling One-Variable Quantitative Data150
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   1.   Many professional schools require applicants to take 
a standardized test. Suppose that 1000 students take 
such a test. Several weeks after the test, Pete receives 
his score report: he got a 63, which placed him at the 
73rd percentile. This means that:

   (a)   Pete did worse than about   63%   of the test takers.  

  (b)   Pete did worse than about   73%   of the test takers.  

  (c)   Pete did better than about   63%   of the test takers.  

  (d)   Pete did better than about   73%   of the test takers.     

  2.   The density curve shown models the distribution of a 
quantitative variable that is equally likely to take any 
value in the interval from 0 to 2. What percent of the 
observations lie between 0.5 and 1.2?

 210

0.5

        
   (a)     25%    

  (b)     35%    

  (c)     50%    

  (d)     70%       

  3.   Which of the following is closest to the 28th percentile 
of the standard normal distribution?

   (a)     = −z 0.58    

  (b)     = −z 0.50    

  (c)   z = 0.39  

  (d)   z = 0.61     

  4.   For the normal distribution shown at top right, the 
standard deviation is closest to

   (a)   1.  

  (b)   2.  

  (c)   3.  

  (d)   6.   

 2–6 0 4 8 126–4–8 10–2           

  5.   Scores on the ACT college entrance exam can be mod-
eled using a normal distribution with mean 21 and 
standard deviation 5. Wayne’s standardized score on 
the ACT was   0.6−   . What was Wayne’s actual ACT 
score?

   (a)   3  

  (b)   13  

  (c)   16  

  (d)   18     

  6.   The Environmental Protection Agency (EPA) requires 
that the exhaust from each model of motor vehicle 
be tested for the level of several pollutants. The level 
of oxides of nitrogen (NOX) in the exhaust of one 
light truck model was found to vary among individual 
trucks according to an approximately normal distri-
bution with mean   1.50µ =    grams per mile driven and 
standard deviation   0.25σ =    gram per mile. Which of 
the following best estimates the percent of light trucks 
of this model with NOX levels greater than 2 grams 
per mile?

   (a) 2.5%

  (b) 5%

  (c) 16%

  (d) 32%

Practice Test    Chapter 2

   Section I: Multiple Choice  Select the best answer for each question.   

Chapter 2  Practice Test
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C H A P T E R  2  • Modeling One-Variable Quantitative Data152

7. The figure shows a density curve that models the dis-
tribution of a quantitative variable. Seven  values are 
marked on the density curve. Which of the following 
statements is true?

A C D GB FE

(a) The mean of the distribution is E.

(b) The median of the distribution is C.

(c) The third quartile of the distribution is D.

(d) The area under the curve between A and G is 1.

8. A species of cockroach has weights that are 
approximately normally distributed with a mean 
of 50 grams. After measuring the weights of many 
of these cockroaches, a lab assistant reports that 
14% of the cockroaches weigh more than 55 grams. 
Based on this report, what is the approximate 
standard deviation of weight for this species of  
cockroaches?

(a) 4.6

(b) 5.0

(c) 6.2

(d) 14.0

9. In 1965, the mean price of a new car was $2650 and 
the standard deviation was $1000. In 2019, the mean 
was $36,700 and the standard deviation was $9000. 
If a Ford Mustang cost $2300 in 1965 and $34,000 in 
2019, in which year was it more expensive relative to 
other cars?

(a) 1965, because the standardized score is greater than 
in 2019

(b) 1965, because the standard deviation is smaller

(c) 2019, because the standardized score is greater than 
in 1965

(d) 2019, because $34,000 is greater than $2300

10. The distribution of the time it takes for different peo-
ple to solve a certain crossword puzzle is strongly 
skewed to the right with a mean of 30 minutes and a 
standard deviation of 15 minutes. The distribution of 
z-scores for those times is

(a) normally distributed with mean 30 and SD 15.

(b) skewed to the right with mean 30 and SD 15.

(c) normally distributed with mean 0 and SD 1.

(d) skewed to the right with mean 0 and SD 1.

Section II: Free Response
Questions 11 and 12 refer to this setting. For more than 
a century, doctors have been telling patients that a normal 
body temperature is 98.6 F°  (37.0 degrees Celsius). This 
value dates back to a study done by Carl Wunderlich in the 
mid-1800s. More recently, researchers conducted a study 
to determine whether the “accepted” value for normal 
body temperature is accurate. They collected body tem-
peratures (in degrees Celsius) from 130 healthy individuals. 
A  dotplot and numerical summaries of the data are given.

Temperature (°C)
35.5 36.0 36.5 37.0 37.5 38.0 38.5
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n Mean SD Min Q1 Med Q3 Max

130 36.805 0.407 35.722 36.556 36.833 37.056 38.222

11. (a) Find the 10th percentile of the distribution of 
body temperature.

(b) Michael’s temperature was 37.5 C° . Calculate and 
interpret Michael’s standardized score (z-score).

12. (a) Is this distribution of body temperature approx-
imately normal? Justify your answer based on the 
graph and the empirical rule.

(b) Suppose that the body temperatures are converted 
from Celsius to Fahrenheit using the formula 

° = ° +F
9

5
( C) 32. Find the mean and standard deviation 

of the transformed values.
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153Chapter 2  Practice Test

13. According to the truecar.com website, the asking 
prices for cars of a certain model are approximately 
normally distributed with mean $35,987 and stan-
dard deviation $607.50.30

(a) The factory invoice price for this model is $35,625. 
About what percent of cars have asking prices below 
factory invoice?

(b) According to the truecar.com site, any asking price 
between $34,772 and $36,225 for this car model is 
considered “good” or “great.” What proportion of 
cars have “good” or “great” asking prices?

(c) The manufacturer’s suggested retail price (MSRP) for 
this car model is at the 98th percentile of the distribu-
tion of asking price. Find the MSRP.
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